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Abstract—Decoupling congestion control plane from datapath
can expedite the development of new congestion control solutions.
It also creates opportunities for explicit rate allocation schemes.
Dealing with large numbers of flows remains a major challenge.
Max-min fairness – the gold standard for flow rate allocation –
has a running complexity proportional to the number of flows,
which might be prohibitive in large-scale networks.

To accelerate explicit rate allocation, we present solutions using
rate quantization, i.e. mapping the continuous range of flow rates
to a small number of bins. We use Lloyd-Max, a quantization
method that generates bins according to the distribution of flow
rates, to dynamically adjust the quantization bins over time. Our
experimental evaluation shows that the distortion caused by this
quantization scheme is small, and can be negligible compared
to intrinsic errors in measuring and enforcing rates in current
solutions.

We also show that rate quantization can significantly speed
up max-min fair rate allocation, reducing the run-time by 70−
95%. Besides, Lloyd-Max quantization using recent history of
flow rates performs close to the case when we have access to the
exact current (or future) rates. This is an interesting observation
as it obviates the need for complex techniques that try to predict
future rates.

I. INTRODUCTION

Following the idea of control/datapath decoupling in
Software-Defined Networking (SDN), a paradigm shift is
happening in congestion control architectures. Traditionally,
congestion control schemes are end-to-end solutions, inter-
twined with the datapath (e.g. TCP’s Linux kernel module).
Some recent proposals (e.g. [1]–[3]) suggest decoupling the
congestion control algorithm from datapath elements, creating
a separate Congestion Control Plane (CCP).

Congestion Control Agents (CCAs) running on end-hosts
periodically share congestion control signals (e.g. round-trip
times, losses, ECN, etc.) with the congestion control plane. At
the heart of congestion control plane is the Congestion Control
Command Center (C4), the equivalent of a network controller
in SDN control plane. C4 runs congestion control algorithms
and sends Congestion Updates (CUEs) back to CCAs, which
in turn control data transmission based on the policies specified
by C4 (Figure 1).

C4 can run on any server in general. In the context of
SDN, co-locating C4 with the network controller (or as a
network application running on the network controller) gives
it access to control plane information including flow statistics
and routing information. This makes C4 extremely powerful: it

Fig. 1. Separation of congestion control plane and datapath. Congestion
control command center can be used for coordinating transmissions.

can identify congestion points in the network, take the global
bandwidth demands into account, and therefore, allocate rates
to flows in a way that no end-to-end congestion control
mechanism can.
New Possibilities. Decoupling CCP from datapath can ex-
pedite the development of new congestion control schemes
(especially in data centres) in the same way decoupling control
and datapath in SDN allows faster development of network
control applications. Also, once a new congestion control
algorithm is developed, it can be readily used in any network
that supports the concept of CCP decoupling without the need
to modify all end-host implementations.

More importantly, separation of CCP from datapath makes
aggregate control of multiple flows possible [4], [5]. Assuming
C4 is (logically) centralized, congestion control algorithms can
take into account the state of other flows, essentially solving
one of the biggest challenges in traditional congestion control:
coordination among flows.

In most end-to-end congestion control protocols today,
individual flows continuously probe the network, adjusting
their injection rates based on the (often implicit) feedback
received from the network. Usually, the objective is to achieve
the maximum rate without violating fairness, also referred to
as max-min fairness [6]. This is a very challenging problem
given the limited nature of network feedback (usually few
bits measured based on loss or delay), intrinsic randomness in
packet drops and queuing delays, lack of direct coordination
among flows, and the delay between network events and
sources being notified about those events.
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C4, paves the path for optimal direct rate allocation. It elim-
inates the need for end-hosts to probe/guess the appropriate
packet injection rates by estimating available bandwidth, and
the behavior of flows in the network (Figure 1).

Moreover, decoupling CCP from datapath would make it
easier to push the congestion control stack from software to
hardware. A congestion control agent can be implemented as a
simple state machine residing in the network interface card of
an end-host. This state machine can adjust transmission rates
based on the signals received from C4 without the need to
have complex congestion control algorithms run on the local
machine. This can significantly reduce the load on end-hosts,
especially in servers with a significant number of flows.
Challenges. Using a logically centralized congestion control
plane for coordination among different flows comes with its
own challenges. First, given the sheer number of flows, any ex-
plicit coordination and rate allocation mechanism needs to be
extremely fast. Max-min fairness, the golden standard for rate
allocation, for example, has a running complexity of O(N)
with N flows in the network. This can be prohibitively large
in any backbone or data center network carrying hundreds of
millions of flows at each point of time.

