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Abstract—The challenge in predicting future links over large
scale networks (social networks) is not only maintaining accuracy,
but also coping with the time-varying network graph. In contrast
to the existing approaches, in this work we propose building a
Markov prediction model. It not only incorporates temporal snap-
shots reflecting the dynamic network graph, but also considers
effect of multiple timescales, along with corresponding local and
global structural evolution (links and clusters respectively), corre-
lated evolution and rate of evolution. The resulting edge selection
in our approach exhibits the power law degree distribution, as
exhibited in real world networks. Finally, we use two heavily
dynamic real world network temporal data set (e.g. Twitter and
Enron) and one relatively less dynamic network data set (e.g.
DBLP), and existing state-of-the-art static and recent dynamic
measures, to evaluate the prediction accuracy of our proposed
Markov model and show that it out performs existing approaches.

I. INTRODUCTION

Large scale networks are inherently dynamic and ubiquitous
in nature - ranging from biological networks, social networks,
vehicular networks, and collaboration networks, etc. Under-
lying these application networks is the graph structure with
genes or people etc. as nodes, and interaction between them as
edges. The dynamic nature of these networks result from the
addition/deletion of new nodes and edges over time, which is
represented using time-varying graphs [1], [2], [3].

The importance of link prediction stems from its use in wide
range of prediction applications: next collaboration between
authors, new friendship in social networks, market trends and
so on. Further, accurate link prediction facilitates efficient
routing strategies in store-carry-forward networks minimizing
delay and maximizing coverage area. Thus, creating massive
research interest in automated, and accurate link prediction
strategy [4], [5], [6], [7], [8], [9], [10].

Link prediction, though mostly addresses the possibility of
new links between node pairs, it is also significant to address
the recurring-links/ interactions over an existing link with
examples like: interactions between two existing friends, col-
laboration between pair of earlier collaborators in an academic
network. These time stamped recurring-links press the need for
an incremental design model.

To set the stage for our novel contributions, we first present
an overview of the existing literature on link prediction.

A. Related Work

Majority of the work in the literature of link prediction,
consider static networks or static interpretation of a temporal
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network that incorporate network structure in some way or
other [4], [11], [12], [10], [6]. In these stationary models the
basic concept is that the intrinsically dynamic network graph is
mapped to an aggregated stationary graph over a time interval,
in order to fit it to the stationary model. It ignores the time
domain in individual interactions and their associated inter-
relation. The network structure based preferential attachment
model [13] is limited to connecting only pairs of high degree
nodes with higher probability, and their network evolution
model is based on this basic concept. Another approach consid-
ers Markov chains for link prediction [14]. The assumption of
Markov property limits it from capturing structural evolution,
and temporal dependency. The Markovian property considers
only current state for prediction of next state, and limits the use
of history states and underlying patterns in future prediction.
Of the very few dynamic approaches, [15], [16] consider time
series data to take into consideration the temporal evolution.
Tylenda et al. [15], integrate temporal information with the
local neighborhood based Adamic - Adar approach. Thus, in
their graph based link prediction model they define the Adamic
- Adar metric over temporal domain by taking into account the
time stamps of interactions. They consider prediction of both
new and recurring links. Whereas, in [16] the authors integrate
time series with structural informations. The prediction model
predicts links based on the features of its endpoints, and the
local neighborhood around the end points.

The existing approaches are limited by the following key
factors that motivate our approach.

B. Motivation

Our proposed model and associated mathematical formulae
in Section III are inspired by the evolution of real-world large
scale networks, with new and recurring links (interactions) over
Facebook, Twitter, E-mail or academic collaboration networks
etc.

In addition, most of the existing research consider aggre-
gated representation of the underlying time-varying network to
fit to the assumed stationary model [4], [11], [12], [10], [6]. In
lieu of time-varying nature of large scale networks in the input
graph, the prediction algorithm lacks its suitability to reflect the
temporal evolution of the real world networks. Thus, leading
to poor prediction accuracy over very dynamic networks (say
mobile networks, opportunistic networks, Twitter or E-mail
network).
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Further, the existing dynamic approaches [15], [16] lack
proper definition of time interval, thus the proposed prediction
models lack the integration of time-varying property of the
network with time domain. For example, evolution of a set of
links over a time period leads to the evolution of clusters (a
group of links with greater affinity) over that period, though
evolution/ occurrence of individual links occur at distinct
times. The conventional link prediction addresses whether two
specific nodes indeed interact at a specific time, in contrast
the generative models describe evolution on large scale using
global characteristics (and latent parameters) without regard to
which node interacts with which one. Among the graph based
approaches, the prediction models are either network structure
based [15] or are generative model based [17], [18], but what
we really need is integration of both, for the most accurate
and elaborate prediction model in determining the set of links
at any future time. Further, the dynamic models [15], [16]
restrict themselves to the effect of only local neighborhood on
link prediction. The challenge is to incorporate the temporally
evolving local and global structure (as the evolution of links
and clusters over w.r.t. different time scales) in link prediction
for improved prediction accuracy.

In this paper, we have the following contributions to address
the above issues.

