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LITERATURE

» T. Cormen, C. Leiserson, R. L
Rivest and C. Stein (CLRS), - ronate Lt
Introduction to Algorithms, o N\
Third Edition, MIT Press, Nt \
2009. S
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» Available in IfI library (two \
books on display; 6 books for TR =T
borrowing) ALGO

» Available as ebook from inside
the UZH network:

http://search.ebscohost.com/login.aspx?direct=true&db=nlebk&AN=
343613&site=ehost-1live
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GOALS OF THIS COURSE

The main things we will learn in this course:
» To think algorithmically and get the spirit of how
algorithms are designed.
» To get to know a toolbox of classical algorithms.

» To learn a number of algorithm design techniques (such
as divide-and-conquer).

» To reason in a precise way about the efficiency and the
correctness of algorithms.
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SYLLABUS
1. Introduction, basic sorting, recursion (chap 1 in CLRS)
2. Complexity and correctness (chap 2, 3 in CLRS) > AL
3. Divide and conquer, recurrences (chap 4 in CLRS)
4. Heap sort, quick sort (chap 6,7 in CLRS) — < N
5. Pointers, lists, sets, abstract data types (chap 10 in CLRS)
6. Trees, red-black trees (chap 12, 13 in CLRS) Y d
7. Hash tables (chap 11 in CLRS) T
8. Dynamic programming (chap 15 in CLRS) a)é@
9. Graph algorithms (chap 22, 23, 24 in CLRS)
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ADMINISTRATION/ 1

Home page
» http://www.ifi.uzh.ch/dbtg

» https://lms.uzh.ch/url/RepositoryEntry/
16546169084

» Check OLAT frequently

Course book
» Introduction to Algorithms, 3rd edition, Cormen et al.

Assistant
» Muhammad Saad, saad@ifi.uzh.ch

TA:
» Luka Popovic, luka.popovic@uzh.ch
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ADMINISTRATION /2

Lectures
» Monday 14:00 - 15:45 in HAH-E-11 (Haldeliweg 2)

» Thursday 12:15 - 13:45 in Y15-G-40 (Irchel)
» First lecture: Monday 18.2.2019

» Last lecture: Thursday 23.5.2019

» Exceptions are the following dates:
» TH 7.3.2019 12:15 - 13:45 no lecture
» TH 4.4.2019 12:15 - 13:45 Lecture in Y04-G-30
> MO 8.4.2019 14:00 - 15:45 no lecture (Sechselduten)
>
>

MO 22.4.2019 14:00 - 15:45 no lecture (Spring break)
TH 24.4.2019 12:15 - 13:45 no lecture (Spring break)
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ADMINISTRATION /3

Exercises:
%u/\ cygo w
» There are 12 weekly exercises /

» An exercise is published one week before it is being
discussed in the exercise classes.

» There is no hand in of exercises.
» Attending exercises is not mandatory.

» It is strongly recommended that you solve the exercise
before the exercise class.
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ADMINISTRATION /3

Exercise classes:

Tuesday 16:15 - 17:45 and 18:15 - 19:45, BIN-0.B.06

Tuesday 16:15 - 17:45 and 18:15 - 19:45, BIN-0.B.04

Wednesday 16:15 - 17:45 and 18:15 - 19:45, BIN-0.B.06

Thursday 16:15 - 17:45 and 18:15 - 19:45, BIN-0.B.06

Exceptions: §N‘, ﬁfﬁ ek

vVvyvyyvyyYy

» The labs from 18.4 (16:15-17:45 and 18:15-19:45) take place
24 hours earlier in room 0.B.04.

» The labs from 1.5 (16:15-17:45 and 18:15-19:45) take place 24
hours later in room 0.B.04.

Tutors:

» Michael Blum, michael.blum2@uzh.ch

» Dimitri Degkwitz, dimitri.degkwitz@uzh.ch
» Johann Schwabe, johann.schwabe@uzh.ch

» Christoph Vogel, christoph.vogelQuzh.ch
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ADMINISTRATION /4

Exams: The course assessment consists of two midterms and a
final exam.

Exam dates (check VVZ and official WWF web pages):
» Midterm 1 (90min): Friday, 22.3.2019, 12:15 - 13:45,
HAH-E-03 (Hildeliweg 2).
» Midterm 2 (90min): Friday, 3.5.2019, 12:15 - 13:45,
HAH-E-03 (Héldeliweg 2)
» Final exam date: Monday 27.5.2019, 14:00 - 15:30

Your final grade is calculated as follows:
MAX (MidTerml, MidTerm2) * 0.25 + FinalExam * 0.75
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GENERAL REMARKS/1

» Enrollment in the labs takes place in OLAT in the section
“Team Enrollment”. Please make sure you enroll as soon as
possible. Deadline: Friday, February 23 at 23:00.

» In case of a justifiable absence in a midterm, please provide
proof of your absence (e.g. document signed by the doctor,
military supervisor) to Muhammad Saad as soon as
possible.

» One A4 sheet with your personal notes (both sides) is
allowed in all Informatics II exams.
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GENERAL REMARKS/2

» Hands-on exercises are an important part of this course: an
abstract understanding of the concepts is not good enough

» You must be able to apply your knowledge to new
examples. Use exercises to practice this during the
semester.

» Often it is most effective to first solve algorithms on paper
and later key them in on the computer. s Llel el @rtes”

» A very important thing is to be simple and precise.
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GENERAL REMARKS/3

» During lectures:

» Interaction is welcome; ask questions.
» Speed up/slow down the progress.
» Additional explanations if desired.

» During the lectures we solve many examples. Please
participate and take notes. Trying, failing and improving is
good. Not trying is bad.

» This script is designed as a working script. Solutions to
selected exercises are included at the end.
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PREREQUISITES

Introduction to programming (aka Informatik I)
» Data types, operations
> Conditional statements 1t
> Loops wolile.

» Procedures and functions

Ability to edit, compile, and execute a program
» editor and terminal

» Xcode, Eclipse or equivalent
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SHELL

d

@ - O xterm
boehlen@xl:~/Teaching/FS17/InfII/Code$ more search.c

#include <stdio.h> —
#define n 5
int j,

q:
int al] = {11, 1, 4, -3, 22};
int main() {
1=0;9="-3
while (] < n & alj]l !'=q) { j++; } ;2' ' «uxk
if (j < n) { printf("sd\n", j); } ¢ 1\\
else { printf("NIL\n"}; } u/({'\e
} co

// gcc -o search search.c; ./search
tbpehlen@Xl:~/Teaching/FS17/InfII/Codes
3

¢ -0 search search.cy ./search

lboet(len@Xl:~/Teaching/FS17/InfI1/Codes ||

EVAN

Inf IT 2(

)19, SLO1 15/76 M. Béhlen, IfleUZH
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WHAT IS AN ALGORITHM?

» Algorithms are about solving problems

» Enrollment at UZH

Booking a module

Graduate from IfI@UZH

Get me from home to work

Earn lots of money

Simulate a jet engine

Human genome project: algorithms to store and analyze

human DNA

» Electronic commerce: algorithms for public-key
cryptography and digital signatures

» Internet/ WWW: algorithms to determine good routes for
data and to quickly find data

VVVYyVYYVYY
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WHAT IS AN ALGORITHM?

» Algorithms are about solving problems

» Enrollment at UZH

Booking a module

Graduate from IfI@UZH

Get me from home to work

Earn lots of money

Simulate a jet engine

Human genome project: algorithms to store and analyze

human DNA

» Electronic commerce: algorithms for public-key
cryptography and digital signatures

» Internet/ WWW: algorithms to determine good routes for
data and to quickly find data

VVVYyVYYVYY

» Algorithms = procedures, recipes, process descriptions
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HISTORY

» Etymology: from Pg’s_@’n mathematician al-Khwarizmi

» 400-300 B.C.
> First algorithm: Buclidean algorithm), greatest common
divisor

» 19th century

» Charles Babbage (first mechanical computer)
» Ada Lovelace (first computer program)

» 20th century
» Alan Turing (Turing machine, cryptography)
» Alonzo Church (decideability)
» John von Neumann (Von Neumann architecture) g

J&kg, 6 v as<
T )
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TERMINOLOGY

» Data structure

———> P Organization of data to solve problem at hand
» Solufions depend on the choice of data structure
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TERMINOLOGY

» Data structure

» Organization of data to solve problem at hand
» Solutions depend on the choice of data structure

» Algorithm

» Finite sequence of unambiguous instructions
» Step-by-step outline of computational procedure
» Independent from choice of programming language
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TERMINOLOGY

» Data structure

» Organization of data to solve problem at hand
» Solutions depend on the choice of data structure

» Algorithm

» Finite sequence of unambiguous instructions
» Step-by-step outline of computational procedure
» Independent from choice of programming language

» Program

» Implementation of given computational procedure
» Programming language, software engineering issues



Introduction Algorithms Sorting Recursion

0000000000000 00 O000@000000000000000000 0000000000000 00 0000000000000 0O00000000
: :

OVERALL PICTURE/ 1

» Specification /

= P Precisely specify problem
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OVERALL PICTURE/ 1

» Specification
» Precisely specify problem

» Design
> Specify structure/blocks of solution
» Develop algorithms (often pseudocode procedures)
> Goals: correctness & efficiency



Introduction Algorithms Sorting Recursion

0000000000000 00 O000@000000000000000000 0000000000000 00 0000000000000 0O00000000
: :

OVERALL PICTURE/ 1

» Specification
» Precisely specify problem

» Design
> Specify structure/blocks of solution
» Develop algorithms (often pseudocode procedures)
> Goals: correctness & efficiency

» Development

» Implement algorithm in some language
» Goals: robustness, reusability, adaptability
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OVERALL PICTURE/ 1

dodah bk

» Specification e nir Lo Amtc
» Precisely specify problem N 2l =seS
» Design

‘_f% > Specify structure/blocks of solution
T » Develop algorithms (often pseudocode procedures)
» Goals: correctness & efficiency

» Development
» Implement algorithm in some language
» Goals: robustness, reusability, adaptability
» Testing
> Verify that implementation meets specification
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OVERALL PICTURE/2

What AlgoDat is not about

» Software architecture
» Computer architecture
» Programming languages

» Software engineering
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OVERALL PICTURE/2

What AlgoDat is not about

» Software architecture
» Computer architecture
» Programming languages

» Software engineering

Other related topics that we touch upon

» Computability and complexity

» Efficiency vs NP-completeness
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ALGORITHMS/ 1

An algorithm is

» Any well-defined computational procedure that
> takes some value, or set of values, as input
» produces some value, or set of values, as output
i.e.,, an unambiguous sequence of computational steps that
transform the input into the output
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ALGORITHMS/ 1

An algorithm is

» Any well-defined computational procedure that
> takes some value, or set of values, as input
» produces some value, or set of values, as output
i.e.,, an unambiguous sequence of computational steps that
transform the input into the output
» A tool for solving a well-specified computational problem

» Problem statement specifies the desired input/output
relation

» Algorithm describes a procedure for achieving such a
relation
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ALGORITHMS /2

Algorithmic problem

In}%mrelml
—
N-%speciﬁcaw ~ ’ ‘ ~r ’@tput specificatilorzl/‘/

Specification of output as function of specification of input
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ALGORITHMS /2

Algorithmic problem
Input/output relation

‘ input specification ‘ ~ ’ ‘ ~ ’ output specification

Specification of output as function of specification of input

Algorithmic solution
Input/output relation

’ input instance ‘ ~ ’ @ggdfhmiv ’ output instance

Procedure transforming input instance into output instance
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HOW TO DEVELOP AN ALGORITHM

@nderstanding the problem

» Precisely define the problem.

» Precisely specify the input and output.

» Construct the simplest possible representative example for
the problem. -

» Consider all cases.
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HOW TO DEVELOP AN ALGORITHM

1. Understanding the problem

» Precisely define the problem.

» Precisely specify the input and output.

» Construct the simplest possible representative example for
the problem.

» Consider all cases.

2. Come up with a simple plan to solve the problem at hand.

S B
» The plan is language independent.
» The precise problem specification influences the plan.
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HOW TO DEVELOP AN ALGORITHM

1. Understanding the problem
» Precisely define the problem.
» Precisely specify the input and output.
» Construct the simplest possible representative example for
the problem.
» Consider all cases.

2. Come up with a simple plan to solve the problem at hand.

» The plan is language independent.
» The precise problem specification influences the plan.

3. Turn the plan into an implementation

» The problem representation (data structure) influences the
implementation.
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EXAMPLE OF AN ALGORITHM/l
» Searching problem
» Input: a sequence (array) of n numbers A = [a1, as, . .., ay]

and a value v
» Output: an index i such that v = a;(= A[i]) or the special
value NIL if v does not appear in A
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EXAMPLE OF AN ALGORITHM/ 1

» Searching problem

» Input: a sequence (array) of n numbers A = [a1, as, . .., ay]
and a value v
» Output: an index ¢ such that v = a;(= A[i]) or the special
value NIL if v does not appear in A -

fe A 5 peee
S .
» Instance of searchi e) 1= M
> Input: A =([31,59,26,41, 58,4 = 59
» Output: i =2

A= S«Aj; y= 1
s

= .
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EXAMPLE OF AN ALGORITHM /2

Example: linear search

» Input:
sequence of numbers A = [ai,az, ..., ay,] and value v
» Output:
index i such that v == A[i] or NIL if v does not appear in A
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EXAMPLE OF AN ALGORITHM /2

Example: linear search

» Input:
sequence of numbers A = [ai,az, ..., ay,] and value v
» Output:
index i such that v == A[i] or NIL if v does not appear in A
» Algorithms
Algo: LinSearch1(A,v) Algo: LinSearch2(A,v)
p = NIL; i=1;
fori=1tondo while i<n A Ali]#£v do i++;
Lif Ali]==v then p = i; if i<n then return i;
return p; else return NIL; \

: (o] —[\\_l 2 ‘\ ““AQX O‘_é,\
\\)o \\_AVQQ,X lD\S} N % ¢ -
Ty TR aed K
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EXAMPLE OF AN ALGORITHM /3

Comparing algorithms

» Assume that A = [31,41,59, 26,41, 58] and v = 41 Then:
» LinSearchl(A4,v)=5
» LinSearch2(A4,v)=2
» LinSearchl(A4,v)# LinSearch2(A, v)

» Ambiguous problem statement: first or last index?

» There is always more than one solution to a given problem.
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EXAMPLE OF AN ALGORITHM /4

Fundamental properties

» Efficiency of an algorithm

» LinSearch?2 is more efficient in general
P> LinSearchl always scans the entire array
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EXAMPLE OF AN ALGORITHM /4

Fundamental properties

» Efficiency of an algorithm

» LinSearch?2 is more efficient in general
P> LinSearchl always scans the entire array

» Correctness of an algorithm

Algo: LinSearch3(A,v) P A

P —— &F L

while i<n v Alil#v do = A} [ ot A 7 p}o&} e
Lif i>n then break else i = i+1; NN

if i<n then return i else return NIL;

» LinSearch3 isincorrect; LinSearch3 crashes for all

inputs.
U\A‘j ’
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EXAMPLE OF AN ALGORITHM /5

» What about the fourth solution for searching?

» Run through the array and return the index of the value in
the array.

Algo: LinSearch4(A,v)

fori=1tondo
Lif Ali]==v then return i;

return NIL;

» OK? . M&j)\\ JvQ
v o L?xQ&mewa
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EXAMPLE OF AN ALGORITHM/ 6

Metaphor: shopping behavior when buying a beer.

» LinSearchl:scan products until you get to the exit; if
during the process you find a beer put it into the basket
(and remove the rest).

» LinSearch2:scan products; stop as soon as a beer is
found and go to the exit.

» LinSearch4:scan products; stop as soon as a beer is
found and exit through next door.
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PSEUDO CODE

Use of Egglm/o@L

» Similar in many respects to C, Pascal, Java, Python
(assignments, control structures, arrays, ...)

» Provides means to convey the essence of an algorithm in a
concise fashion

» No fixed format for pseudocode. OK as long as it is
unambiguous and breaks down the problem to the
relevant basic steps.

» Pseudocode works out the important parts and abstracts
the unimportant parts.
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Le s K > XXy 1 X 18
EXERCISESLO1-1/1° . Z % v 5= 7 =1+

A prime number is a natural number greater than 1 and
divisible only by 1 and itself. Write a program that determines
all prime numbers between 0 and n.

Hint: Implement the(siefwwgs Use an array of
length n 4 1 that indicates whether the number corresponding
to the index is prime. Start with an array where all numbers
greater than 1 are marked as primes and then proceed as
follows: first eliminate the multiples of 2, then the multiples of

3, then the multiples of 4, etc. cc 2
A = ;S\ Kigé R
L= \ ce 7 ¢ =18
36
~ | =
Lis
=2
gk b= 26
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EXERCISE SL0O1-1/2

Al spatlash (ALO ] ) Y

]A(K,Oki _ T‘IQLQC ﬁ{/(FS = f'ﬂLQE
Rri=2 o o(c al)=Tren=

P o= 2 %O@f\@
Vj —?_’[—Q(QJ 0’(0

Qe 23 2 25 7 \,&*f\h} +ACCE

3-0 w%z

3¢

Inf 1T 2019, SLO1 34/76 M. Béhlen, IfleUZH
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SEARCHING, C SOLUTION

#include <stdio.h>
@#define n 5

int i, v;

// gcc —-o search search.c;

ﬂXak, %AIJA~J€~

int al] = {( 11, 1, 4, -3, 22 };

= v)

if (1 < n) { printf("sd\n", 1
e { printf(:ﬁfi§ﬁfT?ST?ﬁ
——

1); }

./search

\S
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HOW TO APPROACH C, ETC.

» Do not study it (it is close to Java or Python and we only
use a small subset).

» Whenever you meet a new construct learn and use it.
» Here:

~—P #include <stdio.h> includes IO library with printf
function
— ®» #define n 5
defines n as a constant with value 5
> printf("sd\n",1i)
prints an integer argument (%d is replaced by the value of i)
followed by a new line (\n).
» Arrays have a fixed size and start with index 0.
// is the start of a one line comment
» gcc -o search search.c; ./searchcommand to
compile and run the program from the command line

v



Introduction Algorithms Sorting Recursion

0000000000000 00 0000000000000 0000000e00 0000000000000 00

0000000000000 0O00000000

SEARCHING, JAVA SOLUTION
(

import java.io.x;

\Si:§i/§9érch {
atic int n = 5;

static int i, v;
static int a(] = { 11, 1, 4, -3, 22 };

public static void main (String args(])
i =0; v = 22;
while (i < n && af[i] !'= v) { i++; }
if (i < n) { System.out.println(i); }
else { System.out.println ("NIL"); }

}

// javac search. java; java search

{

((
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SEARCHING, PYTHON SOLUTION

-
a=[11, 1, 4, -3, 22 ]
v = -3
J=-1
for i in range (len(a)):

if a[i] == v:
J =1
print (j)
# python search.py
\S
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DATA STRUCTURES

Informal definition

» A data structure is a way to store and organize data
» As such it facilitates access and modification of data
» Elementary data structures: lists, stacks, queues, trees
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DATA STRUCTURES

Informal definition

» A data structure is a way to store and organize data
» As such it facilitates access and modification of data

» Elementary data structures: lists, stacks, queues, trees

Things to consider

» No single data structure works well for all purposes
» Choice of appropriate data structure is a crucial issue

» Important to know strengths and limitations of a variety of
data structures.
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3. Sorting
Bubble sort ]
Selection sort
Insertion sort
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SORTING/ 1

Why sorting?