Second, frequently collecting rate demands from, and send-
ing updates to congestion control agents can be very chal-
lenging. Since we have pushed the control loop of congestion
control out of the datapath, extremely fast response times are
essential.

Finally, in case of enforcing rates in hardware accelerated
agents in end-hosts, we might have significant limitations on
available memory. Even assuming a simple state machine
acting as a congestion control agent (changing state based on
network and CCP signals) we need to ensure the amount of
state is kept to a minimum.
Rate Quantization. In this paper, we propose rate quantization
as a simple way to address these challenges. The idea is based
on the observation that max-min fair rate allocation has a
run-time complexity proportional to the number of unique
flow demands. In the worst case scenario, each flow has
a unique demand and therefore, the run-time complexity is
proportional to the number of flows in the network, which
can be prohibitively large.

However, using quantization we can simply reduce the
number of unique rate demands. Max-min fair allocation
schemes can be modified to deal with these groups of flows
rather than individual flows, thus significantly reducing the
run-time of max-min fair rate allocation.

Rate quantization has been used for accelerating network
algorithms in the past [7], [8]. The downside of rate quan-
tization is the error it introduces. Clearly, the choice of the
quantization method can have a significant impact. We show
that using appropriate quantization schemes, a reasonable
balance between accuracy and the run-time of max-min fair
rate allocation can be found. We also note that all congestion
control schemes today, have an intrinsic error in estimating
flow rates, and network available bandwidth. Therefore, a
100% accurate solution would be impractical in the first place,

making a solution with reasonable error levels acceptable in
practice.

In addition to reducing the run-time of max-min fair rate
allocation, rate quantization can significantly reduce the over-
head of data collection. Congestion control agents need to
send updates to the CCP when their demand rates change.
Rate quantization reduces this overhead by i) reducing the
number of bits required as we are dealing with limited number
of bins; and ii) reducing the frequency of such updates as
the congestion control agents need to send updates when the
change in rate demand is big enough to push it to a new
quantization bin.
Contributions. In this paper, we take a closer look at rate
allocation in data centre networks where congestion control
plane is decoupled from datapath. We show that rate quan-
tization is a simple way to reduce the run-time complexity
of max-min fair rate allocation. Using a simple, yet powerful
quantization scheme called Lloyd-Max Quantization [9], [10],
we show that we can reduce the run-time of max-min fair
rate allocation by 70−95%, with acceptable error rates due to
quantization. In particular, using traces from real networks, we
show that the 99th percentile of the distortion of the max-min
rate resulting from quantization is smaller than the intrinsic
errors in many network measurements, and thus the accuracy
of current congestion control schemes.

We also show that rate quantization can obviate the need for
complex future rate predictions techniques. More specifically,
the Lloyd-Max quantization using recent history of flow rates
performs close to the case when we have access to the exact
current (or even future) rates.

The rest of the paper is organized as follows. We start by
formally defining the problem in Section II, along with several
observations that lead to our solution. Section III presents
our rate quantization schemes, followed by evaluations in
Section IV.

II. PROBLEM STATEMENT

In this section, we formalize the problem and show how
rate quantization can impact the run-time of max-min fair rate
allocation.

A. Max-min Fairness Run-time

Let us consider N flows (f1, f2, . . . , fN ) sharing a bottle-
neck link with capacity C. Let di represent the demand for
flow i (1 ≤ i ≤ N ). Let us assume the congestion control
plane collects these flow statistics from flow sources. A rate
allocation S = (s1, s2, . . . , sN ), where si is the rate assigned
to flow fi (1 ≤ i ≤ N), is called max-min fair if:

• The allocation is feasible, i.e. ,
∑N

i=1 si ≤ C, for the
bottleneck link capacity C.

• The share of each flow is less than or equal to its demand,
i.e. , si ≤ di.

• Any increase in the share of any flow results in a decrease
in the rate assigned to another flow with a smaller share.

It is straightforward to show that max-min fair allocation is
unique. The following algorithm (or some variations of it) is



how we typically find a max-min fair allocation. We assume
the demands are sorted in a non-decreasing manner1, i.e. di ≤
di+1 for all i, 1 ≤ i ≤ N .