C. Summary of Contributions

First, we propose a probabilistic model, with time-varying
graph as its basis, for both recurring and new link prediction
over dynamic networks. Here, the link prediction probability
is the transition probabilities in the corresponding Markovian
transition matrix. We consider the state space of our Markov
model to reflect the past s states during the evolution process
and the model is built bottom up.

Second, for most accurate prediction model, we propose
integration of different timescales over network evolution.
Thus, the analysis considers both local and global network
structure evolution with corresponding two-way temporal di-
mension; that is local structural evolution (link evolution)
is analyzed over microscopic time domain, whereas global
structural evolution (evolution of clusters) is analyzed over
macroscopic time domain. Since, evolution of links gives rise
to evolution of underlying communities/clusters, we have an
intrinsically dynamic community structure. Besides, we also
consider temporally correlated evolution, rate of evolution over
the dynamic (time-varying) network for model construction.
Thus, our model is able to capture very distinct evolution
profiles during the observation period.

Third, we predict future links (both new and recurring links)
over both microscopic and macroscopic time domain and take
care of possible over-fitting. Further, we show that the predicted
links exhibits power law degree distribution, as exists in real
world networks.

Finally, we experimentally evaluate the prediction accuracy
of our approach using three real world data sets with two more
dynamic networks e.g. Twitter, Enron and a lesser dynamic
data set, such as DBLP, and compare the accuracy with
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existing static state-of-the-art and recent dynamic measures.
Real data sets help us evaluate how well our model captures the
underlying system dynamics to predict subsequent interactions
in them.

The rest of the paper is organized as follows. In Section
II, we formally define our problem. Section III describes
our proposed Markovian model, the use of multiple time
scales along with, correlated structural evolution and rate of
evolution in link prediction, while Section IV presents the proof
that our edge selections approach leads to power-law degree
distribution. Section V reports experimental results and finally
conclusions are offered in Section VI.

To the best of our knowledge, ours is the first work to
consider Markovian matrix model that consider time-varying
graphs with integration of microscopic and macroscopic tem-
poral analysis for best accuracy. Further, we incorporate cor-
responding local and global structural evolution, correlated
evolution, and rate of evolution to the prediction procedure.

II. PROBLEM DEFINITION

We represent the underlying network graph as
G(V,E,C,[0,T + 1]), where V,E and C represent the
set of vertices, edges and clusters respectively, [0,7] is
the training period and [T,7 + 1] is the test interval. At
the beginning, in absence of any edge, |C| = |V]|. In a
temporal network, the network interactions are viewed as
a set of discretized events over time axis. Let the interval
[0,T + 1] be divided into macroscopic time interval, called
time slots 1%,7s,...,7;,Tiy1,...T,x. Each of the time
slot T; is further divided into microscopic time interval,
called time stamps tyi/,%2,...¢t;,t41,...tk, where time
stamp reflects the smallest interaction time unit (say minute,
hour, day or month) considered for an application. Let
the corresponding subgraph over any time 7; and t;; be
represented as Gr,(Vr,, Er,,Cr,) and Gy, (Vi,, E;,,Cy,,)
respectively, such that Gr,,G;, C G and Gy, C Gr,;
Vr,, BEr,,Cr, and V;,, E;,,Cy, are the respective set of
vertices, edges and clusters, with C’%i ﬁCﬁ = (). For notational
simplicity we represent the clusters C’%I_,C’éii € Cr, as CLJ
and C’f respectively. We consider directed network graph,
where any undirected application network is incorporated as
having bidirectional edges between any pair of nodes. From
here onwards, we use link or interaction or edge or contact
interchangeably.

Going by the observation of the structural evolution in real
world networks, we make the following assumptions.

Model Assumptions:

« Network evolution process is a sequence of states.

« The start state has interactions to reflect reality.

« Every subsequent state is based on the past states (called

history states).

Formal Problem Formulation:
We formally define the link prediction problem as the mapping
f: (Gr,,Cp,,¥i € [0,T]) = {Lit1}, where Gr,,Cr, are
respectively the subgraphs and clusters over corresponding



time slots 7;s, and {L; 1} is the set of links in the subsequent
time slot 7'+ 1 (i.e. interval [T, T + 1]). As we consider two
distinct temporal axis, we consider 7"+ 1 as both subsequent
time slot 741 and time stamp 1/ in Tj4 .

We represent the notations used in this paper in Table I.

TABLE I: Notation Explanation

Notation Description

s Set of states of the evolution process that are kept track
[0, 7] Observation period

T; Time slots in [0, 7]

7% Time stamps in 7T;

7% Last time stamp over all ¢;, w.r.t. each Tj

ty First time stamp over all ¢;; w.r.t. each T;

d; Number links for node v;

d; Number links for node v;

din (V) In-degree of node v at time stamp ¢,/

dout (V) Out-degree of node v at time stamp t;/

d(v) Total degree of node v at time stamp ¢,/

C; Set of clusters in time slot 77

c! A cluster j, with CJ C C;

MAXd(v)|| Maximum degree of node v

MIN (a,b)|| Returns minimum of the two parameters a and b

III. MARKOVIAN MODEL IN LINK PREDICTION

In this Section we describe the details of our proposed
stochastic prediction model, the steps involved and how they
work in tandem in computing prediction probabilities.