» Most fundamental problem in the study of algorithms
» Algorithms often employ sorting as a key subroutine

» Wide range of sorting algorithms, rich set of techniques
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SORTING/ 1

Why sorting?

» Most fundamental problem in the study of algorithms
» Algorithms often employ sorting as a key subroutine

» Wide range of sorting algorithms, rich set of techniques

Some observations

» Sorting of arrays: does provide random access (each
element can be directly accessed)

» Efficient management of space: in-place sorting

» Efficiency is generally measured in terms of

» number of comparisons and/or
» number of exchange operations
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SORTING /2

Simple methods

» Bubble sort
» Selection sort
» Insertion sort

» Roughly n? comparisons
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SORTING /2

Simple methods

» Bubble sort
» Selection sort
» Insertion t

» Roughly|(n? ¢cdmparisons

Fast methods
» Merge sort
» Heap sort
» Quick sort
» Roughly nlog n eomparisons
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SORTING/3

Problem specification

» Sorting problem

» Input: a sequence of n numbers A = [aq1, az, ..., a,] @
» Output: a permutation (reordering) [b1, bo, .. ., by] of the

input sequence such that by < by <--- < b,
s
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SORTING/3

Problem specification

» Sorting problem
» Input: a sequence of n numbers A = [aq1, az, ..., a,]
» Output: a permutation (reordering) [b1, bo, . . ., by,] of the
input sequence such that by < by < -+ < b,
» Instance of sorting
» Input sequence: [31,41, 59, 26, 41, 58]
» Output sequence: [26,31,41,41,58,59] —— %&)L«/\
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BUBBLE SORT/ 1

Rough idea

» Scan sequence and swap unsorted adjacent elements

» Repeat the procedure until sequence is actually sorted
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BUBBLE SORT/ 1

Rough idea

» Scan sequence and swap unsorted adjacent elements

» Repeat the procedure until sequence is actually sorted

The algorithm
Algo: BubbleSort(A)

fori=nto2do
forj=2toido
if Aljl<Al[j-1] then
t=A[l;
Aljl = A[-1];
Afj-1] =t;




Introduction
0000000000000 00

Algorithms

0000000000000 0000000000

Sorting
0000®0000000000

Recursion
0000000000000 000000000

BUBBLE SORT/ 1

Rough idea

» Scan sequence and swap unsorted adjacent elements

» Repeat the procedure until sequence is actually sorted

The algorithm

{w
o U
%M”d
\\O

Algo: BubbleSort(A)

—_lfori=nto2do f

forj=2toido — ~ —
if Aljl<Alj<1] then

= A[jl;

Alj] = A[j-1];

1=t

A [ I A N

T 0T rPt-~i-+n+E >
o+r-+s i |n /@ (¥

o|r |1 n(g/) yt
oli|nl® s |t
i/~n~><@; r|s|t
i/@/ﬁ o|r|s |t
gli|ln|lo|r|s|t — s0deA
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BUBBLE SORT/2 A

A4T 434 v AT

. . w=2
Basic propertie

» Number of comparisons:

» The number of comparisons is independent of the original
ordering and the values.
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BUBBLE SORT/3

Number of exchanges:

Mmm=0//

n o 1 2
Mimaz — Z@@ 1= 3n(n2 ) _3n . 3n
=2

ay Al BEN
© B
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EXERCISE SL0O1-2 ¢ = NSl e
N [ CEUNEY (S

Modify the bubble sort algorithm such that, at each iteration of <>
the outer loop, the smallest element of the corresponding =~ —==*
subarray is moved to the left. Implement this variant of bubble
sort and show how it works on a concrete example.

202 (A
Do Lo dm e oo

WG\‘: »;11 +a f/\
P alpet]< &)
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SELECTION SORT/1

Rough idea
» Select smallest element and swap it with 1st element
> Repeat the procedure on remaining unsorted sequence
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SELECTION SORT/1

Rough idea

» Select smallest element and swap it with 1st element

> Repeat the procedure on remaining unsorted sequence
The algorithm

Algo: SelectionSort(A)
fori=1ton-1do
k=i
forj=i+1tondo
| if A[jl<AlK] then k = j;

exchange Ali] and A[K];
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SELECTION SORT/ 1 . (GQJSM RS

Rough idea ol o2
» Select smallest element and swap it with 1st element 1
> Repeat the procedure on remaining unsorted sequence
The algorithm 4 !
Algo: SelectionSort(A) ,@ﬂﬂrﬂ r | t]i|nj
o
—tfori=1ton-1do & r t[ins
-k =1i; g |1 j on | s
(ﬁﬂ forj=itltondo g | 1 ﬁ\ t r|s
SeLfef, Lif A[]']<A_U§/]then£= js g|i|n \\@\ tNr | s
deodl exchange Ali] and A[k]; == g| 1 |n|o ( s
gl 1 |njo|r|s |t

\
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SELECTION SORT/2

Basic properties

» Number of comparisons:

» The number of comparisons is independent of the original
ordering.
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SELECTION SORT/3

Basic properties

» Number of exchanges:

n—1
M=) 3=3n-1)=3n\-
=1

» Only the movement of elements is counted. Updjﬁ'ng an

index is not counted. . <
fog vk O N Gk =€ &y P

cle— S exvhm&u/\ cosShe ‘(Qg:[‘g\ '1 ZZ ;}
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EXERCISE SL0O1-3 N R

Modify selection sort in such a way that, at each iteration of the |

QL
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INSERTION SORT/ 1

Rough idea
» Take first element and consider it as (sorted) sequence

» Continue taking elements and inserting into right place
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INSERTION SORT/ 1

Rough idea
» Take first element and consider it as (sorted) sequence

» Continue taking elements and inserting into right place

The algorithm

Algo: InsertionSort(A)

fori=2tondo
j=i-1;
t = Ali];
while j>1 A t<Alj] do
LAUH] - Aljl;
j=jL

| Afj+1] =t
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INSERTION SORT/1

Rough idea

The algorithm
Algo: InsertionSort(A) rlt i\ nlg
——=—fori=2tondo Nt i) nl|g
=i st i/ n|g
t=Ali]; ~
while j>1 A t<A[j] do %;% r;%s E%tz?@\ nigl . .
A[j+1] = A[j],‘ 1 o|r’s|thg ((
j=J-L ilnlolrls!|t %ﬁ A€~
j . o
| Alj+1] =t gli|njo|lr|s|t s
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INSERTION SORT/2

Basic properties
» Number of comparisons:

n
C’min:zfl/in—l

=2
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INSERTION SORT/3

Basic properties

» Number of exchanges:

n

Mmin=> 2=2(n—1)=2n-2
=2
n

Mmax = Z(fH— 1) =
=2

n2+3n—4
2
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RECURSION/ 1

Recursive object

» It contains itself as part of it

» It is defined in terms of itself
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RECURSION/ 1

Recursive object

» It contains itself as part of it

» It is defined in terms of itself

Recursive procedure

» Procedure that calls itself
» Multiple & mutual recursive calls

» Termination condition to stop recursion
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RECURSION/ 1

Recursive object

» It contains itself as part of it

» It is defined in terms of itself

Recursive procedure

» Procedure that calls itself
» Multiple & mutual recursive calls

» Termination condition to stop recursion

Example: simple recursion

‘ 1 ifn=20 \
Factorial fact(n) = {Tfact(n —-1) ifn>0 e
S

—_—
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Evaluate the following three implementatio
the factorial of an integer n.

ns for computing

Algo: factl(n)

if n==0 then return 1 else return n * factl(n-1);

— 7

o

Algo: fact2(n)

if n==0 then return 1;
return fact2(n-1) * n;

94

Algo: fact3(n)

P2 (3 )

==rreturn n * fact3(n-1);
if n==0 then return 1;

99;@:“;2“

N
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RECURSION/ 3

Tracing the call fact1 (3):

fact1(3)
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RECURSION/ 3

Tracing the call fact1 (3):

fact1(3)

3*factl(2)
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RECURSION/ 3

Tracing the call fact1 (3):

fact1(3)
3*factl(2)
>

2* fact1(1)
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RECURSION/ 3

Tracing the call fact1 (3):

fact1(3)
3*factl(2)
2* fact1(l)

1* fact1(0)
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RECURSION/ 3

Tracing the call fact1 (3):

fact1(3)
3*factl(2)
2* fact1(l)

1* fact1(0)

fact1(0)
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RECURSION/ 3

Tracing the call fact1 (3):

fact1(3)
3*factl(2)
2* fact1(l)

1* fact1(0)

fact1(0) 1
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RECURSION/ 3

Tracing the call fact1 (3):

fact1(3)
3*factl(2)
2* fact1(l)

1* fact1(0) 1

fact1(0) 1
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RECURSION/ 3

Tracing the call fact1 (3):

fact1(3)
37 factl(2)
2* fact1(1) 2

1* fact1(0) 1

fact1(0) 1
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RECURSION/ 3

Tracing the call fact1 (3):

fact1(3)
3*factl(2) 6
2* fact1(1) 2

1* fact1(0) 1

fact1(0) 1
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RECURSION/ 3

Tracing the call fact1 (3):

fact1(3) 6
3*factl(2) 6
2* fact1(1) 2

1* fact1(0) 1

fact1(0) 1
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RECURSION/4

Example: multiple recursion

0 ifn=0
Fibonacci fib(n) =< 1 ifn=1
fib(n — 1)+ fib(n—2) ifn>1
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RECURSION/4

Example: multiple recursion

0 ifn=0
Fibonacci fib(n) =< 1 ifn=1
fib(n — 1)+ fib(n—2) ifn>1

Example: mutual recursion

Odd number odd(n) = {false ifn=0

even(n —1) ifn >0

Even number even(n) = { LO%” _1 1£n/_8 {
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EXERCISE SL01-4 oo
Design recursive algorithms for odd and even. Ocio(C Z )

cuen(Cw )
retre w==0 A odted (o 7

ko= w>0 2% MUKLH“()

ad )
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RECURSION/5

Tracing the call £ib (4):

£ip(4)
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RECURSION/5

Tracing the call £ib (4):

fib@)
£ib(3) + £ib(2)
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RECURSION/5

Tracing the call £ib (4):

£ib(4)

£1ib(3) + £1b(2)
£4B(2) + £ibl)
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RECURSION/5

Tracing the call £ib (4):

fib(4)
£ib(3) + £1b(2)
£ip(2) + £1b(1)
£ib(1) + £1b(0)
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RECURSION/5

Tracing the call £ib (4):

fib(4)
£ib(3) + £1b(2)
£ip(2) + £1b(1)
£ib(1) + £1b(0)
£ip(1)
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RECURSION/5

Tracing the call £ib (4):

fib(4)
£ib(3) + £1b(2)
£ip(2) + £1b(1)
£ib(1) + £1b(0)
£ip(1) 1
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RECURSION/5

Tracing the call £ib (4):

fib(4)
£ib(3) + £1b(2)
£ip(2) + £1b(1)
£ib(1) + £1b(0)
£ip(1) 1
£1p(0)
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RECURSION/5

Tracing the call £ib (4):

fib(4)
£ib(3) + £1b(2)
£ip(2) + £1b(1)
£ib(1) + £1b(0)
£ip(1) 1
£1p(0)
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RECURSION/5

Tracing the call £ib (4):

fib(4)
£ib(3) + £1b(2)
£ip(2) + £1b(1)
£ib(1) + £1b(0) 1
£ip(1)
£1p(0)
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RECURSION/5

Tracing the call £ib (4):

£ib(4)
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RECURSION/5
Tracing the call £ib (4):

fib(4)
£ib(3) + £1b(2)
£ib(2) + £ib(1)
£ib(1) + £1b(0)
£ip(1)
£1p(0)
£ib(1)
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RECURSION/5

Tracing the call £ib (4):

fib(4)
£ib(3) + £1b(2)

£ib(2) + £ib(1) 2
£ib(1) + £ib(0) 1
£ib(1) 1
£1b(0) 0

1

£ib(1)
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RECURSION/5

Tracing the call £ib (4):

fib(4)
£ib(3) + £1b(2)

£ib(2) + £ib(1) 2
£ib(1) + £ib(0) 1
£ib(1) 1
£1b(0) 0
£ib(1) 1

fib(1) + £ib(0)
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RECURSION/5

Tracing the call £ib (4):

fib(4)
£ib(3) + £1b(2)

£ib(2) + £ib(1) 2
£ib(1) + £ib(0) 1
£ib(1) 1
£1b(0) 0
£ib(1) 1

£ib(1) + £ib(0)
£ib(1)
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RECURSION/5

Tracing the call £ib (4):

fib(4)
£ib(3) + £1b(2)

£ib(2) + £ib(1) 2
£ib(1) + £ib(0) 1
£ib(1) 1
£1b(0) 0
£ib(1) 1

£ib(1) + £ib(0)
£ib(1) 1
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RECURSION/5

Tracing the call £ib (4):

fib(4)
Fib(3) + £ib(2)
£ib(2) + £ib(1)
£ib(1) + £1b(0)
£ib(1)
£11(0)
£ib(1)
£ib(1) + £1b(0)
£ib(1) 1
£ib(0)

—_ O Rk =) N
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RECURSION/5

Tracing the call £ib (4):

fib(4)
Fib(3) + £ib(2)
£ib(2) + £ib(1)
£ib(1) + £1b(0)
£ib(1)
£11(0)
£ib(1)
£ib(1) + £1b(0)
£ib(1)
£ib(0)

—_ O Rk =) N
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Tracing the call £ib (4):

fib(4)
Fib(3) + £ib(2)
£ib(2) + £ib(1)
£ib(1) + £1b(0)
£ib(1)
£11(0)
£ib(1)
£ib(1) + £1b(0)
£ib(1)
£ib(0)

O R =k Rk O Rk =N
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RECURSION/5

Tracing the call £ib (4):

fib(4)
Fib(3) + £ib(2)
£ib(2) + £ib(1)
£ib(1) + £1b(0)
£ib(1)
£11(0)
£ib(1)
£ib(1) + £1b(0)
£ib(1)
£ib(0)
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RECURSION/5

Tracing the call £ib (4):

fib(4)
Fib(3) + £ib(2)
£ib(2) + £ib(1)
£ib(1) + £1b(0)
£ib(1)
£11(0)
£ib(1)
£ib(1) + £1b(0)
£ib(1)
£ib(0)
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RECURSION/6

Is recursion necessary?

» Practice: recursion is elegant and in some cases the best
solution by far
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RECURSION/6

Is recursion necessary?

» Practice: recursion is elegant and in some cases the best
solution by far

» Theory: one could resort to iteration and explicitly
maintain a recursion stack
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: :

RECURSION/6

Is recursion necessary?

» Practice: recursion is elegant and in some cases the best
solution by far

» Theory: one could resort to iteration and explicitly
maintain a recursion stack

» In the above examples recursion is not necessary: there
exist simple iterative solutions
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RECURSION/6

Is recursion necessary?

» Practice: recursion is elegant and in some cases the best
solution by far

» Theory: one could resort to iteration and explicitly
maintain a recursion stack

» In the above examples recursion is not necessary: there
exist simple iterative solutions

» Recursion is more expensive than corresponding iterative
solution: bookkeeping is necessary
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MARKING A RULER/1 be (.

bov

Problem description

» Print the marks of a ru / 3”"/ 2

» Example: _ . U o | o ¢
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MARKING A RULER/1

Problem descripti
roblem descrip En aR

Recursive algorithm

A

Algo: Ruler(l,r,h)
m=(r+D)/2;, e Sdlle
if >0 then
Mark(m,h);

Ruler(l,m,h-1);
Ruler(m,r,h-1);
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MARKING A RULER/2

Printing of marks:

Ruler (0, 8, 3)
Mark (4, 3) |
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Recursion
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MARKING A RULER/2

Printing of marks:

Ruler (0, 8, 3)
Mark (4, 3)
Ruler (0,4, 2)

Mark (2, 2)
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MARKING A RULER/2

Printing of marks:

Ruler (0, 8, 3)
Mark (4, 3) |
Ruler (0,4, 2)
Mark (2, 2) I |
Ruler (0,2, 1)
Mark (1, 1) L |
Ruler (0,1, 0)
Ruler (1, 2,0)
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MARKING A RULER/2

Printing of marks:

Ruler (0, 8, 3)
Mark (4, 3) |
Ruler (0,4, 2)

Mark (2, 2) I |

Ruler (0,2, 1)
Mark (1, 1) L |
Ruler (0,1, 0)
Ruler (1, 2,0)

Ruler (2,4,1)
Mark (3, 1) |
Ruler (2, 3,0)
Ruler (3,4,0)
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MARKING A RULER/3

Printing of marks:




Introduction
0000000000000 00

Algorithms
0000000000000 0000000000

Sorting
0000000000000 00

Recursion
0000000000800000000000

MARKING A RULER/3

Printing of marks:

]

Ruler (4,8, 2)
Mark (6, 2)
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MARKING A RULER/3

Printing of marks:

[ ] ol

Ruler (4,8, 2)
Mark (6, 2) | I
Ruler (4,6,1)
Mark (5, 1) P P
Ruler (4,5, 0)
Ruler (5, 6,0)




Introduction Algorithms Sorting Recursion

0000000000000 00 0000000000000 0000000000 0000000000000 00 0000000000800 000000000
: :

MARKING A RULER/3

Printing of marks:

[ ] ol

Ruler (4,8, 2)
Mark (6, 2) | I
Ruler (4,6, 1)

Mark (5, 1) P P
Ruler (4,5, 0)
Ruler (5, 6,0)
Ruler (6,8, 1)
Mark (7, 1) P P R
Ruler (6, 7,0)
Ruler (7,8, 0)
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EXERCISE SL01-5/1 l <
Consider the Sierpinski triangles of depths 2, 3, and 4 in the

following Ez'ctures:
L=2 WL =3

[ » Determine the Sierpinski triangles of depths d = 0 and
d=1.

» Design a recursive algorithm that draws a Sierpinski
triangle of depth d.

» Show how to call your algorithm.
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» Hi is the Hilbert curve of order i (named after the inventor
David Hilbert).

» Goal: write a program to produce Hi.

Consider the following patterns:

H1 H2
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te= 2

» Observation: Hi+1 is composed of four components of Hi.

» Solution: Determine the recursion scheme to generate Hi.
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H1 H2
@ € NAd
j ) L)
7
L .ar
2 3
=2"-4 =2%-1

¢ <

H3



Introduction Algorithms Sorting Recursion

0000000000000 00 0000000000000 0000000000 0000000000000 00 0000000000000 00e000000
: :

HILBERT CURVE/3

» Observation: Hi+1 is composed of four components of Hi.
» Solution: Determine the recursion scheme to generate Hi.

H1/A H1/B  H1/C H1/D

2/A H2/B A= Be— AL A=<

ii S 2= AL = VTV
Cct‘bﬁ\g/fxcr{/@
C/i@

N=(>DTDR
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The Wde:
g

include <SDL2/SDL.