1) Set the unallocated capacity Cu equal to C, and i = 1.
2) If i is equal to N + 1, terminate.
3) If di < Cu/(N − i + 1) set si = di, otherwise, set

si = Cu/(N − i+1). In other words, if a flow is asking
for less than its fair share, allocate all of its demand;
otherwise, allocate the fair share.

4) Set Cu = Cu− si, and i = i+1, and go back to Step 2.
As soon as a flow demand is more than its fair share,

the algorithm can terminate by allocating the fair share to
all the remaining flows. This is due to the assumption that
demands are sorted in a non-decreasing manner. The following
example shows a worst-case scenario for which the algorithm
terminates after exactly N iterations.
Example. Let us assume di = i for all i, 1 ≤ i ≤ N , and
C = N(N +1)/2. As we go through the flows, each flow i is
requesting less than its fair share (of the remaining capacity),
and the algorithm will terminate only after N iterations.

This run-time complexity can be prohibitive in many online
applications of max-min fairness. The problem becomes even
more significant if we notice that any increase in di can lead
to a complete update of the allocated rates to flows fi to
fN . Therefore, any incremental algorithm which deals with
demand changes over time, still has a complexity of O(N) at
each point of time.
Grouping Flows. Consider a scenario that the flow demands
can be divided into K groups, g1, g2, . . . , gK , where all flows
in group gi have the same demand di. It is easy to see that a
simple modified version of the max-min fairness algorithm that
deals with groups rather than individual flows has a complexity
of O(K). If it happens that we naturally have K << N in a
network, this can be a significant reduction in run-time. Even
if this is not the case for a certain set of demands, we still
have the option to quantize demands into a small number of
groups. The question is whether the error resulting from this
quantization is acceptable. If so, we have a reasonable trade-
off for reducing the run-time complexity of max-min fair rate
allocation.
Multiple Bottlenecks Scenario. Let us relax the single bot-
tleneck assumption and assume there are B bottlenecks in
the network. First, we note that a trivial generalization of the
single-bottleneck solution does not work here. Any change to
the demand/rate of a given flow f impacts all bottlenecks that
f passes through, and the rate allocation of all flows sharing
these bottlenecks. These flows in turn can impact other flows
in the network, creating a cascading effect.

In the literature, there are several proposals to solve
this problem using techniques ranging from linear program-
ming [11]–[16] to distributed k-water filling [17], [18]. Inter-
estingly, the same idea of grouping flows can be applied for
the multiple-bottleneck scenario, i.e., if we can group flows

1We ignore the cost of sorting here. In an incremental solution, where
demands are updated one by one, we need to sort only once and the amortized
cost of maintaining the order would be negligible.
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Fig. 2. CDF of 99th percentile of flow rates over time.

into K groups (with equal demand/rate) the run-time of the
algorithm will be proportional to O(K) instead of O(N).

B. Observations

Before introducing our rate quantization solution, let us start
with three observations.
Observation 1: Measuring flow rates and available band-
width in a network is intrinsically inaccurate. Any rate
allocation scheme relies on some type of direct or indirect
measurement of flow demands and available bandwidth that
are inevitably inaccurate. For instance, TCP packet transmis-
sion rates depend on estimated round-trip times and packet
drop rates which are known to be susceptible to measurement
errors.

Even if (hypothetically) the application layer is expected to
provide the value of demands to the transmission layer, the
value would not be completely precise as most applications
do not have the ability to predict future demands precisely.
Therefore, if a slight modification of the flow demands leads
to considerable improvements in run-time, such compromises
might be acceptable as long as the resulted skew is bounded.
Observation 2: Flow rates are bounded. Maximum flow
rates in a network are bounded by link capacities. Moreover,
depending on the number of flows sharing a given link, the
maximum rate of a given flow can be much smaller in practice.
In fact, having more flows (which is the scenario we are
interested here, as it increases the run-time) sharing a link
means that the expected rate of each flow will be smaller.