A. Model Definition and Initialization

This Subsection discusses high-level integration of the tem-
poral network with our proposed model, our model architec-
ture, and its initialization process.

1) General Model Definition: We visualize the network
evolution as a process, as is assumed above, going by the
intrinsic evolution process in real world networks. Here, the
network is going through a sequence of states, represented
as time-varying graphs over respective time domain i.e. over
time slots or time stamps. We can interpret the evolution as a
transition process from one network state to another. Over a
given a set of states, the correct subsequent state will depend on
the accuracy of the transition probabilities, which is dependent
on the past states. From the graph theoretic interpretation of
the state as the set of links, and the transition probability as
the probabilities for each node pair over successive states, the
resulting transition probability between states (i.e. for all node
pairs) is a transition probability matrix.

We thus propose a Markov prediction model, the states of
which correspond to network states and the inter-state transition
probability is represented as the Markovian transition matrix.
The elements of the Markovian transition matrix reflect the
prediction probability for links over subsequent state. For most
accurate prediction probability, the state of the Markov model
encapsulates the past s states within it.

We consider both local and global structural evolution (links
and clusters respectively). Let us consider M (T;) as the
Markovian transition matrix model. In transition from time
slot T; to T;11, for each time stamp t¢; € T;11, we evaluate
corresponding renewed transition probability for changes in
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the link structure, but we leave the computation of clusters
(except for the starting time stamp of the first slot 77) and
cluster evolution probability till the time-varying graph for last
time stamp of 7;4; occurs. We consider edge weight, based
on the number of interactions (say, number of papers they
co-authored, number of times they interacted etc.) over that
time slot, to compute the clusters. The transition probabilities
are evaluated based on the procedures in the following sub-
sections. The ij*" entry of the matrix M(T;) represent the
conditional probability that a node v; with d; links will interact
with a node v; with d; links. We represent model M (T;)
with row and column elements as sub-matrices of clusters,
where each sub-matrix has the associated set of vertices in
that respective cluster representing row and column indices.

In Figure 1, Cil7 C’f, ey Cf are the row and column sub-
matrices, representing the corresponding clusters in the under-
lying time-varying network graph. Each sub-matrix has number
of rows and columns equal to the number of vertices in the
corresponding cluster. Elements in the main diagonal are the
prediction probability for future interactions between pair of
nodes within any cluster, whereas probabilities in the upper
and lower-diagonal matrix elements correspond to pair of nodes
in distinct clusters, and are called intra- and inter-cluster link
prediction probabilities respectively.
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Fig. 1: Markovian Prediction Matrix Model
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If a node pair has degree d; and d; in cluster Cg and CF
respectively, th‘er’lc we represent the link probability between
them to be pfdii .

Besides the proposed model framework, the mathematical
formulae underlying the model, the approach for model pa-
rameter evaluation and interaction probability computation, is
inspired by intrinsic operations over real world networks. For
example, over academic collaboration network, a CS researcher
can collaborate with Physicists to have an one time paper in
Quantum Computing area, or have a set of papers over time
slot(s). Here, the individual-one time collaboration corresponds
to links over different time stamps, whereas the later one re-
flects changed community structure over time slot. Thus, comes
the evolution of links over time stamps and evolution of clusters
over time slots, as described in Subsection III-B. Further, it is
evident from online social networks (e.g. Facebook, Twitter
etc.) that in any interaction, nodes that reply, re-tweet etc.
are considered initiator of the action. In response, receiving
nodes may reply, re-tweet (to others), like a post etc. This
type of cause-effect-based interactions or occurrence of pairs of
interactions, gives rise to the concept of temporally correlated
evolution over both time scales, as is used in Subsections



III-B1, MI-B2 and subsequently in III-C. More so, a person
with more collaborators or friends gets opportunity for more
interactions; similarly persons’ active duration attracts others to
interact with. In addition, receiver communication with others
depends on its set of associates (degree), its duration and
interaction frequency. In fact these basic attributes are used
in the detailed formulation of Subsections in III-B, and III-C.

2) Effect of Node Degree in Real World Networks: Here we
give a simple degree based prediction probability computation.
In real world application networks, nodes of high degree prefer
to interact with other high degree nodes. Though, there are also
high degree nodes interacting with other low degree nodes,
justifying the right-skewed degree distribution [19] in them. So,
to some extent interaction between pair of nodes is dependent
on both source and destination node degree or how much
they communicate. In fact, the Pearson correlation coefficient
of the degrees of the end points of an edge is given by
[20]. In order to reflect the explicit correlations we need the
distribution of interaction p(d;) and the conditional probability
that a node of degree d; interacts with a node of degree d;,
i. e., p(djld;), >4 p(di) = 1 and Zdj p(d;ld;) = 1. In the
simplest Markovian model, each of the matrix elements can be
represented as p(d;) x p(d;|d;).

3) Initializing Markovian Matrix Elements: Over time
stamp ¢, the changes in the elements of My, (also in M (¢;/))
are effect of local evolution, where as over time slot 7; it is the
effect of global evolution. If we start with the network without
any interactions (say at ¢ = 0), then interactions between
pairs of nodes occur uniformly at random and can be selected
likewise. We now discuss the initialization of matrix elements
in presence of starting interaction set.