(i SDL_Window »*win;
SDL_Renderer =*re

float x, vy, u;

void 1) float dx, float dy) |

—— SDL_RenderDrawLine (ren,
x=x+dx; y=y+dy;

L._SDI_Delay (5);
SDL_RenderPresent (ren) ;

}

{
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The last part of the code: Yoo/
-

int main (int argc, charxx argv) { ( ¢ ]
int d; 72 G(Ti W L‘\{
==sscanf (argv[1l], "%d", &d);

SDL_CreateWindowAndRenderer (4 0, &win, &ren);/
SDL_SetRenderDrawColor (ren,\ 255, 255, 255, 0);
x=395; y=5; u=390/ (pow(2,d)-1);
_A(d); T
SDL_Event e;
do { SDL_PollEvent (&e); } while (e.type != SDL_QUIT);@
}

// gcc hilbert.c -o hilbert -Im -1SDL2; ,s/hilbert D)
\S

e
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The middle part of the code:

A= Re= AL A=C
-

r

void A (int);

void A (int i)

if (i>0) {

PBu-1); 1(-u,0);
A(i-1); 1(0,u); @
A(i-1); 1(u0);
@(i—l);

}

void B(int i) {

w...

void C(int); wvoid D (int);

Al)

C
Al
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Consider the Sierpinski curve: 1) = 0) 7 AT T D)
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» The above pictures illustrate the Sierpinski curve of order
0,1,2and 3.

» Identify the recursive pattern and sketch the code to draw
the Sierpinski curve of order 1.
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SUMMARY

» Algorithmic problem:

» An algorithm transforms input data into output data
» Precisely specify input and output; consider special cases;
work out representative examples
> A first step is to come up with a simple plan,
> Split or revise complex plans until they get simple.
» Sorting algorithms
» A classical and representative algorithmic problem.
P Initialization and conditions in loops are important.
> Make sure you get details of loops correct by design. Avoid
trial and error.
» Recursive algorithms
» Recursion is an important algorithmic technique.
» Practice the design of recursive algorithms.
» Consider special cases: termination, the first couple of
recursive calls.
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Efficiency

Runtime of insertion sort
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Runtime of binary search
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Analysis of algorithms

» Predicting the resources that the algorithm requires Y\
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> Resources in terms of time: running time -« ¢ “‘Q( -
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Analysis of algorithms

» Predicting the resources that the algorithm requires
» Resources in terms of time: running time
> Resources in terms of space: memory usage
» Efficiency (use of resources) depends on input size
» Various ways of determining the size of input data

» Depends on the problem being studied
» Number of items in the input (e.g. sorting)
» Total number of bits (e.g. integer arithmetic)
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Analysis of algorithms

» Predicting the resources that the algorithm requires
» Resources in terms of time: running time
> Resources in terms of space: memory usage
» Efficiency (use of resources) depends on input size
» Various ways of determining the size of input data

» Depends on the problem being studied
» Number of items in the input (e.g. sorting)
» Total number of bits (e.g. integer arithmetic)

» Must have a model of the implementation technology
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EFFICIENCY /2

Random-access machine

» Generic one-processor, random-access model of
computation
» RAM contains instructions commonly found in real
computers
» Arithmetic: add, subtract, faultiply, divide, etc. 1
» Control: branch, subroutine call, return |
» Data movement: load, store, copy
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EFFICIENCY /2

Random-access machine

» Generic one-processor, random-access model of
computation

» RAM contains instructions commonly found in real
computers

» Arithmetic: add, subtract, multiply, divide, etc.
» Control: branch, subroutine call, return
» Data movement: load, store, copy

» Each instruction takes a constant amount of time
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EFFICIENCY /2

Random-access machine

» Generic one-processor, random-access model of
computation

» RAM contains instructions commonly found in real
computers

» Arithmetic: add, subtract, multiply, divide, etc.
» Control: branch, subroutine call, return
» Data movement: load, store, copy

v

Each instruction takes a constant amount of time
» Data types: character, integer, and floating point
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Analysis of the algorithm

— fori=2ton do

t=A[l;

ile j>0 N t<A

o
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» Execution of k-th line takes time ¢ (a constant)

» t;: the number of times a nested line is executed
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RUNTIME OF INSERTION SORT/2
L‘(\\{ ch (V4N ﬂtem\&

ightmost columns (cost, times)

Exact running time

Sum of products

n
T(n) :ﬂ@+02(n—1)+03(n—1)+C4Zt7;

=2

n
—|—C5Z( —1 —i—CﬁZ —1 +C7n—1)
=2
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RUNTIME OF INSERTION SORT/2

Exact running time
Sum of products of rightmost columns (cost, times)

/

n
T(n)=cn+c(n—1)+c3(n—1)+ C4Zti
1=2

n
—|—C5Z< —1 +C6Z —1 +C7n—1)
=2

Some observations
» Running time seen as function of the input size n K
—» May depend on which input of size n is given

» Such behavior is captured by the parameter ¢;
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RUNTIME OF INSERTION SORT/3

Best case running time:

Array is alread sorted( ti=1)
T(n)=cin+ (ca+e3+ecqg+c7)(n—1)
=(a+ceteataute)n—(c2+cz+c+cr)

= G+ b
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RUNTIME OF INSERTION SORT/3

Best case running time:
Array is already sorted: t; = 1

T(n)=cin+ (ca+e3+ecqg+c7)(n—1)
=(aa+ctestatce)n—(c2+cz+c+tcr)

=antbd  (leax

Worst case running time:

Array is in reverse sorted orde\@

T(n) =cin+ (ca +c3+ c7)( n{ntl) _ 1)

+ (c5 + 66)@ =
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Worst vs average case

» Usually, one focuses on worst case running time
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BEST, WORST AND AVERAGE CASE/ 1

-

Worst vs average case

» Usually, one focuses on worst case running time

» There are basically the following three reasons
» Worst case running time provides an upper bound
» Guarantee that algorithm will never take any longer (
» For some algorithms, worst case occurs fairly often
> Example: searching for an element that is not present
> Average case is often roughly as bad as worst case
> Example: insertion sort is still quadratic on average \
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BEST, WORST AND AVERAGE CASE/1

Worst vs average case

» Usually, one focuses on worst case running time
» There are basically the following three reasons
» Worst case running time provides an upper bound
» Guarantee that algorithm will never take any longer
» For some algorithms, worst case occurs fairly often
> Example: searching for an element that is not present
> Average case is often roughly as bad as worst case
> Example: insertion sort is still quadratic on average

( » Might be quite difficult to find typical average case w
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BEST, WORST AND AVERAGE CASE/?2

For a specific size of input size n, investigate running times for
different input instances:

6n

worst case =4321

N

5n

average case =3124
4n

3n best case 123

running time

2n

In

C D E F
input instance

G
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EXERCISE SL02-1

How can we modify almost any algorithm to have a good
best-case running time?
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Special case analysis

BEST, WORST AND AVERAGE CASE/3
For inputs of all sizes:

Running time

6n

Sn

4n

3n

2n

In

worst-case

average-case

best-case

1 2 3 45

6 7 8 9 10 11 12 ,...

Input instance size

= A
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BEST, WORST AND AVERAGE CASE /4

Concluding remarks

» Often, counting the number of iterations of the core
(innermost) partis sufficient
» No distinction between comparisons, assignments, etc.
» Means that each of them has roughly the same cost
» Does provide results with good /adequate precision
» Simplifying abstraction: asymptotic analysis
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BEST, WORST AND AVERAGE CASE /4

Concluding remarks

» Often, counting the number of iterations of the core
(innermost) part is sufficient

» No distinction between comparisons, assignments, etc.
» Means that each of them has roughly the same cost
» Does provide results with good /adequate precision
» Simplifying abstraction: asymptotic analysis
» In certain cases the cost of a specific operation may
dominate all other costs

» Example: disk I/O versus RAM operations
» Today simple cost models that consider one (the

“dominating”) cost only have to be refined since their
accuracy is insufficient.



Algorithmic complexity Correctness Asymptotic complexity Special case analysis
00000000000 e000000 000000000000 0000 0000000000000 000 0000000000
:

RUNTIME OF BINARY SEARCH/1

Searching revisited

Algo: LinSearch2(A,v)

Input: sequence A[l..n] of length n, value v
Output: either index i such that v = A[i] or NIL
i=1;

while i<n A Ali]#£v doi=i+];

if i<n then return i else return NIL;
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RUNTIME OF BINARY SEARCH/1

Searching revisited
Algo: LinSearch2(A,v)
Input: sequence A[l..n] of length n, value v
Output: either index i such that v = A[i] or NIL
i=1;
while i<n A Ali]#£v doi=i+];
if i<n then return i else return NIL;

» Running times:
> worst case: n_
> average case: n/2
» best case: 0 A
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RUNTIME OF BINARY SEARCH/1

Searching revisited
Algo: LinSearch2(A,v)
Input: sequence A[l..n] of length n, value v
Output: either index i such that v = A[i] or NIL
i=1;
while i<n A Ali]#£v doi=i+];
if i<n then return i else return NIL;

» Running times:
> worst case: n

> average case: n/2
» Dbest case: 0

» Do things change if the sequence is sorted?



Algorithmic complexity Correctness Asymptotic complexity Special case analysis
00000000000 0e00000 000000000000 0000 0000000000000 000 0000000000
:

RUNTIME OF BINARY SEARCH /2

Sorted sequence
Consider middle element & narrow down the search space
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RUNTIME OF BINARY SEARCH /2

Sorted sequence

Consider middle element & narrow down the search space

The algorithm

Algo: BinSearch1(A,v)

Input: sequence A[l..n] of length n, value v

Output: either index i such that v == A[i] or NIL
1 =1, =1,
—tm={+1)/2);

whilé /<r )\ v£A[m] do
if v<A[m] thenr =m-1 elsel = m+1;
m = |(l+1)/2];

if [<r then return m else return NIL;
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EXERCISE SL02-2

Ilustrate the binary search algorithm for the following
examples:

> A =[10, 20, 30, 40, 50, 60, 70], g =30 |
> A =[10,20,30,40,50], q=22 |

() %2 %o Yo Go o %O L=1 = - =

- a&l‘@‘j\ .Lg z ‘Q,:g / Ti‘é w =

to 20 o o L0 L=l v=T T T=
e=1 = w =
g<2 7L weZ

> Q(,\\,I.)l 5 SAI 0 =7

Asymptotic complexity Special case analysis
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RUNTIME OF BINARY SEARCH /3

Analysis of algorithm
» How many times is the loop executed?
» Each iteration the difference between r, [ is cut in half
» Initially the difference is n
> Stops when it becomes 0
» How many times do we have to cut » in half to get 0?
» log, n — better than brute-force linear search (n)
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RUNTIME OF BINARY SEARCH /3

Analysis of algorithm
» How many times is the loop executed?
» Each iteration the difference between r, [ is cut in half

» Initially the difference is n
> Stops when it becomes 0

» How many times do we have to cut » in half to get 0?
» log, n — better than brute-force linear search (n)

» Cost of linear versus cost of binary search

\G 60
» For n = 0.2M one gets log, 200’000 ~ 18 ) r

» For n = 2M one gets log, 2'000'000 ~ 21

» Forn = 20M one gets log, 20'000'000 ~ 24 v @T

g[am\‘r
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EXERCISE SL02-3 T@[ﬁ@ T

The inner loop of the insertion sort algorithm uses a linear
search to search backward through the sorted array a[l..j-1] to
find the place where to insert the new element. Can we use a
binary search instead to improve the worst case running time
of insertion sort?

(Je ceN 7m 9{, n/{“(LQ ‘-‘kSQJ"\’th"\ ?q{x\,\
QC’& WQLLGO(L&JF: uA-CS\l’?-— QQJ(ME &ﬂ\f“ﬂ'r
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EXERCISE SL02-4

Le@e an unsorted array of length n; and(A; asorted array
of length ny. Both A; and A store integers and do not contain

duplicates.

Provide an algorithm that counts the number of integers in A;

that are also in Ay. That is, given A; = [5,3,7,1,9] and

Ay =[1,2,3,4], cntOcc (A, Ag) returns 2. Th_e_a_sympt ic

complexity of your solution must be strictly less than @i}{

Furthermore, the arrays may not be changed and your solut

may not use more than a constant amount of additional

memory. Determine the asymptotic running time of your

solution. _

Dcc=/ Ho ) Ao cn Nt (- U,
.' — —1—5 wl Ao T

TR adid = A g e bt
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EXERCISE SL.02-4
Aljs enkOce (A, a2)

w\ =0
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2. Correctness
Correctness notions, assertions, invariants
Correctness of binary search
Correctness of insertion sort
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Basic considerations

» An algorithm is correct if it terminates and produces the
desired output for any legal input
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Basic considerations

» An algorithm is correct if it terminates and produces the
desired output for any legal input

» Automatic proof of correctness is not possible
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CORRECTNESS/1

Basic considerations
» An algorithm is correct if it terminates and produces the
desired output for any legal input
» Automatic proof of correctness is not possible

» There are practical techniques and rigorous formalisms
that help to reason about the correctness of (parts of)
algorithms
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CORRECTNESS/2

Partial versus total
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CORRECTNESS/2

Partial versus total

3
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» Partial correctness ( §0] il’S = P—’C”P QQ RN "““'\“q
If the point indicated with |} is reached, then one gets the
desired output
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CORRECTNESS/2

Partial versus total

I

- - (Gt opu

» Partial correctness

—-—-—> If the point indicated with |} is reached, then one gets the
desired output
» Total correctness
Indeed the point indicated with | is reached, and one gets
the desired output
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Pre/post-conditions

» Assertion: statement about the state of execution
» Example: A[1], ..., A[i] form an increasing sequence
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» Example: A[1], ..., A[i] form an increasing sequence
» To prove partial correctness one associates a number of
assertions with specific checkpoints in the algorithm
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CORRECTNESS/3

Pre/post-conditions

» Assertion: statement about the state of execution
» Example: A[1], ..., A[i] form an increasing sequence
» To prove partial correctness one associates a number of
assertions with specific checkpoints in the algorithm

» Preconditions: assertions that must be valid before the
execution of an algorithm or a subroutine (input)
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CORRECTNESS/3

Pre/post-conditions

» Assertion: statement about the state of execution
» Example: A[1], ..., A[i] form an increasing sequence
» To prove partial correctness one associates a number of
assertions with specific checkpoints in the algorithm
» Preconditions: assertions that must be valid before the
execution of an algorithm or a subroutine (input)

» Postconditions: assertions that must be valid after the
execution of an algorithm or a subroutine (output)
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CORRECTNESS /4

Example: Specify pre- and postconditions for an algorithm that
determines the two smallest numbers in a sequence of numbers
(given as an array). -

‘i]_f?‘:l?? R D {,
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CORRECTNESS /4

Example: Specify pre- and postconditions for an algorithm that
determines the two smallest numbers in a sequence of numbers
(given as an array).

—Precondition (INPUT): an array of integers A[l..n|, n > 0

Postcondition (OUTPUT): (m1 € A, m2 € A) such that either

> ml < m2if R -3
Vi€ [Ln] :ml < Al Asle] momens

Vi€ [Ln] : Afi] #ml = m2 < Afi,or A=(5,5 5] ¢
> m2=ml=A[1]if et .
Vi, j € [1.n] : Ali] = A[j] A=1 :re&ai o
T A=0515 58]

M{:?rm?:?_
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( Loop inva_rianta

» To show correctness of loop statements
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CORRECTNESS/5

Loop invariants

» To show correctness of loop statements

» Invariants: assertions that are valid any time they are
reached
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CORRECTNESS/5

Loop invariants

» To show correctness of loop statements
» Invariants: assertions that are valid any time they are
reached
» One must show three things about loop invariants
> : it is true before the first iteration
» Maintenance: if it is true before an iteration then it is true

after that iteration
> Termination: when the loop terminates, it gives a useful
property that helps to show that the algorithm is correct
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CORRECTNESS OF BINARY SEARCH/1

Goal: We want to show that binary search returns NIL if v is

not in A.

v
_1_:1,'_£:n; :{__——F:L'
m = [(1+1)/2); Z2 1 1 U LT
while [<r A v#£A[m] do <v £ %\

if v<A[m] thenr =m-1 else]l = m+1;
m = [(L+1)/2];

if [<r then return m else return NIL;




Algorithmic complexity Correctness Asymptotic complexity Special case analysis
0000000000000 00000 000000800000 0000 0000000000000 000 0000000000
:

CORRECTNESS OF BINARY SEARCH/1

Goal: We want to show that binary search returns NIL if v is
not in A.

l1=1,r=n;
m = |(l+1)/2];
while [<r A v£A[m] do
if v<A[m] thenr =m-1 else]l = m+1;
Lm = |(+1)/2);

if [<r then return m else return NIL;

Invariant:
> Vie[l.l—1]:v> A, and
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CORRECTNESS OF BINARY SEARCH/1

Goal: We want to show that binary search returns NIL if v is
not in A.

l1=1,r=n;
m = |(l+1)/2];
while [<r A v£A[m] do
if v<A[m] thenr =m-1 else]l = m+1;
Lm = |(+1)/2);

if [<r then return m else return NIL;

Invariant: -l feer\g (,,,Pri c‘@ R e gl Heo v
> Vie[l..l—1]:v > Al and
> Vie[r+1.n]:v < Ali

\CJ[ c\*’wbxl &M 4} o ok QAIKU —\)\Am |
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CORRECTNESS OF BINARY SEARCH /2

l=1;r=n;m=[(I4+1)/2];

while I<r A v£A[m] do

| if v<A[m] thenr =m-1 else ] = m+1;
m = [(41)/2];

f [<r then return m else return NIL;

¢

Invariant:

\

— Y
Lottt gt
The invariant holds because there are no elements to the left of-
[ and no elements to the right of 7.

» [ = 1yields Vi € [1..0] : A[i] < v. This holds since the range
[1..0]isempty.