To illustrate this observation, we used real network traces
(from a well-known study of data center traffic characteristics
by Benson et al. [19]), and measured flow rates over time. We
divided the time to 10 seconds time intervals, and for each time
interval calculated the value of the 99th percentile of flow rates.
Figure 2 shows the cumulative distribution function (CDF) of
these 99th percentile values. As the figure suggests, almost all
the flow rates are less than 100 KB/s, which is much smaller
than typical link capacities in data centers (which is in the
order of tens of Gb/s).
Observation 3: Flow rates have higher density around
certain regions. Typically, flow rates in a network are not
uniformly distributed. In fact, depending on the network topol-
ogy, link capacities, and the type of applications generating
the traffic, the flow distribution might be highly dense around
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Fig. 3. Histogram of flow rates in a sample interval.

some bounded number of values and sparse in many other
areas of the distribution plot.

To illustrate this point, we randomly selected a fixed interval
of 10 seconds from the dataset in [19]. Figure 3 shows the
empirical distribution of flow rates during this interval. As we
can see, the majority of bins in this graph have no or very
small number of flows.
Lessons. Observation 1 suggests that we cannot estimate the
exact value of many network variables including the flow rates.
In other words, any distortion in the order of a few KB/s
is negligible compared to the intrinsic errors of the problem.
Observations 2 and 3 suggest that flows are not uniformly
distributed. We have highly dense regions as well as a large
area of sparse rates.

We note that flow rates in dense regions do not necessarily
have the exact same value. However, if we quantize the rate
values, we can significantly reduce the number of unique rates
by slightly distorting rate values. As motivated in Section II-A,
this reduction in the number of unique rates, can reduce the
run-time of the max-min fairness algorithm.

III. RATE QUANTIZATION

Based on the three observations described in Section II-B,
our goal is to convert a set of flow rates to groups of equal
rates. More specifically, we map the continuous range of
possible flow rates to a finite number of bins. Each bin
is associated with a representative and two boundaries. The
distance of each flow rate from its bin representative is the
quantization distortion for that flow. Let us denote the total
number of bins with K, and use ai, bi, and mi to represent
the left and right boundaries, and the representative value of
the i-th bin respectively.

The quantization algorithm takes as input a given demand
rate r and maps it to its corresponding bin representative:
Q(r) = mi if r ∈ [ai, bi). As previously discussed, quanti-
zation can reduce the run-time of rate allocation algorithms to
the number of bins, O(K), instead of the number of flows,
O(N).

We assume time is divided into intervals of size T1 sec-
onds. At the beginning of each time interval, specific bins
are constructed based on demand rates measured during the
previous time interval. We note that the frequency of running
max-min fairness algorithm is (significantly) higher than our

Fig. 4. High-level overview of our proposed solution.

quantization scheme, i.e. during each interval T1 we run max-
min fairness several times. All these runs use the bins selected
at the beginning of the time interval T1 based on rates from
previous time interval. Therefore, although constructing the
quantization bins requires O(N) run-time, it is a one-time
operation during the whole interval T1. Our goal is to reduce
the cost of rate allocation which happens at a much higher
frequency here.

Figure 4 shows a high-level overview of our proposed
solution for accelerating rate allocation algorithms. The Bin
Generator block receives the distribution of flows every T1
seconds and uses the Lloyd-Max quantization scheme (de-
scribed in the following section) to generate the quantization
bins and representatives. There is an overhead for collecting
flow distributions from previous intervals, but that is intrinsic
to any centralized max-min fairness solution.2

The Quantizer block uses the output of the Bin Generator
block to trim the demand rates and map the input rates to a
limited set of quantized values every T2 seconds. Here, we
assume that T2 < T1. The quantized values are then fed to
the Rate Allocator block, which runs max-min fairness or any
other rate allocation algorithm.

A. Lloyd-Max Rate Quantization
For rate quantization, we use the Lloyd-Max quantiza-

tion scheme. As Observation 2 suggests, flow rates are not
uniformly distributed, and Lloyd-Max [9], [10] is a quanti-
zation technique that assigns bins based on the probability
distribution of flow rates. It starts with an arbitrary set of
initial representative points. Then, it iteratively updates the
bin boundaries and representatives to minimize the mean
squared error of quantization of flow rates. For updating the
boundaries, it finds the midpoint of two representatives, i.e.,
bi = mi+mi+1

2 , and for updating the representatives, it finds
the mean of the flow rates within each bin given the probability
distribution of the rates. These steps are repeated until it
converges to an optimal solution where the mean squared error
is below a certain accepted error level.