Initializing M (t1/) in Presence of Interactions: At time
stamp ¢y, corresponding to 73, we have the first time-varying
graph and is the start of our observation. At this point we do not
have any past interaction information to derive edge weights.
So, we use node attributes (say, authors in same research
field, same University, and people in the same geographic
location, affiliated to same interest/club) to form the initial
tentative clusters, and the resulting network graph has now
both intra- and inter-cluster interactions. We now compute
the probabilities within cluster pdciif{ (t1/) and across cluster
pgiglk (t17). Let v;,v; be the vertices with d;,d; number of
links respectively. When v;,v; € C17, let p(d;) and p(d;) be
their associated degree distributions w.r.t. Clj . Thus, we define
intra-cluster initial link probabilities as:

cjci o _ din () d(v;)
pwjfmwmmzwq¢ma e A0

In a similar manner, we initialize the initial inter-cluster link
probabilities given by the following Equation:
cict din (vi) y d(vy)
Paia, vect din(®) " Toecr d)
where nodes v; € C’f ,Uj € Cf; corresponding degree distri-
bution p(d;) and p(d;) over modules C{ and C} respectively.
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The weighted in degree reflects a node’s position as a start
node, whereas weighted total degree on end node reflects
the possibility of a leaf node being connected with zero out
degree. In case the underlying clusters are ignored at the start
of observation, the node degrees are weighted relative to the
whole network instead of their respective cluster.

B. Markov model: Evolution metric Computation

In this Subsection we discuss the procedures for evaluating
parameters that are in turn used in computing link prediction
probabilities in Subsection III-C.

1) Correlated evolution of links: We consider the set of
time-varying graphs over time stamps ¢;; € T;,VT; € [0,T].
We compute the correlated evolution of links w.r.t. the set of
time-varying graphs over each time stamp. Over subsequent
time stamp pairs ¢;,t;; € T, we have L(t;) and L(t;/)
as the corresponding link sets over time-varying graphs Gy,,,
th, respectively. We determine correlated link evolution over
successive time stamps as follows:

_[L(t) N Lty
|L(tir) U L(t;)|

Similarly, over pairs of successive time stamps in each time slot
we consider average correlated evolution of the corresponding
pairs of time-varying graphs. We evaluate average correlated
evolution of links over each slot T} as given by the following
Equation. K Corr(t,t + 6t)

t=tq/

3

Corrrink (tj/ st )

Clink -

) @

trr — tyr
where 0t = t; —t;/, with ¢;; and t;, being the two successive
time stamps over any time slot 7;. 1 — (j;,% 1s the average
number of links changed over pairs of successive temporal
graphs in any time slot 7;.

As link evolution can be visualized as a cascaded process
that takes place in number of successive steps, we consider
pairwise link occurrence rate. Likewise, for each link in a
time-varying graph we determine the number of times a link
l; follows a link [; in ¢, i.e. F(lhlj)(ti:). For example, let A,
B, C be three network nodes. Let, [; is the contact between
A and B; [; is the contact between B and C. (Say, over
Twitter application network, let A tweets a message to B and
B tweets to C.) Thus, F(li’lj)(ti/) is the number of times B
communicates with C, following As’ communication with B
in t; (say, a day). The weighted measure of the pairwise link
occurrence over a single time-varying graph G, is given by:

Fo oo (te
(1) = )
thi,;ﬁzi F(li,l,;/)(ti’)
Relative to successive time stamps, the correlated pairwise link
occurrence rate over successive time-varying graphs Gy, Gt}
is denoted as Feor(t],1)). We define Foopr(tir, 1)) as
ighted ighted

Feorr(tir, tj) = MIN{FG ) U tw), L “UtY, (6)

Similarly, with 6¢ = t;; — ¢;/, average correlated pairwise link

occurrence is defined as:

tyr
t=t,,

weighted
F(h: )

(&)

FCo'r‘r (t7 t+ 6t)

FA'ug _
ti — tyr

orr

O]



2) Correlated evolution over clusters: We determine the
clusters corresponding to each Gr,,VT; € {T1,...,T}}, based
on the edge weight over ;. The 1st step is to create the clusters
over respective time slot. As mentioned earlier, after creating
the initial cluster at time stamp ¢; in time slot [0,7}), the
subsequent clusters are created over 7T; instead of ¢;s. We use
incremental variant of the clustering algorithm in [21]. Over
the initial clustering from ¢, of 77, we use the community
formation algorithm of [21] at time 7. The resulting clusters
refers to the underlying graph structure in Gp,. We form
subsequent clusters incrementally over rest of the 7;s. In the
incremental version, we compute the relative measure of the
interaction weight of the node with other nodes within its
cluster, to nodes outside its cluster. To be more precise, the
interaction weight of nodes with outside cluster, is considered
w.r.t. every other cluster, created from the last time slot. In other
words, the relative weight measure is computed with the nodes
interaction weight within its cluster to interaction weight with
every other cluster, taken the other clusters one at a time of
which the interacting nodes are part of. If the interaction weight
for both the compared clusters is same, then the node belongs
to the cluster with higher number of nodes that it interacted
with; else, it joins the cluster with higher interaction weight
with it in the current time slot. Incase both weight and number
of nodes that it interacted with are same over the different
clusters, it remains part of the current cluster. This way the
clusters in the successive time slots are formed, but what is
important for our work here is, how the clusters are correlated
over successive time slots.