» r =nyields Vi € [n+ 1..n] : A[i] > v. This holds since the

range [n+1..n] is empty.
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_ sl
CORRECTNESS OF BINARY SEARCH/3 /= "V ( tu.\u(s)
/I‘ = -2 g (lwuoulc.i

LAY 1 qul‘i
. l:l;r:n;rn_:_uhl)_/g[; \\r% h )
Invariant: while I<r A v£A[m] do
| » v €ll—1]:v> Al if v<A[m] then r = m-1 else ] = m+1;
. . m = |(I+1)/2];
> Vie[r+1.n]:v< A
if [<r then return m else return NIL;

\\\

&

(Maintenange: L,r.m = (140)/2 "7[ N=Eas =)
2\

Two cases: \ lM
» We have Alm| # v, Ajm| > v, 7 =m —1, A is sorted.
This implies V& € [r + 1..n] : A[k] > v. D
» We have A[m] # v, Ajm| <wv,l =m+ 1, A is sorted.
This implies Vk € [1..l — 1] : A[k] < v.

f\
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CORRECTNESS OF BINARY SEARCH
//L QW) (2.1 %: -

‘ 1=Lr=n;m=|(+1)/2); Ex ﬂ*[ﬂiw
Invariant: while I<r A v£A[m]¢
> Vie [Ll—1]:v> Al Lif%dm“he r=mjelselmi; =1, =

= |(l+1)/2];
> Vie[r+1n]:v< Al m = [(+1)/2]
if [<r then return m else return NIL; ,Q:I _‘.__;

- O (oo
Termination: [, r, [ <r aew L (e E
/ ab oo
Two cases: -
» | = m+ 1allows to conclude/[(I+1)/2] + 1,> I
q » r =m — 1 allows to conclude |(I+r)/2| —1 < r

Thus, the range gets smaller during each iteration and the loop
will terminate when [ < 7 no longer holds.
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. —— o — o8 the— Loy
EXERCISE SL02-5 ¢ = *“(J' AT T el
"8

ol | )
Formulate the loop invariant for the outer loop of the selectio§1

sort algorithm. What happens if in the selectlon sort alg,o,nﬂ%n; m.;t

the outer loop runs up to 12 s MP
R :;:‘:ﬁmj o
’U/Je[/l o3 Al (et ] j
~4WL16 belen]. AGT= ﬂtu]
%_\_@ lllll\ll[j@b&

Inf I1 2019, SLO2 30/61 M. Béhlen, IfleUZH
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=1 40 § 3% ger =l v 0  Coe
FOR LOOPS " | _ ‘
OOPS for = | Fo ¢ 2« E.kr- =l v —2 (O

e & 7
> In pseud% code the for loop can run up (we call this up
loop) or down (we call this down loop).
» We have an up loop if the loop runs from low to high:
» Example of an up loop: Array A[l..n]; forj=itondo ...
> If the start value of an index (start) is higher than the end
value of an index (end) an up loop is executed zero times
» Otherwise an up loop is executed &W times
» We have a down loop if the loop runs from high to low:
» Example of a down loop: Array A[l..n]; forj=ntoido ...
» If the start value of an index (start) is lower than the end
value of the index (end) a down loop is executed zero times
» Otherwise a down loop is executed (start - end + 1) times

» The value of the loop variable is undefined after the loop.
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CORRECTNESS OF INSERTION SORT/ 1

> |fori=2tondo
, j=i-1;t=A[];
S while j>0 A A[j]>t do
LA[]#I] =A[jl;
j=jL
Afj+1] =t
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CORRECTNESS OF INSERTION SORT/ 1

fori=2tondo
j=i-1;t=A[];
while j>0 A Alj]>t do
LA[]'+1] =A[jl;
j=iL
Afj+1] =t

Loop invariant

All...i—1] sorted
» Outer loop:{ A{l...z’— 1}  Aorig
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'CORRECTNESS OF INSERTION SORT/1

e Al NG azzez7 14

while >0 A Alj]>t do \W\J\J

Afj+1] = ATl . N RN
o > RN
Alj+1] = t; —~T

Loop invariant

» Outer loop:

» Inner loop: t&AlkJ.forz—kl Sh<i—1-=
All...jloA[j+1.. 2—1] sorted

k (o rt“{n i«tﬁ\

Inf I1 2019, SLO2 32/61 M. Bohlen, Ifl@eUZH




Correctness
0000000000000800

Algorithmic complexity
0000000000000 00000

Asymptotic complexity
0000000000000 000

Special case analysis
0000000000

CORRECTNESS OF INSERTION SORT/2

Outer Togp:_

Inner loop:
> All.jlt, Alj +
\P t<Alk]forj+1 8k <i—1
> A[l.j]o Afj + 1..i — Thsorted

Initialization:

fori Qt}) n do
j=1i1; t= Al
while j>0 A Alj]>t do
| Alj+11 = AL,
= ].—1;
[+1]1=t

—

» i = 2:invariant holds; A[1..1] is trivially sorted oulo {f"’? <t

> j=i— LA — 1], Afjui— 1], ¢ = A[i]
Ali..i — 1] is empty (and thus trivially sorted) -~ ‘< <t
All..i — 1] is sorted (invariant of outer loop)

——

G-y
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CORRECTNESS OF INSERTION SORT/ 3

Outer loop: fori=2tondo
> A[l..i — 1] is sorted j=1i1;t=A[il;
> All.i—1] € A°rig while j>0 X AljI>t}do

Inner loop:
> ALt A+ 1...i—1]
> t < Alkforj+1<k<i—1
> A[l..j]o A[j + 1..i — 1] sorted

Maintenance:
» A[l..i — 1] is sorted + insert A[i] implies A[1..7] is sorted o< [”T
> All..j — ¥4 Alj),j + 1..i — 1] satisfies condition since "\~ lﬂsf

Alj] > tand A[l..i — 1] is sorted
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CORRECTNESS OF INSERTION SORT /4
/11 (=ase Z
CG. 5€

Outer lopp: . fori=2 to/t/

> A[l..z‘ —1]is soieid j=1i-1; tE A[il;

> All.i—1] € A°mY Whi@ 1]> do
Inner loop: LA JFiT= Ai]J}

> At A+ 1. i —1] i=jL

> t<Alklforj+1<k<i-—1 [j+1]=t,'

> A[l..jlo A[j + 1..i — 1] sorted

Ce |aer\v ‘?‘M

Termination: /
» outer loop: ¢ + 1 and A[1..n] is sorted

> Al < Al [1.7,3, A + 1.6 — 1] = A[1..i] is sorted Cae <
1] = A[l..i] is sorted  (ase /)
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3. Asymptotic complexity
Mathematics refresher o~ %«LQ (wé/(

Order of growth
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ASYMPTOTIC COMPLEXITY

= (m VY (ru}{l)

@nalysis

» Goal: simplify the analysis of running time
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ASYMPTOTIC COMPLEXITY

Asymptotic analysis

» Goal: simplify the analysis of running time
» Approach: getting rid of unnecessary details

> Affected by specific implementation and hardware
> “Rounding” of numbers: 1000213 ~ 1000000
» “Rounding” of functions: %ni +2n~ N

—_—
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ASYMPTOTIC COMPLEXITY

Asymptotic analysis

» Goal: simplify the analysis of running time
» Approach: getting rid of unnecessary details
> Affected by specific implementation and hardware
> “Rounding” of numbers: 1000213 =~ 1000000
» “Rounding” of functions: 3n? + 2n ~ n?
» Fundamental concern: how the running time increases
with the size of the input in the limit
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ASYMPTOTIC COMPLEXITY

Asymptotic analysis

» Goal: simplify the analysis of running time
» Approach: getting rid of unnecessary details
> Affected by specific implementation and hardware
> “Rounding” of numbers: 1000213 =~ 1000000
» “Rounding” of functions: 3n? + 2n ~ n?
» Fundamental concern: how the running time increases
with the size of the input in the limit
» Asymptotically more efficient algorithms are best for all
but small inputs
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MATHEMATICS REFRESHER /1

Summations

» Simple manipulations

n
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MATHEMATICS REFRESHER /1

Summations

» Simple manipulations

n n
> ZCCM = cZal
=1 =1
n n n
> D (ai+bi) =) ai+ Y b
i=1 i=1 i=1




Algorithmic complexity Correctness Asymptotic complexity Special case analysis
0000000000000 00000 000000000000 0000 00@0000000000000 0000000000
:

MATHEMATICS REFRESHER /1

Summations

» Simple manipulations

n n

> anichal
=1 =1

> > (ai+b) Zal—i—Zb
=1

» Arithmetic progression

> Zi:l+2+~~-+n:n7
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MATHEMATICS REFRESHER /2

» Geometric progression

—

P given an integer ng and a real number 0 < a # 1:

o A wa |
no.oa & 1 — gntl a |
Zal:1+a+a2-~-+a":7 -
i=0 1-a Q- |

——
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MATHEMATICS REFRESHER /2

» Geometric progression

» given an integer ny and a real number 0 < a # 1:
= O
/
n
) 1_ n+1
Za’:1+a+a2-~-—|—a": <
= l1-a

» given an integer ng and a real number |a| < 1:

& 1
Zoalzl—a
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MATHEMATICS REFRESHER /3

n(n+1)
2

Proof by induction of(Z?zl i=

» Basecase: Yl i=1= 1(12“) w=
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MATHEMATICS REFRESHER /3

Proof by induction of }7" ;i = %

» Basecase: Yl i=1= 1(12“)

» Inductive hypothesis: Y7 'i = @ w-\
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MATHEMATICS REFRESHER /3

(n+1)

Proof by induction of > ;" ;i =

» Basecase: Yl i=1=

. . —D- n—1)n
» Inductive hypothesis: Z‘\Z{;}’z = { 5 )

» Inductive step (uses inductive hypothesis): e

n L 1
__,
i=1 *-v-—-—-—-—.‘,\

t'I h}\ut

k7rc\ks
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e[

> log,(bc) = log, b+ log, ¢ [“‘55‘ (2 )

MATHEMATICS REFRESHER /4 \

Logarithms and powers

» log,b=1log.b/log,a—
» log, b= clog,b

> " = g™t

> o™ = (a™)"

> glog.b —p

>

lgb =1db =logy b

> Notation: log, b = “logh = Ct’&‘j"‘ﬁi e Oose Dk;
'}L( \,.& = (o l
Pmc\d‘ RO Cbﬂ!\?ﬁ(rf]%
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MATHEMATICS REFRESHER /5 008 s
Some typical functions ' N sl

Fromn =10upton =1M

complexity clesieS

nlogn nlog?n
30 90
6 36 10 100 600 3600
9 81 31| 1000 9000 81000
13 169 100 | 10000 | 0.13M  1.69M
16 256 316 | 0.1M | 1.6M 25.6M
~ 19 361 1000 |—1M | 19M  361M
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ORDER OF GROWTH/ 1

Big-O notation
» Asymptotic upper bound
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ORDER OF GROWTH/ 1

Big-O notation

» Asymptotic dpper bound
» Used for worst-case analysis
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ORDER OF GROWTH/ 1

Big-O notation

» Asymptotic upper bound
» Used for worst-case analysis

» f(n)and g(n) are functions over non-negative integers
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ORDER OF GROWTH/ 1

Big-O notation

» Asymptotic upper bound U»Nw oA

) VAN
» Used for worst-case analysis

» f(n) and g(n) are functions over/non-negative integers

’“ f(n) = O(g(n))/if and if-there exist constants ¢ > 0

and ng > 0 such that( f(n) §@or n > ng

cg(n)

S




Algorithmic complexity Correctness Asymptotic complexity Special case analysis
000000000000000000 0000000000000000 0000000080000000 0000000000
|

EXERCISE SL02-6 @1)“ (efw

Prove or disprove the following statements:
1. 2n+1 :O(2n) A, &V‘--H < c. an ‘d\«é\’\ﬂ ,C'-\' o
2. 22" = 0(2") s e e’
3. 2n'° =0O(nlgn) > < o Lt Q‘-‘f" e =<
LAV 3
7. 2= ¢c-2 g.awag C%[GX"‘-
Cn “
e & cl \
'3 [ [l AL
-
R < wn [G&u\

2 |
M. Bohlen, IfleUZH

Inf 112019, SLO2
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ORDER OF GROWTH /2

@tation

» Asymptoticlower bound
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ORDER OF GROWTH /2

Big-{) notation

» Asymptotic lower bound

» Used for best-case analysis
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ORDER OF GROWTH /2

Big-{) notation

» Asymptotic lower bound
» Used for best-case analysis

» f(n) =Q(g(n)) if and only if there exist constants ¢ > 0
and ny > 0 such that cg(n) < f(n) for n > ng

——

fn)

cg(n)

ny
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ORDER OF GROWTH /2

Big-{) notation

» Asymptotic lower bound
» Used for best-case analysis

» f(n) =Q(g(n)) if and only if there exist constants ¢ > 0
and ny > 0 such that cg(n) < f(n) for n > ng

Q]

cg(n)

ny

» Little-o/w: non-tight analogues of big-oh/omega



Algorithmic complexity Correctness Asymptotic complexity Special case analysis
000000000000000000 0000000000000000 0000000000800000 0000000000
|

ORDER OF GROWTH/3
Big © notation

> Asymptotic tight bound



Algorithmic complexity Correctness Asymptotic complexity Special case analysis
0000000000000 00000 000000000000 0000 000000000000 000 0000000000
:

ORDER OF GROWTH/3
Big © notation

> Asymptotic tight bound

» f(n) = 0O(g(n)) if and only if there exist constants ¢; > 0,
¢z > 0,and ng > O such that ¢1g(n) < f(n) < cag(n) for
n > ng

c,g(n) =——

% Cg(n) a—
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ORDER OF GROWTH/3
Big © notation

> Asymptotic tight bound
» f(n) = 0O(g(n)) if and only if there exist constants ¢; > 0,
c2 > 0,and ny > 0 such that ¢;g(n) < f(n) < cag(n) for
n > ng
c,8(n)
fm

cg(n)




Algorithmic complexity Correctness Asymptotic complexity Special case analysis
0000000000000 00000 000000000000 0000 000000000000 000 0000000000
:

ORDER OF GROWTH/3

Big © notation

T,
» Asymptotic ti W
» f(n) = 0O(g(n)) if and only if there exist constants ¢; > 0,
¢z > 0,and ng > 0 such that ¢;g(n) < f(n) < cog(n) for

n > ng
c,g(n)
fn)
cg(n)
‘ ny

> fn) = O(g(n))iff f(n) = O(g(n)) and f(n) = Q(g(n))
O(f(n)) is sometimes (ab)used as notation folr/@( f(n))
— N
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EXERCISE SL02-7

Determine the asymptotic complexities of the formulas:

1.

.090.\1.0\9"!*93!\’

0.001n% + 70'000n — €% (v2) Wl =

gn 4l = G (27) T
g_]i—i-cr-’-' = 6(CM) ) Cil @1“\«1%
login+n® = @(me) "~ A/q] -
oy on/2 ) (o= ) Q“l-‘c,) )
1ogc+clogn_=6%qj_]_£é\(€7 ) /

9% + 100nlogn +5 = & (.3) o g
30logn + log2™ — 6("‘-}

RN (D =
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Special case analysis
0000000000

ORDER OF GROWTH /4

Useful analogy
> f(n) = O0(g(n))
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ORDER OF GROWTH/ 4 0( ‘gd'&"): g/(? ESON ?@
7 ~=by “/a

Useful analogy
> f(n)=0(9(n)) <« [<y Ef ‘WS Mf‘i
> f(n) =o(g(n)) <« [f<g
> S =) o T2g e o )"
. sl o fog O )
> f(n)=06(g(n) <« [f=g

» Abuse of_notation:]f(n) = OG(n))}actually means
( f(n) € O_(ﬁn)ﬂs_ince_ O(g(n))is the set of all functions for

‘which there exists constants ¢ > 0 and ng > 0 such that ...

‘E(w) < (‘5("‘)
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ORDER OF GROWTH/5

Practical issues

» Drop multiplication constants

» Consider only the leading term of a formula
> Examples: T

» 7n—3is O(n)

» 50nlognis O(nlogn)

> 80nZlogn + 5n2 + nis O(n?log n)
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ORDER OF GROWTH/5

Practical issues

» Drop multiplication constants
» Consider only the leading term of a formula
» Examples:

> 7n—3is O(n)

> 50nlognis O(nlogn)

» 80n2logn + 5n?% + nis O(n?logn)

» Lower-order terms are relatively insignificant
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ORDER OF GROWTH/5

Practical issues

» Drop multiplication constants
» Consider only the leading term of a formula
» Examples:

> 7n—3is O(n)

> 50nlognis O(nlogn)

» 80n2logn + 5n?% + nis O(n?logn)

» Lower-order terms are relatively insignificant

» Although 50n log n i€ O(n®), it is expected that an
approximation is of smatiest possible order
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Correctness
000000000000 0000

Asymptotic complexity

0000000000000 0e0

Special case analysis
0000000000

COMPARISON OF RUNNING TIMES

Determining the maximal problem size:

Cis

-
Running Time | 1second | 1 minute @our
T(n)in s ——
4001, 2500 150’000 | 970007000
20nlogn 4096 166’666 | 7'826'087
2n? 707 5477 42’426
n* 31 88 244

(2") 19 |25 31

~ =

¢ ;\U"”{ Mjw €

/

?\E-xﬁ, T \-.-h\' &’Q-

|
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EXERCISE SL02-8 . atech

Provide an algorithm that selects the k-th ¥iggest integer from
an unsorted array A of length n that does not contain
duplicates. For instance, given k = 3 and

A =112,4,10(8)9,33,2,18], select_kth (A, k) returns 8.
Determine the asymptotic cor complexitv of your algorithm.

sde b, (AL ) s
?E?-Jt-/{ @ C-_ﬂ?-; J‘Zﬁ\;/{ ( ‘LL‘\» \se_xe_cg'ht
gﬂji‘;%‘f o w As _ %

L alTe Al Hawe
exdiege ALY oA AL]
rehon ﬂ{\f}
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4. Special case analysis
Special cases
Correctness of binary search variant
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SPECIAL CASE ANALYSIS/ 1

Basic approach

» Checking correctness of a program

» Consider all possible extreme cases

» Make sure the solution works in these cases

» Problem is reduced to identifying all the special cases

» Related to problem specification (input/output relation)
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Special cases
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SPECIAL CASE ANALYSIS/2

Special cases

» Data structure (array, list, file, etc.)
» Empty, single element, completely filled

» Particular values, border of domain
» Zero, empty string, negative numbers, etc.

» Calling of functions (procedures)
» Entering function, termination of function

» Control and loop statements
» Start of loop, end of loop, 1st iteration
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Input: array A[l..n] of integers
Output: TRUE if A is sorted, FALSE otherwise

fori=1tondo
Lif Ali]>A[i+1] then return FALSE;

return TRUE
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SPECIAL CASE ANALYSIS/3

Simple example

Algo: Sorted1(A)

Input: array A[l..n] of integers
Output: TRUE if A is sorted, FALSE otherwise

fori =} toGudo

Lif Ali]>A[i+1] then return FALSE;
return TRUE

» Loop special cases:

> i =1 (start)
» i =n
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SPECIAL CASE ANALYSIS/3 - A= [3,1,0 J

Simple example :

N i
Algo: Sorted1(A) — A= L’l i A l : < _J
Input: array A[l..n] of integers . (7
Output: TRUE if A is sorted, FALSE otherwise —"> [~ ACS = C/

fori=1tondo

'~—LLif Ali]>A[i+1] then return FALSE; AT 2 ALz Tl
return TRUE
' . e\
» Loop special cases: = A cala 1 el
> i — 1 (start) A=(SY. AlT zAl2]
>i=n | \v/{lx/
» Data structure special cases: _ ek % oo = s 3
» empty array =T

adask Ryter Al 2 ((f“lj

> single element array
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Algo: Sorted2(A)
Input: array A[l..n] of integers
Output: TRUE if A is sorted, FALSE otherwise
fori=1ton-1do
Lif Ali]>A[i+1] then return FALSE;
return TRUE
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SPECIAL CASE ANALYSIS/4
Algo: Sorted2(A)

Input: array A[l..n] of integers
Output: TRUE if A is sorted, FALSE otherwise
fori=1ton-1do

Lif Ali]>A[i+1] then return FALSE;

return TRUE

start of loop, i=1: Al > AlzT

end of loop, i=n-1: AL.-1] > AL «~

first iteration from i=1to i=2: A[>7> A3

empty array, n=0, A=[]: Q- ;= | 4c -] O»e

one element array, n=1, A=[1]: br 51 do @ <

two element array, n=2, A=[1,0]: P 151 261 AT > AleT /
A=[11,1], A=[1,2,3], A=[-10,1,-3]: _~

A=[321]: 79

VVVV;VVV
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CORRECTNESS OF BINARY SEARCH VARIANT/1
— oWy S(u.c;m{ cases s
— © 0\\./(“4 uk\-\-—nr'-f "& M

L=1 ) Ly
— o A elee ) S Pty

l‘:ﬂi R

=0

v’

-1 =2

NI
Use special cases analysis to analyze the following
algorithm. o A=152Y, v=2 /4
Algo: BinSearch2(A,v) 0. A=(S3T, u=g.
I=1;r=n; A ' f-
repeat ¢. A-

m = [ (14+1)/2); CL a
if A[m]==v then return m; I
elseif Alm]>vthenr=m-1;, < . @\“K?l?{]j V=

elsel =m+1;
until [>7;
return NIL;

P=1, y°2

¢ =2 ) =<
I

v

JIF:Q
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Special case analysis
0000008000

CORRECTNESS OF BINARY SEARCH VARIANT /2

(O4V¢

ﬁ.lc. e
]

Use special cases analysis to analyze the following

algorithm. a A-(37 ]’J VR
Algo@inSearchBu(é,v) e 1 =2
lj 1;r=n; /
| whileI<r do 5= |

Lm = |(41)/2);

if Alm]<vthenl=m+1elser = m;
if A[l-1]==v then return I-1 else return NIL;

-1,

Al Aoe
sl at‘{g‘\:

v

- A A=lsdy , v
=1 c=2

{=2,7= 12 {\)\L,Q

Cochare i
esscx )
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CORRECTNESS OF BINARY SEARCH VARIANT/ 3

Use special cases analysis to analyze the following

algorithm. -

Algo: BinSearch3(A,v) <. (= Lg, 7] , Vi 3
I1=1;r=n; - _
while I<r do 0=1 , =

m = |(I+r)/2]; Q“' %._:(

if Alm]<vthenl=m+1elser = m; - [
if A[l-1]==v then return I-1 else return NIL; D~ C= |

L [




Algorithmic complexity Correctness

00000000000 0000000

000000000000 0000

Asymptotic complexity
0000000000000 000

EXERCISE SL02-9

Use special case analysis to determine the correctness of
BinarySearch4 and BinarySearch5.