2In this paper, we focus on comparison of the traditional centralized max-
min fairness algorithms and our suggested one. In another line of work, we
have designed a hierarchical congestion control model to reduce these types of
overheads by solving the max-min fairness problem in a hierarchical design.
As a result, the overhead of message passing between routers and C4 is kept
to a minimum.
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Fig. 5. Comparison of the error of the three methods (a) CDF of 99th percentile of absolute distortion, (b) CDF of 99th percentile of relative distortion, (c)
CDF of log of mean squared error.

To illustrate the effects of the underlying quantization
scheme, we compare the Lloyd-Max scheme with two
other quantization methods as baselines: uniform and rate-
proportional. We describe the details of these two methods
next.
Baseline Method 1: Uniform Quantization. In this method,
we uniformly divide the range of flow rates into bins. All bins
are of the same size and we represent this size by l. We find
the 99th percentile of flow rates and denote it by rmax. Thus,
the number of bins is rmax

l . We allocate flow rates to bins such
that a flow with rate r is placed in bin b rl c+1. The boundaries
of the i-th bin are ai = (i−1)× l and bi = i× l. The midpoint
of each bin is selected as the representative of each bin, i.e. ,
mi =

ai+bi
2 . As a result, the maximum quantization error is l

2
for flows whose rates are less than rmax. Large flows whose
rates are greater than rmax, are less than 1 percent of flows
which are mapped to rmax.
Baseline Method 2: Rate-Proportional Quantization. As
Figure 3 suggests, a large number of flows have small rates.
Thus, it is reasonable to allocate more bins to small flow rates
and fewer bins to sparse areas of the flow rate range. Moreover,
when considering the relative errors, the effect of a fixed error
is more significant for small rates compared to larger ones.
Therefore, instead of uniformly distributing the bins over the
given range, we might want to increase the bin sizes as the
rates they represent grow.

To be more specific, we want to guarantee that the maximum
error of flow rates is less than ε as a fraction of their observed
values. The quantization method introduced in [7] has these
properties. In their method, the bin representatives are powers
of a constant factor ε i.e. mi = (1 + ε)i.

B. Traffic Predictability

To run the Lloyd-Max quantization algorithm, we need the
probability distribution of flow rates in each interval as input.
Predicting future rates in a network is extremely challenging
though. In fact, studies on data center traffic have shown that
it is almost impossible to predict the traffic matrix for periods
more than 150 seconds [20], [21].

Even for shorter periods of time (e.g. 1.5 to 5 seconds), only
35% of the flows are predictable [21]–[23]. Here, we call a
flow predictable if its future rate is within a 20% margin of its

current rate. Obviously, the situation can be worse, if we aim
at higher accuracy levels. Any solution that uses the history
of flows to extrapolate future rates, needs to either accurately
predict future rates, or might fail.

Interestingly, predicting future bins is a fundamentally dif-
ferent problem than predicting the rate of an individual flow.
Intuitively, the behaviour of individual flows can be very noisy
due to stochastic nature of the application generating the flow,
and the randomness in the network. However, the set of bins
identified for rate allocation, might not change as quickly. In
Section IV, we show that quantization bins can be predicted
with high accuracy even with a simple prediction strategy of
using the immediate past flow rates as the input distribution.

A reasonable question here is how the presented solution
deals with short-lived flows lasting less than T1. These flows
by definition last less than the duration of our bin generation
interval, which means the flow is terminated by the time we
can assign it to a bin. As argued above, predictability in
this problem is not defined per flow, but for the flow rate
distribution. Even though individual short-lived flows might
finish quickly, we have a constant presence of such short-lived
flows, which means our Bin Generator will naturally create
bins for such flows during every time interval.

For extremely short flows that last less than T2, we need
to make special considerations as they finish before even a
single Rate Allocator cycle. This is a major problem for any
rate allocation solution (including ours). In our solution, we
start with a default rate for short-lived flows, and update the
rate if the flow continues for more than T2 seconds. We also
allocate a fixed fraction of the available bandwidth for this
class of flows. We leave finding better solutions for short-lived
flow rate allocations (for example, estimating rates based on
similarities of past of present flows) as a future work.

IV. EVALUATION

In this section, we evaluate our proposed solution for
acceleration of the max-min fairness algorithm. We compare
the Lloyd-Max quantization method with two baseline solu-
tions namely the uniform and rate-proportional quantization
schemes.