We compute correlation coefficient for both within and
across cluster. For a cluster Cf in time 7;, we evaluate
its correlation with two successive clusters C* and Cz'k+1 in
102,0Cr, |
lc% UC%‘,JA |
than one cluster merges into a single cluster over successive
intervals, or a cluster divides into two or more clusters over
successive intervals we compute their joint correlation effect as

ICF,NCT, |

Vi ‘Cﬁ-“cﬁm'
or clusters C7, ;s merge into cluster CF over successive time
interval. For any pair of clusters that do not either evolve from
or to each other over successive intervals it is simply computed

k j
s ‘CTimC%iJrll
’ ‘C% UC%Z‘-H'
pairs of successive clusters is given by:

respective time slots 7; and 7;4; as, . If more

, where cluster C evolves into clusters C7, ;s

a . Thus, the total correlated evolution among all

|ICk. nCy

T |
Cor’rcluster(j—‘iy 7—‘i+l) - Z [W + H
k,j | T; U Tz'+1| V3 8)
ICF,NCE, | |CE,NCE,,, |

ICk L Ch,,| 10, L0k

i+1|

We evaluate average correlated evolution over successive time

slots is given by: 7

=, Corrciuster(Ti, Tiv1)

T —Th

®

(_,.cluste'r =

In the above, Correoyster (Ti, Ti+1) is evaluated over succes-
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sive time slots.

Before we discuss the computation of interaction probabili-
ties, we give a schematic presentation (Figure 2) of the steps
involved in the prediction process and their direct (the solid
arrows) and indirect (the dotted arrows) inter-relationship.

Correlated Link Evo-
lution: Time Stamp
= &
.
Correlated Cluster

Evolution: Time Slot

.| Compute: Start and
"I End Node Selection

Interaction Probab-
ility Computation

Fig. 2: Schematic Presentation: Inter-relationship Among Pre-
diction Steps

C. Markov model: Computation of Interactions

Here, we describe the steps involved in computing inter-
actions, i.e. procedure for selecting start and end nodes, and
computing the interaction probability using the parameters
evaluated in the previous Subsection.

1) Selection of Start and End Nodes: We give the selection
procedure for start and end nodes as follows:
Selection of Start Node (Initiator):

The probability that node v becomes initiator at time #;/1 be
represented as ¢, (ti+1). For any node v € CY, v to be an
initiator at time ¢;/4; is dependent on its influence and fraction
of its neighbors that are initiators at time ¢;/, the correlated
evolution of its outgoing links, and average rate of pairwise
link creation.

If p, (t;/) is the fraction of start nodes (initiators) incident on

node v at time ¢;. Then p, (t;) = dei% evaluated w.r.t.

tg, v; is neighbor of v. Further, for any node v, its influence
depends on the relative weight of its degree and distribution of
its node degree. Relative weight of node v’s degree at time ¢/
S W and its degree distribution is p(d(v)). Thus,
start node selection probability is computed as follows:
d(v)
Yart(tir1) = po(tir) x
qstart( % +1) pU( ] ) VU,GCMAXd(’Uz)

x p(d(v)) X Cink X dout (V) (10
X Fégrgr X |U c lz ﬂl]’|,

where [; N [; finds the common node between the two links at
time ¢/, the correlated evolution of outgoing links, and average
rate of pairwise link creation for node v are (iink X doyt(v)
and F2"9 x |v € I; N 1;] respectively. When doy;(v) at time
ty is 0 or [v € ;N = ¢ at time t,/, the partial multiplicative
terms in the above are substituted with 1 — (j;,,, and 1 — Fgfﬁr
respectively.

Selection of End Node (Receiver):

Probability of node v to be selected as end node, denoted as
q%,4(tir41), depends on its affinity to start node, the correlated
evolution of its incoming links, and average rate of pairwise
link creation.



Let ayy(tir) be the affinity between node w and v at time
t;s, where affinity is inverse of the number of hops between u
and v. Thus, the probability of a node being selected as end
node given by:

qgnd(ti' + 1) = Quu (ti’) X Clink' X d1n(U) X Fggﬂ, (11)

X (F(li, (u,0)) + F((u, 0), k),

where (u,v) denotes the respective link and (I;, (u,v))
represent (u,v) follows link ;. When d;,(v) = 0, and
(F(l;, (u,0)) + F((u,v),1x)) 0 at time t;, the partial
multiplicative terms in the above are substituted with 1 — (j;,%
and 1—Fé4;’,f7, respectively. Number of hops is sufficient to limit
to five but due to small world concept, during experimental
evaluation we find a limit of three hops works fine.