Algo: BinSearch4(A,q)

Algo: BinSearch5(A,q)

I1=1,r=n;

while [<r do
m= [(I+r)/2];
if A[m]==q then return m;
else if A[m]>q thenr =m-1;
elsel = m+1;

return NI&;

I1=1,r=n;

while [<r do
m= [(I+r)/2];
if A[m]==q then return m;
else if A[m]>q thenr =m-1;
elsel = m+1;

return NIL;

Vv

A A(SHY, U=

Q::l =2
(=, 2
N

|

L¥

¢
¢

Special case analysis
0000000080
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This week
» Algorithmic complexity

» Correctness of algorithms
» Asymptotic analysis
» Special case analysis

Next week
» Divide and conquer
» Merge sort, tiling

» Recurrences
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Prof. Dr. Michael Bohlen
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DIVIDE AND CONQUER/1

Designing algorithms
» Recursive algorithms: divide-and-conquer approach

» Principle: if problem size is small enough to be solved
trivially then solve it; else

A—é:‘Divide problem into a number of subproblems 1
Divide
2. Conquer subproblems by solving them recursively w

3. Combine solutions of the subproblem into solution for the ]
original problem
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DIVIDE AND CONQUER/?2

Finding decomposition
» Requires some practice and is the key part
» Fundamental properties of a decomposition

» It reduces the problem to smaller problems

> Often, these smaller problems are the same as the original
problem

> A sequence of decompositions eventually yields the base
case (trivial solution)

» It must contribute to solving the original problem
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MERGE SORT/ 1

Rough idea

» Closely follows the divide-and-conquer paradigm
» To sort an n-element sequence proceed as follows

» Divide: divide the sequence into two n, /2__-31ement
sequences

> Congquer: sort the two sequences recursively using merge
sort

» Combine: merge the two sorted sequences to produce the
solution
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MERGE SORT/ 1

Rough idea

» Closely follows the divide-and-conquer paradigm
» To sort an n-element sequence proceed as follows

» Divide: divide the sequence into two n/2-element
sequences

» Congquer: sort the two sequences recursively using merge
sort

» Combine: merge the two sorted sequences to produce the
solution

» Recursion stops when the sequence that must be sorted
has length 1.
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Recurrences
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MERGE SORT/2

Base case: array of size 1,i.e., [l =r

The algorithm

Algo: MergeSort(A,l,r)

Input: array A[l.r]

if [<r then
‘ m=[(+1)/2]|; ——
MergeSort(A,lm); ——
MFergeSort(A,mH,r);
L tMefge(A,l,r,m);

_—

Output: permuted array AJ[l.r] that is sorted in increasing order

e Aaen A
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Sorting (5,2,4,7,1,3,6,2): overview

SEEONY
7 ¢

C11]2]2[3[4]5]¢6
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MERGE SORT/4 ot /‘“‘J"“" (cope)

Goal:}[?, 14, 15,‘2&, 16,16,22] = [3,6,7,14,15, 16, 20, 22]
T

Algo: M_erge(A,l_E,m)
Input: array A; indexes |, r and m from MergeSort
Output: A[l.r] is sorted in increasing order

1‘%501‘ i=ItomdoBli] = A[i]; copy 'sh }cik—e’%ﬂ—*—@ —
| for i = m+1 to r do B[r+m-i+1] = A[i]; — BLﬂ = Aleax j

|i=Lj=r = A
fork=I1tordo 'E[rv'ﬂ Lun* 2,]

Lif Bli{<BIj] then A[K] = B[i]; i = i+1;

elseA[k]:Bﬁ]F;j:j—l; - g[mﬂl_— f\[?l

1

The following slides show the state 4t the beginning of the

third for loop . cemy Ok CML c-t A
¢s e { Moe (7
t\iit{{__:fu( ;R-‘«’-ﬂ \x«Q— Q‘Q‘\r{f‘\ﬂl\ ?G;‘ ‘kg R tﬁ,_ sewRy e D“zm
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MERGE SORT/5
Merge of [2,4,5,7,1,2,3, 6]

C"PM SO-*L“/{
» Before the (last) call of : <

NanunBEcy

=2 G
»i=1,7=8k=1 ‘1 J Qf7 [CILS R

b= @20
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» Before the (last) call of Merge;
A=[2]a]5]7]1]2[3]6] 4
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MERGE SORT/5
Merge of [2,4,5,7,1,2,3, 6]

» Before the (last) call of Merge:
A=|2]4[5]7]1]2]3]6]
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Merge of [2,4,5,7,1,2,3, 6]




Divide and conquer Recurrences

00000000®0000000000000000 0000000000000 0000O0000000000000000
: :

MERGE SORT/ 6

Merge of [2,4,5,7,1,2,3, 6]
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Merge of [2,4,5,7,1,2,3, 6]
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MERGE SORT/ 6

Merge of [2,4,5,7,1,2,3, 6]
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Merge of [2,4,5,7,1,2,3, 6]
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MERGE SORT/7

Merge of [2,4,5,7,1,2,3, 6]
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MERGE SORT/7

Merge of [2,4,5,7,1,2,3, 6]
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Divide and conquer W Recurrences

B )
0000000008000 000000000000 E T OOOOOOOOOOOOOdOOOOOOOOOOOOOOOOOOO

MERGE SORT/7 be g el g 1+ 3
"IY o\ ele Q,ro—- 'lth],» cw:‘r
Merge of [2,4,5,7,1,2,3, 6] heoe Qo wsel tae ¢ .
R A

Tc,_}; ol we felur

> i=2,7=5k=5 . d e RIH
B=[2]4[5[7]6[3]2]1] T gwtr

A=|1]2[2[3].[.].|.]
k

» i=3,7=5k=6 . {']

B=|2]4|5|7]6|3|2]|1]

A=|1]2[2[3]4].]|.|. ]
(x
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MERGE SORT/8
Merge of [2,4,5,7,1,2,3, 6]
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MERGE SORT/8
Merge of [2,4,5,7,1,2,3, 6]
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MERGE SORT/8
Merge of [2,4,5,7,1,2,3, 6]

> After last iteration of for loop:
A=[1]2]2]3[4][5]6]7]

S L

e .,4,_)1 P[Dx...-_ ‘!(‘ro‘-}g

e W\ I«
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MergeSort of [85, 24, 63, 45, 17, 31, 31, 96, 50]
1 8
L [ ] J17]31]9%][50]
A o T~
[85[24]63]45] I
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MergeSort of [85, 24, 63, 45, 17, 31, 31, 96, 50]

L[ [ [ [17]31][9%][50]
— T~
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MergeSort of [85, 24, 63, 45, 17, 31, 31, 96, 50]
[ [17[31[9% 50|

e
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MergeSort of [85, 24, 63, 45, 17, 31, 31, 96, 50]
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MergeSort of [85, 24, 63, 45, 17, 31, 31, 96, 50]
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MergeSort of [85, 24, 63, 45, 17, 31, 31, 96, 50]

L[ [ [ [17[31[9[50]
_— ~
[24]45]63] 85| L 1]




Divide and conquer Recurrences

00000000000 e0000000000000 0000000000000 0000O0000000000000000
: :

MERGE SORT/9

MergeSort of [85, 24, 63, 45, 17, 31, 31, 96, 50]
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MergeSort of [85, 24, 63, 45, 17, 31, 31, 96, 50]
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MergeSort of [85, 24, 63, 45, 17, 31, 31, 96, 50]

[ [ ]
~
LT 1] [17]31]50] 9% |

[24]45]63[85] ]
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MergeSort of [85, 24, 63, 45, 17, 31, 31, 96, 50]

| 24]45]63]85[17]31]50] 9 |
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MergeSort of [85, 24, 63, 45, 17, 31, 31, 96, 50]

[17]24[31[45]50] 63]85] 9%
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EXERCISE SL03-1 0. o 5 il T 1=

Assume A = [4,5,3,2,5,9,4]. Show the content of the array
after the fourth call of Merge during MergeSort.

(¢ (s (3le

Zz_{

(s sy
\
/62»{\—.\«3 _J
f”f/k N &(
/O
8 :—ﬁ%

Inf 112019, SLO3
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MERGE SORT/10
Running time

» Recursive

p) + D(n) + 0(7]1)
» n < c: base case RCGSL E ook UL

» q subproblems of size 1/b each
» D(n): to divide problem
» ('(n): to combine solutions
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MERGE SORT/10

Running time

» Recursive algorithms: T'(n) described by a recurrence

B (1) ifn<ec
T(n) = { aT(n/b) + D(n) + C(n) otherwise

» n < c: base case

» q subproblems of size 1/b each
» D(n): to divide problem

» ('(n): to combine solutions

» Merge sort: a = b =2, D(n) = 9(1), C(n) ¥ O(n)
e ——— —

O(1) ifn=1
ﬂm:{Qﬂmm+@m)ﬁn>1
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MERGE SORT/11

The recurrence/1

» Assume that n > 1 is an exact power of 2
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0000000000000 0000O0000000000000000

MERGE SORT/11

The recurrence/1

» Assume that n > 1 is an exact power of 2
» T(n) =2T(n/2) + cnyields T'(n) = ©(nlgn)

o N
cn/2 -+ cnj2 = ~> cn
7 N AN

cen/4 + enf/4 + enfd 4+ enf/4d = cn

cn

lgn+1

= C‘&(lj\v‘l\

= G(mkogw)
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MERGE SORT/12

The recurrence/2

» Alternatively, one may proceed as follows
» Forn > 1,letT(n) =2T(n/2) + cn

> Apply re%ea—ked%ckward substitution

-—-%T((n/) =2T(n/2) +cn (substitute)
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: :

MERGE SORT/12

The recurrence/2

» Alternatively, one may proceed as follows
» Forn > 1,letT(n) =2T(n/2) + cn
> Apply repeated backward substitution

T(n)=2T(n/2) +cn (substitute)
=2(2T(n/4) 4+ cn/2) + cn (expand)
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0000000000000 00e000000000 0000000000000 0000O0000000000000000
: :

MERGE SORT/12

The recurrence/2

» Alternatively, one may proceed as follows
» Forn > 1,letT(n) =2T(n/2) + cn
> Apply repeated backward substitution

T(n)=2T(n/2) +cn (substitute)
=2(2T(n/4) 4+ cn/2) + cn (expand)
=4T(n/4) + 2cn (substitute)
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MERGE SORT/12

The recurrence/2

» Alternatively, one may proceed as follows
» Forn > 1,letT(n) =2T(n/2) + cn
> Apply repeated backward substitution

T(n)=2T(n/2) +cn (substitute)
=2(2T(n/4) 4+ cn/2) + cn (expand)
=4T(n/4) + 2cn (substitute)

= 4(2T(n/8) + cn/4) + 2cn (expand)
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MERGE SORT/12

The recurrence/2

» Alternatively, one may proceed as follows
» Forn > 1,letT(n) =2T(n/2) + cn
> Apply repeated backward substitution

T(n)=2T(n/2) +cn (substitute)
=2(2T(n/4) 4+ cn/2) + cn (expand)
=4T(n/4) + 2cn (substitute)
= 4(2T(n/8) + cn/4) + 2cn (expand)

=8T'(n/8) + 3cn (find pattern)
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MERGE SORT/12 [ ( w= ¢

The recurrence/2

» Forn > 1,letT(n) =21(n/2)+ cn
> Apply repeated backward substitution
T(n) =2T(n/2) 4 cn (substitute)
=2(2T(n/4) 4+ cn/2) + cn (expand)
=4T(n/4) # 2cn (substitute) ZS )
= 4 2T (n/8) + cn/4) + 2¢n (expand)

(n[8)/+B¢n (find pattern) V%
» Note that T'(n) = ) 4k ikn where 00 = lg n

olsnp n/21g” +cnlgn—nT )+ cnlgn =0©(nlgn)

_—_————
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EXERCISE SL03-2 &7+ 2+ w2/ = 27|
Solve the recurrence]@ R
Tl ) s 2T )+ &)
- a(zj-(«fq) Le()) +e(4)
ET (V) + (2 1) (4]
= 27T (3 )+ (22420 « 2°) e(«)

=2 T(Ye ) (1) ©(1) inenThype
ML)+ 2776 - o)

= w+ W BMH)-O1) = 6’(\4 }

M. Béhlen, Ifl@eUZH

1
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TROMINO TILING/1

Problem description

» Tromino tiles ==
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TROMINO TILING/1

Problem description

» Tromino tiles

» Provide a tromino tiling for a 2" x 2" board with a hole

-
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TROMINO TILING/1

Problem description

» Tromino tiles

» Provide a tromino tiling for a 2" x 2" board with a hole

-
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TROMINO TILING/2

Trivial case: n =1

» Tromino tiling for a 2! x 2! board with a hole
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0000000000000 00000e000000 0000000000000 0000O0000000000000000
: :

TROMINO TILING/2

Trivial case: n =1

» Tromino tiling for a 2! x 2! board with a hole

» Solution is easy EE EH E E
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0000000000000 00000e000000 0000000000000 0000O0000000000000000
: :

TROMINO TILING/2

Trivial case: n =1

» Tromino tiling for a 2! x 2! board with a hole

» Solution is easy EE EH E E

» Idea for 2" x 2" board: reduce size of the board

o n
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0000000000000 000000e00000 0000000000000 0000O0000000000000000
: :

TROMINO TILING/3

General case: n > 1

» Problem: get only one problem of size 2"~ ! x 21
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TROMINO TILING/3

General case: n > 1

» Problem: get only one problem of size 2"~ ! x 21

» But what about the other squares? There are no holes
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TROMINO TILING/3

General case: n > 1

» Problem: get only one problem of size 2"~ ! x 21
» But what about the other squares? There are no holes

» Solution: use a tromino to simulate missing holes
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0000000000000 000000e00000 0000000000000 0000O0000000000000000
: :

TROMINO TILING/3

General case: n > 1

» Problem: get only one problem of size 2"~ ! x 21
» But what about the other squares? There are no holes

» Solution: use a tromino to simulate missing holes

» One can repeat this until the 2! x 2! case is reached
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TROMINO TILING /4

Sketch of algorithm

» Input: board size n (2" x 2"), location [ of the hole
» Output: tiling of 2" x 2" board with hole in location [
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TROMINO TILING /4

Sketch of algorithm

» Input: board size n @ 2"), location [ of the hole
» Output: tiling of 2" x 2" board with hole in location {
» Rough outline of tile (n,!)
—=> If n = 1 then tile with one tromino
» Otherwise, proceed as follows
«==> Divide the board into four equal-sized boards
— Put a tromino to simulate the three missing holes
» Call tilen — 1/ tile(n — L,(02), tile(n — 1{l3), and
tile(n — 1,/l4) where l1, I3, I3, and l4 are the locations of the
four holes



Divide and conquer
0000000000000000000008000

Recurrences
0000000000000 0O0000000O00000000000

TROMINO TILING/5

Algo: Tile(n,L)

Input: 222" board, location L of hole
Output: tiling of the board

if n==1 then tile with one tromino and return;
Divide board into four equal-sized boards;
Place one tromino at center to cover 3 holes;
Let L1, L2, L3, L4 be positions of the 4 holes;
Tile(n-1,L1);

Tile(n-1,1.2);

Tile(g-_l,LB) ;

Tile(n-1,L4);
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TROMINO TILING/6

Divide-and-conquer

» The algorithm is an instance of divide-and-conquer
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TROMINO TILING/6

Divide-and-conquer

» The algorithm is an instance of divide-and-conquer

» The problem is trivial if the board is of size 2 x 2
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: :

TROMINO TILING/6

Divide-and-conquer

» The algorithm is an instance of divide-and-conquer

» The problem is trivial if the board is of size 2 x 2
» Divide: divide the board into four smaller boards
» Uses extra tile to get proper problem instances
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0000000000000 000000000e00 0000000000000 0000O0000000000000000
: :

TROMINO TILING/6

Divide-and-conquer

» The algorithm is an instance of divide-and-conquer

» The problem is trivial if the board is of size 2 x 2
» Divide: divide the board into four smaller boards
» Uses extra tile to get proper problem instances

» Conquer: tile the four smaller boards recursively
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0000000000000 000000000e00 0000000000000 0000O0000000000000000
: :

TROMINO TILING/6

Divide-and-conquer

» The algorithm is an instance of divide-and-conquer
» The problem is trivial if the board is of size 2 x 2
» Divide: divide the board into four smaller boards
» Uses extra tile to get proper problem instances
» Conquer: tile the four smaller boards recursively

» Combine: put a tromino around the center position
» Covers missing holes to solve the original problem
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EXERCISE SL03-3/1

Use a trominos to tile a right angle. Describe the idea for the
solution and implement it with pseudocode.