We use real network traces to measure the reduction in the
number of unique flows and the run-time of max-min fairness,



0.0 0.2 0.4 0.6 0.8 1.0
Run-time ratio

0.0

0.2

0.4

0.6

0.8

1.0

cd
f

Lloyd-Max

Uniform

Rate-proportional

0.0 0.2 0.4 0.6 0.8 1.0
State ratio

0.0

0.2

0.4

0.6

0.8

1.0

cd
f

Lloyd-Max

Uniform

Rate-proportional

(a) (b)
Fig. 6. Comparison of the run-time and the number of bins for Lloyd-Max, uniform, and rate-proportional quantization: (a) CDF of run-time ratio, (b) CDF
of state ratio.

0.0 0.5 1.0 1.5 2.0 2.5 3.0
Throughput Distortion Ratio

0.0

0.2

0.4

0.6

0.8

1.0

cd
f

Lloyd-Max

Uniform

Rate-proportional

Fig. 7. CDF of changes in throughput for the three quantization methods as
a fraction of the optimal case with no quantization.

as well as absolute, relative, and mean squared errors resulting
from each method. We also take a closer look at predictability
of the proposed solution, and how well it performs using recent
history (as opposed to current and future rates).

We note that all these experiments focus on a single bottle-
neck scenario. Our goal is to understand how rate quantization
and reduction of unique flow rates impact the run-time of rate
allocation. Similar results can be expected for the multiple
bottleneck scenario.

A. Evaluation Settings

We assume a dumbbell topology with 25 source nodes
and 25 destination nodes, with the core link as the single
bottleneck of the network. We use publicly available network
traces from a study of data center traffic by Benson et al. [19].
More specifically, we extract flow level information from the
packet traces of UNI1 and UNI2 data centers and use the five
tuple (source IP, destination IP, source port, destination port,
protocol) to identify flows and map source and destination
IP addresses to source and destination nodes in the dumbbell
topology.

We divide time into fixed intervals, and for each interval
we calculate the rate associated with each active flow. The
number of active flows changes in different intervals (since
we are using real traffic traces); the average number of flows
in different intervals is 290.94. We implement a C4 application
that receives the flow demands and allocates max-min rates to
flows accordingly. We simulate the operation of C4 to evaluate

its operation when receiving quantized flow rates compared to
the original rates.

There is a trade-off between the run-time of the rate
allocation scheme, and the distortion in rates resulting from
quantization. To understand this trade-off in Lloyd-Max quan-
tization and the other two baseline quantization schemes, we
consider the following metrics.

• Run-time. We measure the run-time of max-min rate-
allocation with and without rate quantization, and study
their ratio. Obviously, any value below 1 shows an im-
provement in run-time and lower values represent higher
improvements.

• State Ratio. We quantify state reduction by measuring the
ratio of the number of bins to the number of flows in each
interval.

• Absolute Distortion. We find the difference of the max-min
fair rate allocated to each flow when the input demand rates
are quantized, and the max-min fair rate allocated to the
same flow given the original demand rates (in B/s). We call
this measure as absolute distortion in the following results.
In each interval, we measure absolute distortion caused by
quantization for each individual flow and calculate the 99th

percentile of this measure.
• Relative Distortion. We also measure the absolute distor-

tion as a fraction of the original flow rate value.
• Mean squared error (MSE). We measure the mean

squared error in each interval as an indication of how close
the quantized values and the original rates are.

• Throughput Distortion Ratio. The optimal throughput is
achieved when the exact demand rates are given to the max-
min fairness algorithm. We find the difference of the optimal
throughput and the achieved throughput when the demand
rates are quantized relative to the magnitude of the optimal
throughput. For this metric, values that are closer to zero
indicate that the throughput values are closer to optimal.

At the beginning of each time interval, we run the quanti-
zation algorithm based on rates observed during the previous
time interval. The resulting bins are used by the max-min
fairness algorithm during the entire interval. As noted before,
the max-min fairness algorithm runs at a much higher fre-
quency. We measure absolute and relative errors, and the run-
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Fig. 8. Comparison of the two versions: one with bin-ignoring option disabled and the other enabled (a) CDF of 99th percentile of absolute distortion, (b)
CDF of run-time ratio.

time of the max-min fairness algorithm each time the max-min
fairness is executed. We run the quantization methods every
T1 = 10 seconds and max-min fairness every T2 = 2 seconds.
We set the number of bins for quantization equal to 50.