2) Effect of Node Age and Node Degree: The interaction
of a node for next time interval (say, ¢,/41) is dependent not
only on its duration of presence in the network, but also on its
influence/degree in current time. We evaluate a node’s duration
of presence in the network as t, = (t;/41) — t,, Where ¢, is
the time node v start to be part of the network. As ¢/ is the
start of the observation time, the observation duration of the
node is t, = (ty/41) — t1/; thus, the weighted age of the node

; i
become tweighted(y) = 22

to "

Now, at time ¢, the weighted node degree is,
dweighted (y) = Qdé,v) , where d(v) is node degree and

E;, is total number of edges in the network. To incorporate
their mutual effect /7", we consider their joint weighted
parameter to predict the occurrence of interaction for node v,
thus:

ijint(U) _ tweighted(v) % dweighted(v). (12)
The weighted degree of a node is computed relative to the
whole network, instead of its respective cluster.

3) Global effect in link prediction: In computing global
effect, we consider time slot (i.e. 7;s) as the concerned time
interval of our time-varying graph, instead of time stamps.
First, we consider global structural parameter like modularity
index in link formation. At any time T;, let the number of
edges in a cluster CY be EY, the total number of edges in
the network be E7,, and the number of edges that a cluster
CJ have with other clusters (CF) is > EF Wk # j. We
compute modularity index [22] (Qf ) as, a relative measure
of the number of edges within C{ and across C7. Thus,

. j jk
Q=7 — (5= ,
over nodes u,v € CJ (ie. ¢ (uv)) to be dependent on
both modularity index, correlated evolution over clusters and
influence of the respective nodes. Thus we have:

2
) . We formulate the probability of an edge

d(u)
29

d(v)
2F3°

(bCfo (UU) = Qz X Ccluster X (13)

Further, for a pair of nodes across distinct clusters, we
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evaluate the probability of a linkage as:
E*

X e —
D_l#i and mAj pim
l#j and m#i™

Bl (u,v)
T s
ZVu’;éu and v'#v EZ (u/v U/)

here on the right hand side, the second term shows the
connection across these two clusters relative to other cluster
pairs, and the last term represents the number of links between
(u, v) relative to other links across the cluster pair.

gbcpjcvk (uv) = (1 — Ccluste?“)
(14)

X

Concisely, our approach in Section III performs the follow-
ing steps to compute prediction probability and select suitable
links for subsequent state. It initializes the Markovian transition
matrix using the approach in Subsubsection III-A3, at the
start of the observation (¢1/), over Gy, € Gr,. For predicting
links in the subsequent interval, it selects the start node
using the procedure in Subsubsection III-C1 and Subsubsection
III-C2; being two independent parameters, multiplying both
gives their joint effect in selecting start node. Once we have
the start nodes, the possible destination (end) node selection
probabilities are calculated as in Subsubsection III-C1. As we
have the source and destination node pairs, their interaction
probabilities are calculated considering whether they are in
the same or different cluster as in Subsubsection III-C3. The
elements of the Markovian matrix in Subsubsection III-A3 are
then updated with this probability. The interaction takes place
across the selected start and destination nodes with interaction
probability above certain threshold limit (say, top 30%). The
above procedure is iterated for each successive interval till the
end of the training period, evaluated links over each interval
being considered for training data for subsequent intervals and
then for predicting the link occurrence over time slots [7', T+1]
of the test set, and also over time stamps in time slot 7"+ 1.
We use top 5%, 10%, 20% of the predicted link probabilities
and compared it with actual occurrence of links to evaluate our
prediction model.

Every created edge contributes to the degree of respective
start and end nodes. Thus, the degree distribution of the
application network depends on these created edges. The
degree distribution of the real world large scale networks
are known to exhibit power law. So, we need to investigate
whether the correctly predicted edges by our prediction model,
results in power law for degree distribution over the respective
application network.

IV. POWER LAW DEGREE DISTRIBUTION OF PREDICTED
EDGES BY PREDICTION MODEL

In this section, we show that our proposed approach (model)
for node and edge selection, results in power law distribution
of the resulting node degree over the network, as is observed
in real world networks. In Section III, we integrated temporal
dimension in to our parameters.This helps in synchronization
of the prediction model with the underlying network evolution.
Moreover, in Subsection III-C2, we integrate age of node along



with its degree, in its selection. Now, let us assume that the time
interval between successive edge creation of the node, say v, be
7a(v) = taq1(v)—tq(v), where (d+1) and d are its node degree
at time ¢t+ 1 and ¢. The closest replication model (distribution)
of this time interval is given by the power law with exponential
cut off [20], P,(74; p,0) x 74 "exp(—o14), where d is current
degree, p, o are parameters of distribution of 74 as a function of
current node degree d. In Subsection III-C2, we also integrate
node degree that reflects the preferential attachment property
exhibited by networks. Thus, the slope p of the power law
distribution remains constant, whereas parameter o represent-
ing exponential cutoff part becomes faster. Thus, successive
edges are added at a faster rate, i.e., (d + 1)“ edge of a node
added faster than d*" edge. So, distribution of 7; becomes
P(7|d; p,o) x 77 Pexp(—ocdr). A degree d node v, samples
with intervals 7 from Py(7|d;p,0) = L7 Pexp(—odr) and
remains inactive for a period 7. Additionally, the experimental
analysis of nodes life time in Section V shows that they are
exponentially distributed with parameter say, A.