(XJ 7+ a“‘hw_ﬁ /—7 Kﬁb -ﬁfo s"
?Bzﬁj—i&ﬁ = T F

i
=l
|

h ©
< e :[O
Inf I1 2019, SL03 25/59 “-i@ M. Bohlen, Ifl@eUZH



OOOOOOOOOOOOOOOOO 0000000e 0000000000000 00000000000000000000

EXERCISE SL03-3/2
e L (L&/ (!\9/ ELL—GL

.t (v\::'l ) ot&-“-—\ J\“L{Q t«.‘nh.ma Ly k\iﬂ“-—-\\ﬁu ek te\v-m\
Doke Loshege e gl Lodepes
CTT'[QLCM-l {I‘DI‘%_X,?’{GL
TeL et | 72 s rsplestal) 2% 5 splita)
—_]_HQ L (‘-‘—"l [([\3 5f X) t/+ GSM(GIx(C«))' EUL}(
1 ' - K- a"‘*(q o
Lk(f(_(u~(}?@f/) % 11

1 ‘;5%(Gag \\ /? ) AT (sl 2/7

Inf I1 2019, SLO3 M. Béhlen, Ifl@eUZH
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TABLE OF CONTENTS — SL0O3

2. Recurrences

~ Substitution

"~ Recursion tree h

~ Master method ¢ (C/\% e
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RECURRENCES/ 1

Informal definition

» Running times of algorithms with recursive calls can be
described using recurrences




Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 00000000000000000000
: :

RECURRENCES/ 1

Informal definition
» Running times of algorithms with recursive calls can be
described using recurrences

» A recurrence is an equation or inequality that describes a
function in terms of its value on smaller inputs
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0000000000000 0000O00000000 0000000000000 00000000000000000000
: :

RECURRENCES/ 1

Informal definition

» Running times of algorithms with recursive calls can be
described using recurrences

» A recurrence is an equation or inequality that describes a
function in terms of its value on smaller inputs

» Example: the running time of merge sort is described by
the following recurrence

(e ifn—1
Tn) = { 2T(n/2) +O(n) ifn > 1

e

B

_—



Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 00000000000000000000
: :

RECURRENCES/2

Solving recurrences

1. Repeated (backward) substitution

» Expand the recurrence by substitution and then notice the
pattern
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: :

RECURRENCES/2

Solving recurrences

1. Repeated (backward) substitution
» Expand the recurrence by substitution and then notice the
pattern
2. Substitution method

» Guess a bound and then use induction to prove that the
guess is correct -
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: :

RECURRENCES/2

Solving recurrences

1. Repeated (backward) substitution

» Expand the recurrence by substitution and then notice the
pattern

2. Substitution method

» Guess a bound and then use induction to prove that the
guess is correct

3. Recursion trees

» Convert a recurrence in a tree whose nodes represent the
costs
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0000000000000 0000O00000000 0000000000000 00000000000000000000
: :

RECURRENCES/2

Solving recurrences

1. Repeated (backward) substitution

» Expand the recurrence by substitution and then notice the
pattern

2. Substitution method

» Guess a bound and then use induction to prove that the
guess is correct

3. Recursion trees

» Convert a recurrence in a tree whose nodes represent the
costs

4. Master method
» Templates for different classes of recurrences
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RECURRENCES/3

- 5(-)
Merge sort revisited
» Forn >1, let(T(n) =2T(n/2) +gar\
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: :

RECURRENCES/3

Merge sort revisited

» Forn > 1,letT(n) =2T(n/2) +cn
» Apply repeated substitution

— T(n)=2T(n/2) +cn (substitute)
= 2(2L(n/4) + en/2) + cn (expand)
=4T(n/4) + 2cn (substitute)
=4(2T'(n/8) + cn/4) + 2¢cn (expand)

= 8T'(n/8) + 3cn (find pattern)
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0000000000000 0000O00000000 0000000000000 00000000000000000000
: :

RECURRENCES/3

Merge sort revisited

» Forn > 1,letT(n) =2T(n/2) +cn
» Apply repeated substitution

T(n) =2T(n/2) +cn (substitute)
=2(27'(n/4) + cn/2) + cn (expand)
=4T(n/4) + 2cn (substitute)
=4(2T'(n/8) + cn/4) + 2¢cn (expand)

= 81'(n/8) + 3cn (find pattern)




Divide and conquer

Recurrences
0000000000000000000000000

RECURRENCES/ 3 ( = = Wﬁ_
& .
Merge sort revisited <
“w = 2

» Forn > 1,letT(n) =2T(n/2) +cn (

- = E (o—j 2
» Apply repeated substitution

o= ?(o “

T(n) =2T(n/2) +cn (substitute)
=2(27'(n/4) + cn/2) + cn (expand)
=4T(n/4) + 2cn (substitute)
=4(2T'(n/8) + cn/4) + 2¢cn (expand)
= 8T (n/8) + 3cn (find pattern)

» From 87 (n/8) + 3cn one gets 2iT!’£nz2'l[) +icn
> =1 ields T'(n) = nT'(1 lgn =0(nl
i = lgn yields (n) =nT(1) +cnlgn (nlgn)
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RECURRENCES/4

Repeated substitution

» Is not a strictly formal proof
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0000000000000 0000O00000000 0000®0000000000000000000000000000
: :

RECURRENCES/4

Repeated substitution

» Is not a strictly formal proof
» The procedure is straightforward
P Substitute, expand, substitute, expand, etc.
» Observe a pattern and determine the expression after the
i-th substitution
» Find out what the highest value of i should be to get the
base case of the recurrence
» Insert the cost of the base case and the expression for i into
the observed expression



Divide and conquer Recurrences

I 0000000000000 0000O00000000 0000000000000 00000000000000000000 I
RECURRENCES/5 copte el
o._r-t‘o7 Q.f\.“(

A more precise running time for sort merge foete
_'_'_'_'_'_,_,_.—'—'—"f '

» Recurrence

T(n) = 1 fn=1
ST 2T(n/2) + 20+ 3 ifn>1

N~

z ) Wjur
P;«ils
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RECURRENCES/5

A more precise running time for sort merge

» Recurrence

T(n) = 1 fn=1
TN 2T(n/2) +2n+3 ifn>1

» Observe pattern

T(n)=2T(n/2)+2n+3 (substitute)
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0000000000000 0000O00000000 0000000000000 00000000000000000000
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RECURRENCES/5

A more precise running time for sort merge

» Recurrence

T(n) = 1 fn=1
YT 2T(n/2) +2n 43 ifn > 1

» Observe pattern

T(n)=2T(n/2)+2n+3 (substitute)
=2(2T(n/4) +n+3)+2n+3 (expand)
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RECURRENCES/5

A more precise running time for sort merge

» Recurrence

T(n) = 1 fn=1
TN 2T(n/2) +2n+3 ifn>1

» Observe pattern

T(n)=2T(n/2)+2n+3 (substitute)
=2(2T(n/4) +n+3)+2n+3 (expand)
=4T(n/4) +4n+9 (substitute)
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RECURRENCES/5

A more precise running time for sort merge

» Recurrence

T(n) = 1 fn=1
TN 2T(n/2) +2n+3 ifn>1

» Observe pattern

T(n)=2T(n/2)+2n+3 (substitute)
=2(2T(n/4) +n+3)+2n+3 (expand)
=4T(n/4) +4n+9 (substitute)

=412T(n/8) +n/2+3)+4n+9 (expand)
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RECURRENCES/5

A more precise running time for sort merge

» Recurrence

T(n) = 1 fn=1
TN 2T(n/2) +2n+3 ifn>1

» Observe pattern

T(n)=2T(n/2)+2n+3 (substitute)
=2(2T(n/4) +n+3)+2n+3 (expand)
=4T(n/4) +4n+9 (substitute)
=412T(n/8) +n/2+3)+4n+9 (expand)

ca | %ﬁk/T(n/S) +(3) 2n + (_@)§ (find pattern)
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RECURRENCES/6

» Find pattern:

T(n)j?T(n/@) 3-2n+ @+24+1)3

29T (n(2}) + Zin + 3
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RECURRENCES/6

» Find pattern:

T(n) =8T(n/8) +3-2n+ (4+2+1)3
= 2'T(n/2") 4 2in +33\_4 20

» Upper bound foriislgn
» Manipulate expression (remember: (3} ok = %)

T(n) = 287 T(n/28") + 2nlgn + 3(28" — 1)
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RECURRENCES/6

» Find pattern:

T(n) =8T(n/8) +3-2n+ (4+2+1)3
= 2'T(n/2") 4 2in +33\_4 20

» Upper bound foriislgn

. . _gntl
» Manipulate expression (remember: 3} 2% = 152 )

T(n) = 2'8"T(n/2'8") + 2nlgn + 3(2'8" — 1)
=4n+2nlgn —3 =0O(nlgn)




Divide and conquer Recurrences

0000000000000 0000O00000000 000000®00000000000000000000000000
: :

RECURRENCES/6

» Find pattern:

T(n)=8T(n/8)+3-2n+ (4+2+1)3
= 2'T(n/2") + 2in + 3 Y75 2/

» Upper bound foriislgn

. . _gntl
» Manipulate expression (remember: 3} 2% = 152 )

T(n) = 2'8"T(n/2'8") + 2nlgn + 3(2'8" — 1)
=4n+2nlgn —3 =0O(nlgn)

» Same asymptotic bound as for

] e ifn=1
T(n) = { 2T (n/2) +©(n) ifn>1
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EXERCISE SL.03-4/1

A program reads numbers into an array until a zero arrives. No
assumption about the input can be made. The program starts
with an array of size n = 1. If the array is full a larger array of
size n’ is created, the data is copied, and the old array is

destroyed. Consider the following strategies:
l

—>iongd s [T (= (6B
Pwokr W= VT ey

Determine the cost of each strategy.
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EXERCISE SL03-4/2

el
v\,—::/L cuw7 1S 1«%9-&* L w a.s‘fm-y 1' L,\ﬁo'& etﬂ?u—b«ls st

7 fe espied
&T(u\] - E’g‘[m_,{‘]-a-m—ol. :

(\t *-‘\-‘71

T(uﬂ= T(w-c'{] t w-A -

ﬂ:?(ﬂ)  w—2A + w-ol (
-T2 ) T 2 ek (Aee)

T i) + e —AZ

ey Gl A

( lA."li 7 )
o Cr L@

u_?‘.__'f —D’(-‘\ "":/( ____ 2 —_
Inf I 2019, SLO3 2 A 35/59

M. Béhlen, IfleUZH
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(SUBSTITUTION /1

Basic methodology

» The substitution method for solving recurrences entails
two steps
~——=. Guess the form of the solution
——=2. Use induction to prove the solution

—_—
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: :

SUBSTITUTION/ 1

Basic methodology

» The substitution method for solving recurrences entails
two steps

1. Guess the form of the solution
2. Use induction to prove the solution

» Example: consider the recurrence T'(n) =(41(n/2) + a
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: :

SUBSTITUTION/ 1

Basic methodology

» The substitution method for solving recurrences entails
two steps

1. Guess the form of the solution
2. Use induction to prove the solution

» Example: consider the recurrence T'(n) = 47 (n/2) +n
3

» Guessed solution: T'(n) = n3,i.e. T(n) is of the form n
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: :

SUBSTITUTION/ 1

Basic methodology

» The substitution method for solving recurrences entails
two steps

1. Guess the form of the solution
2. Use induction to prove the solution

» Example: consider the recurrence T'(n) = 47 (n/2) +n
» Guessed solution: T'(n) = n3,i.e. T(n) is of the form/n?

» Mathematical induction: need to show that T'(n) < cn?
—_ —
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SUBSTITUTION /2

Proof by induction \»{{° = i €Onvee

» Need to show t@for I((n) =4T(n/2) +n

T(n) =4T(n/2) +n (recurrence)
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SUBSTITUTION /2

Proof by induction

» Need to show that T'(n) < en3 for T'(n) = 4T (n/2) +n
T(n) =4T(n/2) +n (recurrence)
<de(n/2)2 +n (inductive hyp.)
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SUBSTITUTION /2

Proof by induction

» Need to show that T'(n) < cn? for T'(n) = 4T(n/2) +n

T(n) =4T(n/2) +n (recurrence)
<dc(n/2)® +n (inductive hyp.)

=cn3/2+n (simplification)
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:

SUBSTITUTION /2

Proof by induction

» Need to show that T'(n) < cn? for T'(n) = 4T(n/2) +n

T(n)=4T(n/2)+n (recurrence)
<dc(n/2)® +n (inductive hyp.)
= g?}?_/_2_+ n (simplification)
=cn® — (en?/2 —n) (rearrangement)

> C
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SUBSTITUTION /2

Proof by induction

» Need to show that T'(n) < @3 for T'(n) =4T(n/2) +n

T(n)=4T(n/2)+n (recurrence)
<dc(n/2)® +n (inductive hyp.)
=cn3/2+n (simplification)
=cnd — (en3/2 —n) (rearrangement)

< en? “;_‘*;;—J jocmZnZl)
= U — B



Divide and conquer Recurrences
0000000000000000000000000 000000000008000000000000000000000

SI_J_B_S_T_I?_U_U_QN/ 2 @ | i\/i;—\;&/

Proof by induction

» Need to show that

=021 ) 70

e~ 1 @ = 4T . _+ , (recurrence)
—> <dc(n/2)?® +n (inductive hyp.)
=cn3/2+n (simplification)
=cn® — (en3/2 —n) (rearrangement) A
, 14
< en? ‘—,;j_’_' (forc>2n21) Gﬂfa

3
> It follows that T'(n) = O(n? r(ﬂ = < ¢
T[ (’2 f: C'fg

=12 & CB%
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0000000000000 0000O00000000 00000000000 0e00000000000000000000
: :

EXERCISE SL03-5 sepe =

Use the substitution method to prove that by increasing an
array by a factor k£ each time it is filled up yields a linear
asymptotic runtime complexity. —

T{) =T () + “I«
bwaaw&;g: T/u’\ & cown

77) = T (Y Tk e
~ cn/(x + ““/&( c=\x

5
= Cdr” -

£ o (W22
<




Divide and conquer Recurrences

I 0000000000000 000OO0O0000000 0000000000000 e00000VOOOOOOOOOOOOO I
SUBSTITUTION/ 3
, g
Eln
I ——

Getting tighter bound /1

» Try to show that @r(T(n) =4T(n/2) +n (
A

T(n) =4T(n/2) +n (recurrence)



Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 e0000000000000000000
: :

SUBSTITUTION/ 3

Getting tighter bound /1
» Try to show that T'(n) < cn? for T'(n) = 4T(n/2) +n

T(n) =4T(n/2) +n (recurrence)
<de(n/2)? +n (inductive hyp.)



Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 e0000000000000000000
: :

SUBSTITUTION/ 3

Getting tighter bound /1
» Try to show thatWJ;_c_n2 for T'(n) = 4T (n/2) +n

T(n) =4T(n/2) +n (recurrence)
<de(n/2)? +n (inductive hyp.)
=cn’+n (simplification)



Divide and conquer Recurrences
0000000000000 000O000000000 0000000000000 e00000000000O0O0O0000
: :

SUBSTITUTION/ 3

Getting tighter bound /1

» Try to show that T'(n) < cn? for T'(n) = 4T(n/2) +n

T(n) =4T(n/2) +n (recurrence)
<de(n/2)? +n (inductive hyp.)
Ecm?+n ( (simplification)

£ en? (contradiction)




Divide and conquer Recurrences
0000000000000 000O000000000 0000000000000 e00000000000O0O0O0000

C;%?

\/\ C/(
_— + —_

¢
Getting tighter bound /1 &// Cw — A

» Try to show that T'(n) @fcr T(n) =4T(n/2) +n

T(n)=4T(n/2)+n (recurrence)
<de(n/2)? +n (inductive hyp.)
=cn’+n (simplification)
£ en? (contradiction)

» It seems that induction does not work!?



Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 0®000000000000000000
: :

SUBSTITUTION /4

Getting tighter bound /2

» Underlying problem: trying to rewrite

T(n) = O(n?) = g_zi E—(s_o:nething positive) l

as T'((n) < cn? does not work in the inductive proof



Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 0®000000000000000000
: :

SUBSTITUTION /4

Getting tighter bound /2

» Underlying problem: trying to rewrite
T(n) = O(n?) = cn? + (something positive)
as T'((n) < cn? does not work in the inductive proof
» Solution: strengthen hypothesis for inductive proof

T'(n) < (answer you want) — (something positive)
—_— T~ —_—



Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 00®00000000000000000
: :

SUBSTITUTION/5

Getting tighter bound /3

» Show thattT(n) < en?'—dn ffor T(n) =4T(n/2) +n

—T(n) = 4T (n/2)+n (recurrence)



Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 00®00000000000000000
: :

SUBSTITUTION/5

Getting tighter bound /3
» Show that T'(n) < cn? — dn for T(n) = 4T(n/2) +n

T(n) =4T(n/2)+n (recurrence)
< 4(c(n/2)? —dn/2) +n (inductive hyp.)



Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 00®00000000000000000
: :

SUBSTITUTION/5

Getting tighter bound /3
» Show that T'(n) < cn? — dn for T(n) = 4T (n/2) +n

T(n) =4T(n/2)+n (recurrence)
< 4(c(n/2)? —dn/2) +n (inductive hyp.)
=cn?® —2dn+n (simplification)



Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 00®00000000000000000
: :

SUBSTITUTION/5

Getting tighter bound /3

» Show that T'(n) < cn? — dn for T(n) = 4T(n/2) + n

T(n) =4T(n/2)+n (recurrence)
< 4(c(n/2)? —dn/2) +n (inductive hyp.)
=cn?® —2dn+n (simplification)

=cn?—dn— w (rearrangement)

>0 @ﬁc/f?:l



Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 00®00000000000000000
: :

SUBSTITUTION/5

Getting tighter bound /3

» Show that T'(n) < cn? — dn for T(n) = 4T (n/2) +n

T(n) =4T(n/2)+n (recurrence)
< 4(c(n/2)? —dn/2) +n (inductive hyp.)
=cn?® —2dn+n (simplification)
=cn? —dn — (dn —n)  (rearrangement)

< en? —dn (ford > 1)



Divide and conquer Recurrences

SUBSTITUTION /5 ()50 € c-A
T(2)s 2 € c ¢ \
j‘(q,)ﬁQ& cl¢ ~A-¢
Getting tighter bound /3 OK fer
» Show that 7'(n) §@ — dn for Tﬁ% ii
T(n) =4T(n/2)+n (recurrence)
< 4(c(n/2)? —dn/2) +n (inductive hyp.)
=cn?® —2dn+n (simplification)
=cn? —dn — (dn —n)  (rearrangement)
< en? —dn (ford > 1)

» It thus follows that T'(n) = O(n?)
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0000000000000 0000O00000000 0000000000000 000e0000000000000000
: :

EXERCISE SL03-6/1
An array A[1..n] is balancec

ed if

» the sum of the elements in the first half is no more than
double and no less than half the sum of the elements in the
second half, and

==> the first and second half are balanced.