We start by reviewing the observations made in Section II-B.
We measure the 99th percentile of flow rates in different
intervals and call this rmax. Flows with rates higher than
rmax show extremely high variations from interval to interval.
Therefore, including these flows in bins resulting from the Bin
Generator (Figure 4) can lead to extremely large errors.

To avoid these errors, we generate quantization bins for
flows with rates below rmax and map these flows to the their
corresponding bins. For flows with rates higher than rmax we
create one bin per flow, mapping each flow demand to its
exact rate. This decision significantly reduces the quantization
error by adding a small number of quantization bins. The 99th

percentile of flows below rmax can be quantized with a small
number of bins and with small error levels, and the remaing
1% get their individual bins with no errors.

B. Evaluation Results

Impact of Quantization Method on Rate Distortion. Our
first set of experiments are designed to evaluate the Lloyd-
Max quantization and the two baselines (uniform and rate-
proportional quantization) in terms of their distortion.

Figure 5(a) shows the CDF of 99th percentile of the absolute
distortion (error) over time. The distortion is bounded for the
Lloyd-Max method, and flows experience a distortion less than
1 KB/s. Lloyd-Max has the least distortion among the three
methods studied in all intervals. Intuitively, this is because
Lloyd-Max adapts the bins according to the distribution of
the flow demands as opposed to uniform and rate-proportional
schemes which have fixed bins regardless of rate distributions.
By placing bin representatives in high density areas, Lloyd-
Max can keep the absolute distortion level low compared to the
other two methods. As shown in this Figure, rate-proportional
quantization shows the worst performance in terms of absolute
error.

Focusing on relative errors, we can see that rate-proportional
quantization shows the best performance (Figure 5(b)) fol-
lowed very closely by the Lloyd-Max scheme. This is expected
as the rate-proportional method focuses on relative errors.

Here, uniform distribution shows the worst performance, with
90% of flows having relative errors of more than 30.

Figure 5(c) shows the CDF of the mean squared error (log
scale) for all three schemes. The absolute winner here is
the Lloyd-Max scheme, with extremely low errors all across
the board. The uniform and rate-proportional schemes show
similar behavior here, with much higher errors compared to
Lloyd-Max.
Impact of Quantization Method on Run-time and State.
Figure 6(a) shows the CDF over time of the improvement in
max-min fairness run-time for the three proposed schemes.
This ratio is between 0.02 to 0.3 for the uniform quantization,
and between 0.05 to 0.3 for the Lloyd-Max methods, which
is a relative reduction of 70-95% in run-time of the max-min
rate allocation. The ratio is between 0.1 to 0.5 for the relative
method which is higher compared to the two other methods.

Figure 6(b) shows the state reduction caused by quantiza-
tion. It shows that the number of bins is on average around
0.2× the number of flows. Note that the curves representing
each of the three methods overlap in this graph since they
all use the same number of bins for each interval in our
experiments.
Impact of Quantization Method on Throughput. To study
the impact of quantization method on throughput, we calcu-
late the change in throughput as a fraction of the optimal
throughput (i.e. when no quantization is used) shown as a CDF
over time in Figure 7. This figure suggests the throughput
for Lloyd-Max is extremely close to the optimal, while the
uniform and rate proportional methods lead to significant
reductions in throughput.
Impact of Ignored Bins. We run two versions of each
quantization method. In the first version, we keep all the
generated bins while in the second version, we dynamically
remove any bin that does not contain any flows from the
previous interval. This modification can enhance the run-time,
but comes at the cost of increased error if demand changes
push a given flow to a non-existing bin. In that case, the flow
will be assigned to the closest representative with potentially
larger errors.

Figures 8(a) and 8(b) show a comparison of the absolute
distortion and run-time ratio for Lloyd-Max when bin ignoring
option is enabled and disabled. As suggested by these figures,



20 40 60 80 100 120 140
99th percentile of distortion in B/s

0.0

0.2

0.4

0.6

0.8

1.0
cd

f

0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5
99th percentile of relative distortion