Theorem IV.1. The resulting node degree distribution
exhibits power law.

Proof. We evaluate the normalization constant Z from the
distribution for time interval P,(7|d; p, 0) = -7 Pexp(—odr).
We have, Z = fooo TPe 0T dr = (l;(dl):f)f. Let T be the life
time of a node. Between two successive samples of a node
from the distribution Pj(.), it (node) remains inactive for 7 (k)
time period. Each successive sampling increases node degree
by 1. Let D be the final degree a node attained in its life time
T. In attaining D, the node remains inactive in total for:

D

T(k) <T.
d=1

(15)

On a similar note, the expected time interval E(r|d;p, o) for
a node of degree d is:

L'@2-p)

E(7|d; p,0) (od)™t. (16)

- T(1-p)
From Equations (15) and (16), we relate lifetime 7' and
expected final degree D of the node to have inequality:

T2 -
Z ( P)

= T(1-p)

We know that ZdDzl d~! = ©(InD). From Equation (17),
the final degree D of a node with lifetime 7’ is:

I'(1—p) aT)

D D
M(a)—1 doatt<T. (17)

= Fa= @ o

D = exp ( (18)

L2-p)
Thus, D is exponential function of the lifetime (7") of a node.
We can write it as, D = exp(¢T'), where ¢ = 11:8:”;0,

P
Further, the node life time is exponentially distributed; thus,
the distribution of node degree (D) using A and ¢ will be:
Do A FPlosd _ DD
»D - 2 :

A

With exponent (1 + w)’ the node degree is power law
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distributed. Thus, predicted edges in our model results in power
law degree distribution, as in case of real world networks.
O

V. EXPERIMENTAL RESULTS

We evaluate our approach using real world data sets and
comparing the prediction accuracy over the standard receiver
operating characteristic (ROC) curve with false positives in X-
axis and true positives in Y -axis to represent the outcomes in
successive time intervals. The area under the ROC curve (AUC
measure) represents the achievable true positive rate (TPR)
relative to false positive rate (FPR). The ROC curve helps us
evaluate the effectiveness of prediction model from tradeoff
between TPR and FPR. The higher the TPR than FPR, the
better the model; though, in general TPR > FPR is considered
a good model.

We evaluate and compare the accuracy of our Markov model
based approach (Das) relative to the state-of-the-art approaches
such as: Adamic-Adar score (AA), Katz-measure, Common
Neighbors (CN) mentioned in [12] and the recent dynamic
approaches such as Sarkar et al. [16] (Sarkar) and Tylenda et
al. [15] (Tylenda). The AA, CN, Katz are static approaches
based on the aggregated graph over [0,7]. TPR and FPR are
computed from fraction of correct predictions and fraction
of wrong predictions. The measure is equally applicable to
evaluate prediction accuracy of selected start nodes. Further,
the AUC values resemble ROC curve, in reflecting the perfor-
mance/accuracy of the approach.

We use Twitter, Enron and DBLP dataset. Use of Enron
and DBLP data set help effective comparison with the work
of Sarkar et al. [16] and Tylenda et al. [15], as they also use
the same data sets. Further, Twitter network data set helps us
evaluate the effectiveness of all the dynamic approaches. The
DBLP dataset is from [23], to which the year of collaboration
timestamps are attached and 3000 authors with at least 5 papers
are considered. With Twitter API, over 88,930 time stamped
interactions from reply, retweet, favorite message during a
period of 32 weeks are collected from Twitter network (July,
2015-to-January, 2016). In the Enron data set [24], the email
communication in the range of July 2000 to March 2002 is
considered for our experiments.

Over Enron and twitter, the data is time stamped in hour:min
format. A day is taken as the smallest time unit i.e. time stamp
over these networks, whereas a month and a week taken as time
slots over them, respectively. For DBLP network, we consider
a year as the time slot and time stamps are half yearly. The
frequency of interaction between node pairs is incorporated
over the respective time stamps.

We consider all time stamps in one slot to predict over
next time stamp and all time slots to predict over next slot;
thus, the number of history states s equals the number of time
stamps or total number of time slots in respective time domain.
For example, in twitter application network, we consider time
stamps over three slots. Thus, s = 21 for time stamps, and
s = 31 for time slots, used for prediction over next time stamp
or time slot. Further, over Enron email application network



we have s = 20 w.r.t. time slots, whereas, s = 30 over time
stamps.

In Figure 3, the age of nodes over three networks follow
exponential distribution, as the elongated shape along X and
Y-axis for each is observed. This justifies our consideration of
exponential parameter A in Section IV. Further, the inter-arrival
time between interaction is power law distributed (exponent
between 2-to-3) with exponential cut off over all the three
networks, as is evident from the Figure 4. Moreover, the
parameters p associated with their distribution remains almost
constant (Y-value almost same throughout per curve) with
degree d, where as the other associated parameter o grows
linearly with time, as is reflected in Figure 5. We used these
facts in Section IV. In Figure 3 and Figure 4, we presented
separate graph for each network owing to distinct ranges.