Give an algorithm that determines if an array is balanced. Use
the substitution method to prove the asymptotic complexity of

the algorith %
A= & - 2| T
>
—ﬁ’ {2 3 =V
alan
A = § ( 5‘ s 2 Q/ a
¢ I



EXERCISE SL03-6/2 | L1, m=¥% =%
Levecd ¢, v
Alge (A,

P (L==c) Mer tehon (TRUZ, ,q[g_’])
v _LK':‘ 4—?,)/3__[

(Rellgh, %%LQH EANCYY I A2
z (Red b, Smyek) = 2lnced @1, ) ;;_);__

e ( Beligh 2L B A2 <
S Pb = GumBild /2 50

Semlfl £ ST,
G () + S L))

Inf I1 2019, SLO3 44 /59 M. Béhlen, Ifl@eUZH



Divide and conquer Recurrences
0000000000000000000000000

0000000000000 00000e00000000000000
:

EXERCISE SL03-6/3
Tz 2Ry 1) Th)=0
Cuacs Tl)= 6(”") J -[—(U:_)___;_é_cw t

T{Hj = ZT(‘-"—IE\{'I

C2cy v
- cuw + |
% C vl

=2
Inf I1 2019, SLO3 Q‘I {H{m\un, Ifl@UZH



Divide and conquer Recurrences
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: :

——

(REC—URSION TREE/1

Basic methodology

» A recursion tree is a convenient way to visualize what
happens when a recurrence is iterated



Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 000000e0000000000000
: :

RECURSION TREE/ 1

Basic methodology

» A recursion tree is a convenient way to visualize what
happens when a recurrence is iterated

» Good for guessing asymptotic solutions to recurrences



Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 000000e0000000000000
: :

RECURSION TREE/ 1

Basic methodology

» A recursion tree is a convenient way to visualize what
happens when a recurrence is iterated

» Good for guessing asymptotic solutions to recurrences
» Example: consider T'(n) = T'(n/4) + T(n/2) + n? \



Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 000000e0000000000000
: :

RECURSION TREE/ 1

Basic methodology

» A recursion tree is a convenient way to visualize what
happens when a recurrence is iterated




Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 000000e0000000000000

RECURSION TREE/ 1

Basic methodology

» A recursion tree is a convenient way to visualize what
happens when a recurrence is iterated

» Good for guessing asymptotic solutions to recurrences
» Example: consider T'(n) = T'(n/4) + T(n/2) + n?

n2
/ \
n? (3)? (3)
N YN YN
T(4) T3 Ty THTE T



Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 0000000e000000000000
: :

RECURSION TREE/2 %_qém;(-/—{; o lel<

(=0

Example recurrence/1

T 2’({) =)

Inf I1 2 (H('V SL03 47/59 M. Béhlen, IfleUZH




Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 0O0000000e00000000000
: :

RECURSION TREE/3 hjpc\)w‘ﬁb\ﬁ
(@Q—-—u chws%—\ \\*‘3?—;)

Example recurrence/

> Show that(T'(n) < cn? fok(T'(n) = T(n/2) + T(n/4) + n;(

T(n) =T(n/2) +T(n/4) +n” (recurrence)



Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 0O0000000e00000000000
: :

RECURSION TREE/3

Example recurrence/2
» Show that T'(n) < cn? for T'(n) = T(n/2) + T(n/4) + n?

T(n)=T(n/2)+ T(n/4) +n? (recurrence)
< ¢(n/2)? 4+ ¢(n/4)? +n? (inductive hyp.)



Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 0O0000000e00000000000
: :

RECURSION TREE/3

Example recurrence/2
» Show that T'(n) < cn? for T'(n) = T(n/2) + T(n/4) + n?

T(n)=T(n/2)+ T(n/4) +n? (recurrence)
< ¢(n/2)? 4+ ¢(n/4)? +n? (inductive hyp.)
= 5cn?/16 + n? (simplification)



Divide and conquer Recurrences

RECURSION TREE/ 3 [ p i

Example recurrence/2

» Show that T'(n) < cn? for T'(n) = T(n/2) + T(n/4) + n?

T(n)=T(n/2)+ T(n/4) +n? (recurrence)
< ¢(n/2)? 4+ ¢(n/4)? +n? (inductive hyp.)
= 5cn?/16 + n? (simplification)

=cn? — 11en?/16 +n? (rearrangement)



Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 0O0000000e00000000000
: :

RECURSION TREE/3

Example recurrence/2

» Show that T'(n) < cn? for T'(n) = T(n/2) + T(n/4) + n?

T(n) =T(n/2)+T(n/4) +n? (recurrence)
< ¢(n/2)? 4+ ¢(n/4)? +n? (inductive hyp.)
= 5cn?/16 + n? (simplification)
=cn? —11en?/16 +n?  (rearrangement)
<em® T S5 (for ¢ > 16/11)



Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 0O0000000e00000000000
: :

RECURSION TREE/3

Example recurrence/2

» Show that T'(n) < cn? for T'(n) = T(n/2) + T(n/4) + n?

T(n) =T(n/2)+T(n/4) +n? (recurrence)
< ¢(n/2)? 4+ ¢(n/4)? +n? (inductive hyp.)
= 5cn?/16 + n? (simplification)
=cn? — 11en?/16 +n? (rearrangement)
< en? (for ¢ > 16/11)

» It thus follows that T'(n) = O(n?)

<




Divide and conquer Recurrences

| 0000000000000 000O00000000 0000000000000 000000000e0000000000 |
. O e
MASTER METHOD/1 = i<cige E@.
o (as€s

» To solve a class of recurrences that have the form

|\ () = aT(n/6) + J() 1




Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 000000000e0000000000
: :

MASTER METHOD/ 1

» To solve a class of recurrences that have the form
T(n) = aT'(n/b) + f(n)
» Assumptions:
> a>1,
» b >1,and
» f(n) asymptotically positive



Divide and conquer
0000000000000 000O000000000

Recurrences

0000000000000 000000000e0000000000

MASTER METHOD/ 1 Tlw) = /2 T{ kL) +
/

» To solve /{class/é regurrences that have the form
T(n) = aT(n/b) + f(n) |
» Assumptions:
> a>1,
» b >1,and
» f(n) asymptotically positive
» T'(n) describes running time of a divide-and-conquer
algorithm
> a subproblems of size n/b are solved recursively, each in
time T'(n/b)
» f(n)is the cost of dividing the problem and combining the

solutions



Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 0O000000000e000000000
: :

MASTER METHOD/2

» Iterating the recurrence (expanding the tree) yields

T(n) = f(n)+aT(n/b)



Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 0O000000000e000000000
: :

MASTER METHOD/2

» Iterating the recurrence (expanding the tree) yields

T(n) = f(n) 4+ aT(n/b)
= f(n) +af(n/b) + aT(n/b?)



Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 0O000000000e000000000
: :

MASTER METHOD/2

» Iterating the recurrence (expanding the tree) yields

T(n) = f(n) 4+ aT(n/b) s —

(n) + af(n/b) + aT(n/b?) / lecce s
(n) + af(n/b) + a®f(n/b* + ...
+ a8 L f(n/ploBn ) 4 glBnT (1) [cave s

——

f
f




Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 0O000000000e000000000
: :

MASTER METHOD/2

» Iterating the recurrence (expanding the tree) yields

T(n) = f(n) 4+ aT(n/b)
f(n) +af(n/b) +aT(n/b%)
= f(n) +af(n/b) +a®f(n/b?) +...
+ alogs n—lf(n/blogb n—l) + alogs nT(l)
= yoe L gl £ (n/b1) 4 O (ko8 @)
&= SR H

Low ~(eaves (‘E_‘-‘:. o< €




Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 0O000000000e000000000
: :

MASTER METHOD/2

» Iterating the recurrence (expanding the tree) yields

T(n) = f(n) 4+ aT(n/b)
f(n) +af(n/b) + aT(n/b?)
= f(n) +af(n/b) + a®f(n/b?) + ...
+ alogb n—lf(n/blogb n—l) + alogb nT(l)
= Ziozgé’ nt a'f(n/b') + O(nlo8r )

» The first term is a division/combination cost (totaled
across all levels of the tree)



Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 0O000000000e000000000
: :

MASTER METHOD/2

» Iterating the recurrence (expanding the tree) yields

T(n)

f(n) +aT(n/b)

f(n) +af(n/b) + aT'(n/b?)

= f(n) +af(n/b) + a®f(n/b?) + ...

+ alogs "_1f(n/blogb n—l) + alogs nT(l)

= Bl f(n/bF) + ©(n'oE )

» The first term is a division/combination cost (totaled
across all levels of the tree)

» The second term is the cost of solving all the trivial
subproblems (total of all work pushed to the leaves)



Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 0O0000000000e00000000
: :

MASTER METHOD/3

Expanding the tree | leawes

> qlog " = plog @ Jeaves

» Running time: T'(n) £ ©(n'°&¢ (Ziozgg " ai f(n /b))
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: :

MASTER METHOD/ 4

Underlying intuitions
» Three possible cases

» Running time dominated by the cost at the root (case 3) -~
» Running time dominated by the cost at the leaves (case 1)
» Running time evenly distributed throughout tree (case 2)
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0000000000000 0000O00000000 0000000000000 000000000000e0000000
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MASTER METHOD/ 4

Underlying intuitions
» Three possible cases

» Running time dominated by the cost at the root (case 3)
» Running time dominated by the cost at the leaves (case 1)
» Running time evenly distributed throughout tree (case 2)

» Solve recurrence by identifying dominant term



Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 000000000000e0000000
: :

MASTER METHOD/ 4

Underlying intuitions
» Three possible cases

» Running time dominated by the cost at the root (case 3)
» Running time dominated by the cost at the leaves (case 1)
» Running time evenly distributed throughout tree (case 2)

» Solve recurrence by identifying dominant term
» In each case compare(ﬁ)’{\{rith\ nlogs @ '




Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 000000000000e0000000
: :

MASTER METHOD/ 4

Underlying intuitions
» Three possible cases

» Running time dominated by the cost at the root (case 3)
» Running time dominated by the cost at the leaves (case 1)
» Running time evenly distributed throughout tree (case 2)

» Solve recurrence by identifying dominant term

» In each case compare f(n) with n'°&@



Divide and conquer Recurrences
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: :

MASTER METHOD/5

Master theorem, case 2

’[—f (n) = O(nl°®° ( (ie., f(n) and n'°% @ are asymptotically

the same)
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0000000000000 0000O00000000 0000000000000 0O000000000000e000000
: :

MASTER METHOD/5

Master theorem, case 2

> f(n) =0O(n'&%) (ie, f(n) and n'°% * are asymptotically

the same) res i+ a oy leylb
» The work is evenly distributed:‘lT(n) = O(n'°& % log, n) [
_



Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 0O000000000000e000000
: :

MASTER METHOD/5

Master theorem, case 2 o o

> f(n) =O(n'=") (i~e',I_J_CL7}1 and(plog;?are asymptotically

the same)

» The work is evenly distributed: 7'(n) = ©(n'°&¢ log; 1)
Example:Tfj@)zg@Q) +©(n)| (merge sort)

> a=2,b=2, f(7] = O(n) oo

> nlogﬂ:_ﬁ — Aafarrie. w §

> O(n) = O(n)

» case2:T(n) = O(nlgn) \

Lo




Divide and conquer Recurrences
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: :

MASTER METHOD/ 6

Master theorem, case
> f(n) = O(n'°# °=<)|for some constant e > 0
> f(n) grows polynomially slower than n'°% @ (by factor n¢)




Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 0000O0000000000e00000
: :

MASTER METHOD/ 6

Master theorem, case 1
> f(n) = O(n'°#%=¢) for some constant ¢ > 0
> f(n) grows polynomially slower than n'°% @ (by factor n¢)

» The work at the leaves dominates: 7'(n) = ©(n!8 )



Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 0000O0000000000e00000
: :

MASTER METHOD/ 6

Master theorem, case 1

> [M: b(_nlggb_“:-e-! or some constant € > 0

> f(n) grows polynomially slower than n'°% @ (by factor n¢)
» The work at the leaves dominates: T'(n) = ©(n'¢ %)

Example{iT n T(—%?T +4Ig
> a 2/9,&? 3

(n)=n G.§
> n10g39 — n2 /
- O(nlggﬁ_g—l) — O (%t - )

» case 1: T(n) = O(n?)
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MASTER METHOD /7

Master theorem, case
[ f(n) = Q(n'°% 9£<) lfor some constant e > 0

» f(n) grows polynomially faster than n'°¢: ¢ (by factor n¢)
( » Regularity: 3¢ < 1.3n¢ > 0.Vn > ng.af(n/b) < cf(n) 7
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MASTER METHOD /7

Master theorem, case 3
> f(n) = Q(n'°8 2%€) for some constant € > 0
> f(n) grows polynomially faster than n'°& @ (by factor n<)
» Regularity: 3¢ < 1.3ny > 0.¥n > ng.af(n/b) < cf(n)

» The work at the root dominates: T'(n) = O(f(n))
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0000000000000 0000O00000000 0000000000000 0000O00000000000e0000
: :

MASTER METHOD /7

Master theorem, case 3

> f(n) = Q(n'% **¢) for some constant ¢ > 0

> f(n) grows polynomially faster than n'°& @ (by factor n<)
Regularity: 3¢ < 1.3ng > 0.¥n > ng.af(n/b) < cf(n) dm—

» The work at the root dominates: T'(n) = O(f(n))
Tr———

Exarr;}zl(e‘%BT n]an
57 ng%

> n10g43 0792
» nlgn* 10g43ﬁi 8 /2
» case 3: T'(n ) @(nl n)

» Need also to verify regularity cond1t10n af n / b) <c f ( )
c=3/4: af(n/b) = 3(n/4)(g(n/3) < (3/4)nfg
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MASTER METHOD/ 8

Master theorem, overview
» Given a recurrence of the form 7'(n) = aT'(n/b) + f(n)



Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 0000O000000000000e000
: :

MASTER METHOD/ 8

Master theorem, overview
» Given a recurrence of the form 7'(n) = aT'(n/b) + f(n)
> Case 1: f(n) = O(n'°%2~<) yields T(n) = ©(n!*%)
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: :

MASTER METHOD/ 8

Master theorem, overview
» Given a recurrence of the form 7'(n) = aT'(n/b) + f(n)
» Case 1: f(n) = O(n'°227¢) yields T'(n) = ©(n'°# %)
» Case2: f(n) = O(n'°= %) yields T'(n) = ©(n'8 % log, n)



Divide and conquer

Recurrences
0000000000000000000000000 000000000000000000000000000008000
:

MASTER METHOD/ 8

Master theorem, overview
» Given a recurrence of the form 7'(n) = aT'(n/b) + f(n)
» Case 1: f(n) = O(n'°227¢) yields T'(n) = ©(n'°# %)
» Case2: f(n) = O(n'°= %) yields T'(n) = ©(n'8 % log, n)

» Case3: [(n) — Q(n'»*")and af(n/b) < cf(n) (c< 1,
n > ng) yield T'(n) = ©(f(n))

——




Divide and conquer

Recurrences
0000000000000000000000000 000000000000000000000000000008000
:

MASTER METHOD/ 8

Master theorem, overview
» Given a recurrence of the form 7'(n) = aT'(n/b) + f(n)
» Case 1: f(n) = O(n'°227¢) yields T'(n) = ©(n'°# %)
» Case2: f(n) = O(n'°= %) yields T'(n) = ©(n'8 % log, n)
» Case3: [(n) — Q(n'»*")and af(n/b) < cf(n) (c< 1,
n > ng) yield T'(n) = ©(f(n))
General strategy

» Extracta, b, and f(n) from given recurrence
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0000000000000 0000O00000000 0000000000000 0000O000000000000e000
: :

MASTER METHOD/ 8

Master theorem, overview
» Given a recurrence of the form 7'(n) = aT'(n/b) + f(n)
» Case 1: f(n) = O(n'°227¢) yields T'(n) = ©(n'°# %)
» Case2: f(n) = O(n'°= %) yields T'(n) = ©(n'8 % log, n)
» Case3: [(n) — Q(n'»*")and af(n/b) < cf(n) (c< 1,

n > ng) yield T'(n) = ©(f(n))

General strategy

» Extracta, b, and f(n) from given recurrence

» Determine n'°% %; asymptotically compare it with f(n)
—
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MASTER METHOD/ 8

Master theorem, overview
» Given a recurrence of the form 7'(n) = aT'(n/b) + f(n)
» Case 1: f(n) = O(n'°227¢) yields T'(n) = ©(n'°# %)
» Case2: f(n) = O(n'°= %) yields T'(n) = ©(n'8 % log, n)
» Case3: [(n) = Q(nlozrate and@)}(c <1,

n > ng) yield T'(n) = ©(f(n))

General strategy

» Extracta, b, and f(n) from given recurrence

» Determine n'°% %; asymptotically compare it with f(n)

» Determine and apply appropriate master theorem case
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EXERCISE SL03-7/1

_Use the Master Method to solve the recurrence
t T(n)=2T(n/2) + n3 |

3

- q=2 6:2 Q(H\: A

¢loga 2oy 2 A
- = :_i =
~eofTT) o=z

3

’“Z(% ._(‘: Cu} ,

13 e cd P lots foo c= A

—_ CQS??‘.

Inf I1 2019, SLO3

C—“__-’?:_______‘ M. Béhlen, Ifl@UZH
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SUMMARY/1

>l@/ide and conqu/erlis an algorithm design paradigm that
is based on (multiple) recursion.

» A divide and conquer algorithm recursively breaks down a
problem into two or more sub-problems of the same type,
until these become simple enough to be solved directly.

» The solutions to the sub-problems are combined to give a
solution to the original problem.

» Divide and conquer is the basis for many important
problems (e.g., quicksort, merge sort, number
multiplication, parsing, discrete Fourier transform).

» Understand and designing divide and conquer algorithms
is a skill that takes time to learn (practice!).
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SUMMARY /2

» The correctness of a divide and conquer algorithm is
proved by induction.

» The computational cost of a divide and conquer algorithm
is determined by solving recurrence relations.

» A recurrence relation is an equation that recursively
defines a sequence of values.

» Thus, from one or more initial terms, each further term of
the sequence is defined as a function of the preceding
terms.

» We have seen four techniques to solve recurrences:

» Repeated substitution (not a formal proof)

> Substitution method (formal proof)

» Recursion trees

» Master method (recipe for most common cases)
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Informatik II

Heap Sort, Quick Sort
—SL04 —

Prof. Dr. Michael Bohlen

boehlen@ifi.uzh.ch
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SORTING/ 1

Why sorting?

» Most fundamental problem in the study of algorithms
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SORTING/ 1

Why sorting?

» Most fundamental problem in the study of algorithms

» Algorithms often employ sorting as a key subroutine
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SORTING/ 1

Why sorting?

» Most fundamental problem in the study of algorithms
» Algorithms often employ sorting as a key subroutine

» Wide range of sorting algorithms, rich set of techniques

» Incremental: selection sort, insertion sort
» Divide-and-conquer: merge sort, quick sort
» Use of particular data structure: heap sort
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SORTING/ 1

Why sorting?

» Most fundamental problem in the study of algorithms

» Algorithms often employ sorting as a key subroutine
» Wide range of sorting algorithms, rich set of techniques
» Incremental: selection sort, insertion sort
» Divide-and-conquer: merge sort, quick sort
» Use of particular data structure: heap sort
» Lower bound for sorting €2(nlgn) is used to prove lower
bounds for other algorithmic problems
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SORTING /2

Selection and insertion sort

» Worst case running time ©(n?)
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SORTING /2

Selection and insertion sort

» Worst case running time ©(n?)
» Both are in place sorting algorithms
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SORTING /2

Selection and insertion sort

» Worst case running time ©(n?)
» Both are in place sorting algorithms

Other sorting algorithms

» Merge sort
» Worst case ©(nlgn), requires extra memory
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SORTING /2

Selection and insertion sort

» Worst case running time ©(n?)
» Both are in place sorting algorithms

Other sorting algorithms

» Merge sort
» Worst case ©(nlgn), requires extra memory
» Heap sort
» Worst case ©(nlgn), in place sorting algorithm
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SORTING /2

Selection and insertion sort

» Worst case running time ©(n?)
» Both are in place sorting algorithms

Other sorting algorithms

» Merge sort
» Worst case ©(nlgn), requires extra memory
» Heap sort
» Worst case ©(nlgn), in place sorting algorithm
» Quick sort
> Average case G)(n lgn), worst case O(n?), in place ﬁ{”‘{( d{?