0.0

0.2

0.4

0.6

0.8

1.0

cd
f

Current Distribution

Previous Distribution

5.5 6.0 6.5 7.0 7.5 8.0
Log of MSE in B 2/s2

0.0

0.2

0.4

0.6

0.8

1.0

cd
f

(a) (b) (c)
Fig. 9. Comparison of the two versions of Lloyd-Max: one that uses the distribution of the previous interval and one that uses the distribution of the
current/future interval as an input: (a) CDF of 99th percentile of distortion, (b) CDF of 99th percentile of relative distortion, (c) CDF of log of MSE error.

bin-ignoring speeds up the run-time by a factor of about
1.5 for different intervals with the cost of increasing the
distortion. The relative distortion and MSE metrics change
with a similar pattern to the absolute distortion and the state
ratio changes similar to the run-time ratio. Also, the uniform
and rate-proportional methods show similar patterns for the
run-time and state ratio. However, the error metrics are not
bounded for the uniform method when bin-ignoring is enabled.
Therefore, an acceleration in the run-time using bin-ignoring
is not suggested for the uniform method.
Effects of Learning and Prediction Methods. Existing rate
allocation schemes that benefit from rate quantization [7], [8]
require estimates of rate demands as input. In practice, there
is a natural delay between rate demand measurements, rate
allocation, and enforcement of allocated rates. Rapid changes
in rate demands can lead to significant errors. To address this
problem, we either need to predict future demands, or develop
techniques that are resilient to natural changes in rates.

Lloyd-Max rate quantization is a very effective tool when it
comes to predicting future rate demands. In general, predicting
future rate of a given flow based on its past behavior is
an extremely challenging problem [19], [21]. When dealing
with quantized rates, however, we are interested in how the
distribution of quantized rates changes, rather than predicting
the exact rate of a given flow. In other words, if the output of
rate quantization is a set of bins B = {b1, b2, . . . , bk}, we are
interested in changes in B rather than the changes in the rate
of individual flows. This is a fundamentally different problem
than individual flow rate prediction.

To see how Lloyd-Max quantization obviates the need for
predicting future rates, we compare two different versions of
Lloyd-Max. The first version is what we have used so far in
this paper: we feed the flow distribution of the previous time
interval as input to the Lloyd-Max scheme, and receive a set of
bins as output. In the second version of Lloyd-Max, we feed
current rates (as opposed to rates from previous time interval)
of flows to the Lloyd-Max scheme. Given the natural delays
in network, this is equivalent to having an oracle that can
perfectly predict future rates of each flow, which is impossible
in practice. We note that such an oracle provides an upper-
bound for the performance of any solution that tries to predict
exact current or future rates, and we use it to understand how

well Lloyd-Max performs.
Figure 9 shows the errors resulting from Lloyd-Max with

and without an oracle. As shown in 9(a), the absolute distortion
of Lloyd-Max is reduced by only a few bytes per second
as a result of perfect prediction of current/future rates. The
relative distortion (Figure 9(b)) is almost similar for both
approaches. The mean squared error (Figure 9(c)) slightly
differs between the two versions, with the second version
showing a small improvement. In general, these figures suggest
the performance of the two version are very close.

The second version of Lloyd-Max (when we have an oracle)
is equivalent to a rate prediction solution with 100% accuracy.
Therefore, it provides an upper-bound for improvements re-
sulting from any rate predicting solution. Figure 9 suggests
we can only expect minor improvement in this case, which
means Lloyd-Max using past intervals obviates the need for
any complex rate prediction techniques.

V. CONCLUSION AND FUTURE WORK

In this paper, we addressed the problem of run-time com-
plexity for explicitly and directly using max-min fairness for
rate allocation. We argued that if the number of unique values
for flow demands are small, the run-time can be significantly
reduced. We proposed quantization of flow demands using
Lloyd-Max algorithm and showed that this scheme can lead
to 70 − 95% improvement in run-time of max-min fairness
allocation with small errors (about 1 KB/s).

Our solution relies on previously observed demands to
identify the flow distribution and quantization bins. Our exper-
iments show that any complex rate prediction technique (even
with 100% accuracy) can only lead to minor improvements.

As for future work, we note that when congestion control
agents are implemented in hardware, dealing with a limited set
of rates can significantly reduce the complexity of the hard-
ware, and the memory requirements. The required memory of
any hardware based congestion control agent, independent of
its congestion control plane, correlates with the size of possible
rates (i.e. accuracy of congestion control scheme). Therefore,
mapping the infinite range of flow rates to finite quantized
values can significantly reduce the memory requirements. This
is an interesting area that can be explored as a future work.
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