First, we show the accuracy of our start node selection with
top 30% of the computed probabilities over DBLP, Twitter and
Enron datasets in Figure 6. To clarify further, when we use top
30% of the link prediction probabilities, we check the TPR and
FPR values within this set of predicted links. Owing to the
relatively lesser dynamic (time-varying) nature of the DBLP
dataset, it has better accuracy than other two datasets.

Now, we evaluate the prediction accuracy over the next
time slot, i.e. [T, + 1]. The ROC curves in Figure 7 and
the 2nd graph of Figure 6 presents the prediction accuracy of
our approach (Das) relative to the other approaches over three
datasets. The three dynamic approaches (Tylenda, Sarkar and
Das) outperform the remaining static approaches, as is evident
from the ROC curves (and AUC values Table II). Further more,
the probabilistic Markov model in (Das) has higher prediction
accuracy than the integration of local network structure and
time series based approaches (Tylenda and Sarkar). The better
prediction accuracy of our model is attributed to the two way
temporal analysis, that is consideration of two time scales
and the corresponding local and global structural evolution.
Here, we use top 20% of the predicted links in all cases, for
evaluating accuracy of the proposed model. Each of the ROC
curves shows the variation of rate of correct predictions to rate
of wrong prediction.

In the 1st graph of Figure 8, we show the link prediction
accuracy while selecting top 5%, 10%, 20% of the prediction
probabilities for links over Twitter network. In the 2nd graph
we show the prediction accuracy (with top 20% and 30% link
selection) over time stamps of one slot ([T',7 + 1]). Here,
we have included the effect of cluster evolution and rate of
evolution computed over time slots, to predict for the next time
stamps (days in Twitter network). Thus, prediction accuracy
(with 20%) for time stamps and slots are almost similar over
Twitter network.

To avoid possible over fitting in the above predictions,
instead of taking only [0,77] as training set and [T,T + 1]
as test set, we rather consider k-fold cross validation. To
compute the prediction accuracy of model, we iterate it k
times, over our observation interval and take average of the
prediction outcomes over all test intervals. For example: in
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Twitter application network, of the 32 week (slots) observation
period, we take sets of 31 weeks as training set in each iteration
and predict over the remaining slot in that iteration. Over
32 test sets, we take average of the prediction outcome to
determine the final prediction accuracy of the model. Table
IIT shows the resulting prediction accuracy of three dynamic
models, over three distinct datasets, with higher accuracy of our
proposed model (Das). In Figure 9 we show the corresponding
ROC curves for Enron and Twitter networks. Here, we show
only the dynamic models, as static models have further lower
accuracy.
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It is interesting to note that the ROC curves for Figure 7 and
2nd graph of Figure 6, seems to have a lesser TPR around FPR
value of 0.1 (we do not give any smoothed version of ROC



curves, so at some points we may see this), for all baseline
approaches (CN, AA, and Katz); but, the curves have an overall
upward trajectory. Further, the ROC curves in Figure 9 have
relatively lesser prediction accuracy than the earlier curves,
without over fitting being taken care of.

TABLE II: Average AUC value with Our model

AUC results over Twitter, Enron, DBLP datasets
Dataset CN AA Katz Tylenda | Sarkar Das
Twitter 0.6467 | 0.6816 | 0.6968 | 0.7643 | 0.8293 | 0.9183
Enron 0.6615 | 0.6753 | 0.7389 | 0.7835 | 0.9031 0.9328
DBLP 0.7523 | 0.7721 0.7338 | 0.8230 | 0.9143 | 0.9613
1 ROC Curve-Twitter Prediction Accuracy (Das) over
94 Time Stamps: Twitter
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TABLE III: Average AUC value with Our model

AUC results over Twitter, Enron, DBLP datasets
Dataset Tylenda | Sarkar Das
Twitter 0.7039 | 0.7935 | 0.8893
Enron 0.7313 | 0.8189 | 0.9103
DBLP 0.7953 | 0.8456 | 0.9319
09 Avg. PredictionAccuracy:Twitter 0.95 Avg. Prediction Accuracy: Enron
=Tylenda
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K08 —Tylenda & Sarkar
2 Sark: = —Das
07 arkar 075
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Fig. 9: Average Link Prediction Accuracy Over All Slots

VI. CONCLUSION

Not surprisingly predictions models need to consider his-
tory to have better prediction accuracy and link prediction
models are no exception. The most significant challenge is to
integrate the time-varying networks and underlying network
structural dynamics into the prediction model. The key to
mitigate this challenge and achieve best possible prediction
accuracy is to consider the time-varying nature of the network
over microscopic and macroscopic time scales, and integrate
the desired structural dynamics over respective time domains.
Thus. justifying the superiority of our proposed model over
existing models.

To keep our focus on prediction accuracy of the proposed
model, we exclude the discussion on computational cost and
scalability of the approach. In fact both are inter-related and
the cost analysis is dependent on the upper bound on the
order of Markov model. The order of the Markov model is
the number of history states to be kept track of over respective
time scales. We propose to give a theoretical upper bound on
the number of history states using compression theory and use
the computation cost per state, to derive the computation cost
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of the proposed model. We will also support it with extensive
experimental results.
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