- T
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TABLE OF CONTENTS — SL.04

1. Heap sort
Trees and heaps
Heapify
Building a heap
Heap sort algorithm
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HEAP SORT

Basic intuition

» Sketch of the selection sort algorithm

fori=1tondo
find smallest element in A[i...n];
swap smallest element with A[i];
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HEAP SORT

Basic intuition

» Sketch of the selection sort algorithm

=rfori=1tondo v
=find smallest element in Afi...n]; — < [j
tswap smallest element with A[i], — =

— — . >

> Line 2 takes ©(n), line 3 takes O(1): ©(n?) in total
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HEAP SORT

Basic intuition

» Sketch of the selection sort algorithm

fori=1tondo
find smallest element in A[i...n];
swap smallest element with A[i];

» Line 2 takes ©(n), line 3 takes O(1): ©(n?) in total
» Idea for improvement: smart data structure to
» accomplish the task of lines 2 and 3 in ©(1) —

» maintain the data structure in time O(lgn) ==
» obtain a total running time of O(nlgn)
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Binary trees/1
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TREES AND HEAPS/1

Binary trees/1

» Each node may have a left or a
right child
a » 3 and 1 have no left child
» 6 is the right child of 3
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TREES AND HEAPS/1

Binary trees/1
» Each node may have a left or a
right child
@ » 3 and 1 have no left child
» 6 is the right child of 3
e a » Each node has at most one
parent

e c e » The parent of 7 is 9



Heap sort Quick sort
0O@000000000OO00O0O0OOOOOOOOOO00 0000000000000 000000000
: :

TREES AND HEAPS/1

Binary trees/1

» Each node may have a left or a
right child
» 3and 1 have no left child
» 6 is the right child of 3
» Each node has at most one
parent
» The parent of 7 is 9
» The root has no parent
» 9 is the root of the tree
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TREES AND HEAPS/1

Binary trees/1

» Each node may have a left or a
right child

» 3 and 1 have no left child
» 6 is the right child of 3
» Each node has at most one
parent
» The parent of 7 is 9
» The root has no parent
> 9 is the root of the tree
» A leaf has no children
» 6,4, and 8 are leaves
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TREES AND HEAPS/2

Binary trees/2
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TREES AND HEAPS/2

Binary trees/2

» The depth (level) of a node x is
the length of the path from the
rootto x

» The depth (level) of 1 is 2
» The depth of 9is 0
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TREES AND HEAPS/2

Binary trees/2

» The depth (level) of a node x is
the length of the path from the
root to x

» The depth (level) of 1 is 2
» The depth of 9is 0

» The height of a node z is the
length of the longest path from
x to a leaf

» The height of 7 is 2
» The height of 9is 3
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Quick sort

0000000000000 0O00000000

TREES AND HEAPS/2

Binary trees/2

The depth (level) of a node x is
the length of the path from the
root to x

» The depth (level) of 1 is 2

» The depth of 9is 0
The height of a node z is the
length of the longest path from
x to a leaf

» The height of 7 is 2
» The height of 9is 3

» The height of a tree is the height

of its root
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TREES AND HEAPS/ 3

Binary trees/3
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TREES AND HEAPS/ 3

Binary trees/3

» The right subtree of a node z is the
tree rooted at the right child of =
» The right subtree of 9 includes all
blue nodes and connecting edges
» The root of the right subtree of 9is 7
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TREES AND HEAPS/ 3

“ o Gwhfm\ 4 SEPCN

Binary trees/3 //

» The right subtree of a node z is the
@ tree rooted at the right child of «

» The right subtree of 9 includes all

e a blue nodes and connecting edges
» The root of the right subtree of 9is 7

» The left subtree of a node z is the tree
a c @ rooted at the left child of =
» The left subtree of 9 includes all
e red nodes and connecting edges

» The root of the left subtree of 9is 3
» There is no left subtree of 3
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TREES AND HEAPS/4

Complete trees

»> A complete binary tree is a binary tree where

» all the leaves have the same depth
» all internal nodes have two children
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TREES AND HEAPS/4

Complete trees

»> A complete binary tree is a binary tree where

» all the leaves have the same depth
» all internal nodes have two children

> A nearly complete binary tree is a binary tree where

» all levels of non-maximal depth d are full (have 2¢ nodes)
» all the leaves with maximal depth are as far left as possible
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TREES AND HEAPS/4

Complete trees

»> A complete binary tree is a binary tree where

» all the leaves have the same depth
» all internal nodes have two children

> A nearly complete binary tree is a binary tree where

» all levels of non-maximal depth d are full (have 2¢ nodes)
» all the leaves with maximal depth are as far left as possible

Definition of heap

» A binary tree is a (binary) heap if and only if
> it is a nearly complete binary tree and, furthermore,
» each node is greater than or equal to all its children —
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EXERCISE SL04-1

Construct a cgmg]_em_bm@dx_%, a nearly complete binary tree,
and a heap with the same nodes as T'.

cx1 s web e
e fe?ux.:.jsg ZX'—/T u\o—/{‘\’

(3] (7) RC R
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Heaps and arrays 2 la ¢ \e
\ Heaps and arrays aIre closely related: Con Soesealed
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8 9 10
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TREES AND HEAPS/5

Heaps and arrays are closely related:

node‘@:‘@ ‘ w ‘@\ 0] 2 ‘

ind/lev. 1/0 2/1 3/1 4/2 5/2 6/2 7/2 8/3 9/3 10/3
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TREES AND HEAPS/6

Fundamental properties

» Let i be anode index.

» Heap property: Alparent(i)] > Ali]
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TREES AND HEAPS/6

Fundamental properties

» Let i be a node index.

» Heap property: Alparent(i)] > Ali]

» A binary heap can be efficiently stored as an array
» Because it is a nearly complete binary tree
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Quick sort

0000000000000 0O00000000

TREES AND HEAPS/6

Fundamental properties

» Let i be anode index.

» Heap property: Alparent(i)] > Ali]

N
o

Cc

» A binary heap can be efficiently stored as an array
» Because it is a nearly complete binary tree

» Finding parent, left child, and right child:

7

?—
Cotl

Algo: Parent(i)
return |i/2];

—

Algo: Left(i)

return 2%i;

Algo: Right(i)

return 2*i+1;
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EXERCISE SL04-2

Assume a heap where all elements are distinct. What is the
minimum and maximum number of elements in a heap of
height h? Where in a MaxHeap might the smallest element be?

fo\*’ @,/i\@ /{} fé\f\@

— o o] elonels 2 (2?:9‘) IL‘Z;?;“+I

Lo+l =<

et o e 2T
— SM@:\ES\: E\P‘H ) -‘Ef{ =S l‘fﬁ%
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TREES AND HEAPS/7

» A heap where the largest element is at the root is a
» Used for sorting arrays
» Max-heap property: A[parent(i)] > A[i]

» A heap where the smallest element is at the root is a
» Used for priority queues
» Min-heap property: A[parent(i)] < Ali]

» A binary heap can be exploited for sorting arrays

» Because of the organization of the da
> Basic operationsheapify, bdild_hea;j
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HEAPIFY/1

» Input: index i in array A, number s of heap elements



Heap sort Quick sort
000000000000 00000000000000000 0000000000000 000000000
: :

HEAPIFY/1

» Input: index i in array A, number s of heap elements

» Binary trees rooted at 1eft(7) and right(¢) are binary
heaps
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HEAPIFY/1

» Input: index i in array A, number s of heap elements

» Binary trees rooted at 1eft(7) and right(¢) are binary
heaps

» A[i] may be smaller than its children, thus violating the
heap property
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i

HEAPIFY/1 _ N 3 lesply
G \ 7
o= - .

Input: index i in array 4, number s of heap elements

\4

» Binary trees rooted at 1eft(7) and right(¢) are binary
heaps

» A[i] may be smaller than its children, thus violating the
heap property

» heapify(4, i, s) transforms the binary tree rooted at ¢ into
a binary heap
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| 0000000000 0®000000000000000000 0000000000000 000000000 |
HEAPIFY/1
» Input: index i in array A, number s of heap elements

» Binary trees rooted at 1eft(7) and right(¢) are binary
heaps

» A[i] may be smaller than its children, thus violating the
heap property

» heapify(4, i, s) transforms the binary tree rooted at ¢ into
a binary heap

» Strategy: move A[i] down the heap until the heap property
is satisfied again
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HEAPIFY /2
S (7% c‘e M etk
The algorithm
Algo: Heapify(A,i,é)
—m=i; N 'l
1= Lefi(); («:Dl huld R3S {g [ oo s

—_T = ; /
1< A A=Al thenm = T; 7%}0
—+if r<s A Alr]>A[m] then m =r;
—_Lif i#m then
_|_| exchange A[i] and A[m];
LHeapify(A,m,s) ;
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HEAPIFY/3

An example/1
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HEAPIFY/3

An example/1

8 9 10

node [ 6[0|5]9[4][1][3]7[8]2]

indexli&?&/ﬁ5678910
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HEAPIFY /4

An example/2
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HEAPIFY /4

An example/2

8 9 10

node [ 6[9|5]0[4][1][3]7[8]2]
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HEAPIFY /5

An example/3
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HEAPIFY/5

An example/3

8 9 10

node [ 6[9|5[8[4][1][3]7]0] 2]
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HEAPIFY/6

Running time

» The running time of heapify on a subtree of size n rooted
at ¢ includes time to
> determine relationship between elements: ©(1) ~—
» run heapify on a subtree rooted at one of i’s children
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HEAPIFY/6

Running time

» The running time of heapify on a subtree of size n rooted
at 7 includes time to

> determine relationship between elements: ©(1)
» run heapify on a subtree rooted at one of i’s children
» 2n/3 is the worst case size of the subtree (half filled bottom
level) and thus -

\ T(n) < T(2n)3) + e(lﬂ.e. T(n) = O(lgn)
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EXERCISE SL04-3

Explain the derivation of the worst case running time of
Heapify (size of tree as well as he1ght of tree). u

1A K

z‘“

G
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BUILDING A HEAP/1

Build a heap

» Convert an array A with n elements into a heap

» Note that the elements in A[|n/2] + 1...n] are 1-element
heaps
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BUILDING A HEAP/1

Build a heap

» Convert an array A with n elements into a heap
» Note that the elements in A[|n/2] + 1...n] are 1-element

heaps
ook le
The algorithm Jo crj(

Algo: Bui/ld)viéap(A},)/

fori= [n/2] to 1 do Heapify(A,in);
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BUILDING A HEAP/S8

An example/1
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BUILDING A HEAP/S8

An example/1

node [6[0|5]9]4][1][3]7][8]2
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BUILDING A HEAP/3

An example/2
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BUILDING A HEAP/3

An example/2

8 9 10

node [6[9|5[8[4][1][3]7]0]2
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BUILDING A HEAP/4

An example/3




OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

BUILDING A HEAP/4

An example/3 /
0

8 9 10

node [9[8|5]7[4]1][3]6]0] 2]
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BUILDING A HEAP/5

Correctness

» Loop invariant: all trees rooted at m > i are heaps
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BUILDING A HEAP/5

Correctness

» Loop invariant: all trees rooted at m > i are heaps

Running time/1

» There are O(n) calls to heapify and so T'(n) = O(nlgn)
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BUILDING A HEAP/5

Correctness

» Loop invariant: all trees rooted at m > i are heaps

Running time/1

» There are O(n) calls to heapify and so T'(n) = O(nlgn)

» Not an asymptotically tight bound — but good enough for
an overall O(nlgn) bound for heap sort
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BUILDING A HEAP/5 “¢ ( /a 0
/i >\: an Dr/a =<
Correctness ‘E 1 %

» Loop invariant: all trees rooted at m > i are hea

Running time/1

» There are O(n) calls to heapify and so T'(n) = O(nlgn)
» Not an asymptotically tight bound — but good enough for
an overall O(nlgn) bound for heap sort

» Intuition for tight bound: time for heapify to run at a node
i varies with the height of ¢

» An n-element binary he s height Ign
» The heap has at most{n/2"*+'] nodes of height h | ~
» The cost for one call of heapity is O(h)
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BUILDING A HEAP/6

Running time /2

( » Note: (332, ka* =k {K] < 4

> Thus: S0 k(1/2)0 = 27 s > |
» The asymptotically tight bound:

T(n) = Y127 525 0(h) f\
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BUILDING A HEAP/6

Running time /2
» Note: Y22, kzF = ﬁ
> Thus: 7%, k(1/2)" = 27
» The asymptotically tight bound:

T(n) = Y 55 0(h)
= O(n Zlhgno 2h+1)
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BUILDING A HEAP/6

Running time /2
» Note: Y22, kzF = T2
» Thus: 332 k(1/2)F = % I
» The asymptotically tight bound:
T(n) = Y25 5 O(h)

lgn h
= O(n Z’}%:_() AT

)
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BUILDING A HEAP/6

Running time /2
» Note: Y22, kzF = ﬁ
> Thus: 7%, k(1/2)" = 27
» The asymptotically tight bound:

T(n) = Y 55 0(h)
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HEAP SORT ALGORITHM /1
");-Srct“*- oslar e 1“-’?”‘3(’
The algorithm v ey edea)

Algo: HeapSort(AM S o]

ﬁEM logh eland
-

for@: nto 2 do

exchange Ali] and A[1];
J%— s-1; S~—__ {s«;&x‘-\ QJM——_\J‘

Heapify(A,1,s);

Sﬁsmbs e k»ﬂ /

b€ e s \cgl C[M\Jr
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HEAP SORT ALGORITHM /1

The algorithm

Algo: HeapSort(A,n)

s=n;
BuildHeap(A);
fori=nto2do
exchange Ali] and A[1];
s=s-1;
Heapify(A,1,s);

Y I o
W VY
1S
Running time @ U*W
» Heap sort runs in ti@ +n0(lgn) = O(nlgn)

—
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HEAP SORT ALGORITHM /2

An example/1
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HEAP SORT ALGORITHM /2

An example/1

8 9 10

node |9 [8|7|6[4]1]3]5][0] 2]
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HEAP SORT ALGORITHM/ 3

An example/2
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HEAP SORT ALGORITHM/ 3

An example/2

node [8[6|7|5[4][1]3]2]0] 9]




OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

HEAP SORT ALGORITHM /4

An example/3 Lﬁl e

10
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HEAP SORT ALGORITHM /4

An example/3

G @)
9 10

8

node |7 [6|3|5[4[1]0][2][8]9]
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EXERCISE SL.04-4/1

Run the heap sort algorithm on the array
A=1[5,13,2,25,7,17,20,8, 4].

Show the state of the array after BuildHeap and after three
iterations of the loop in the HeapSport algorithm.

& &
(3 z / \ y
VIO
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TABLE OF CONTENTS — SL.04

2. Quick sort
Partitioning
Performance
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QUICK SORT

Rough idea

» A divide-and-conquer algorithm
» Divide: partition array into two subarrays such that the
items in the lower part < the items in the upper part
» Conquer: recursively sort the two subarrays
» Combine: trivial since sorting is in place
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QUICK SORT

Rough idea

» A divide-and-conquer algorithm
» Divide: partition array into two subarrays such that the
items in the lower part < the items in the upper part
» Conquer: recursively sort the two subarrays '. L
» Combine: trivial since sorting is in place Ol >

Al

The algorithm
Algo: QuickSort(A,Lr) y . \
P Sy L U v A=

== if [<r then
<l Im= LomutoPartition(A,l,r);
QuickSort( ,@;
QuickSort( m+1,r)/

suall sual e eleca\y




Heap sort Quick sort
0000000000000 0O00O0O00O000O00000000 0000000000000 0OO000000
: :

LOMUTO PARTITIONING/ 1 \LD\
Lomuto partitioniag'/ ~ ﬂA\\I S esww

Ailgo: LorWtition(A,l,r) ‘, | 0 Q& ':Q_T__h_t/_

[ )\
CXZA[I‘,‘ A

forj=1Itor-1do
if A[jl<x then

i=1i+1;

exchange A[i] and A[j];
exchange A[i+1] and Alr];
returni+1;
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LOMUTO PARTITIONING /2 =P

e

Lomuto partitioning of [2,7,6, 1, 3, 5, 4]

>i:0,j:1?fﬁ2\7\6\1\3\5\4_{
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LOMUTO PARTITIONING /2

Lomuto partitioning of [2,7,6, 1, 3, 5, 4]

»i=0,j=1 [2]7]6][1]3]5]4]
> i=1j=2 2’@7‘6‘1‘3\5\4‘
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LOMUTO PARTITIONING /2

Lomuto partitioning of [2,7,6, 1, 3, 5, 4]

»i=0,j=1 [2]7]6][1]3]5]4]
>i=1,j=2 [2]7]6]1]3]5]4]
>i=1j=3 \22\72,6\1\3\5\4\
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Quick sort
000®000000000000000000

LOMUTO PARTITIONING /2

Lomuto partitioning of [2,7,6, 1, 3, 5, 4]

»i=0,j=1 [2]7]6][1]3]5]4]
>i=1,j=2 [2]7]6]1]3]5]4]
»i=1j=3 [2]7][6][1][3]5]4]
»i=1,j=4 [2]|7]601]3]5]4]
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LOMUTO PARTITIONING /2

Lomuto partitioning of [2,7,6, 1, 3, 5, 4]

>
| 2

>
4
>

i=0j=1
i=1,j=2
i=1,j=3
i=1,j=4
i=2,j=5
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LOMUTO PARTITIONING /2

Lomuto partitioning of [2,7,6, 1, 3, 5, 4]

> i=0,j=1
> i=1,j=2
> i=1,j=3
> i=1,j=14
> i=2,j="5
> i=3,j=06

[2]7[6[1]3]5]4]
[2]7[6[1]3][5]4]
(2]7[6]1]3]5]4]
[2]7[6]1]3]5]4]
\2\1Mw7\{b\4\
M\1BUTMI5M\




Heap sort

0000000000000 000000O00000000000

Quick sort
000®000000000000000000

LOMUTO PARTITIONING /2

Lomuto partitioning of [2,7,6, 1, 3, 5, 4]

>
| 2

>
4
>
>

| 2

i=0j=1
i=1,j=2
i=1,j=3
i=1,j=4
i=2,j=5
i=3,7=6
i=3,7=6

BHODHBEN
2[7]6]1[3]54]
[ [s]1[3]54]
PEODBEN
[ o] [s]5]4]
2[5 [0 ]5]4]
o]
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LOMUTO PARTITIONING /2

Lomuto partitioning of [2,7,6,1,3,5,4

>
| 2

>
4
>
>

vy

i=0j=1
i=1,j=2
i=1,j=3
i=1,j=4
i=2,j=5
i=3,7=6
i=3,j=6
i=3,j=6

\

o

|

(2[7]6[1[3]5[4) byl
(2]@]6]1]3]5]4]

(2] 7]6]1]3]5]4]

(2] 7]6[@]3]5]4]
12[1]6]7]|3]5]4]
(L] 6]5]4] bayq
Cuaad\ {oge

ﬁ\‘! U@Q~ @k%‘\r‘
) /

R ef

SO [ [ et 4 o
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EXERCISE SL04-5/1

Demonstrate Lomuto partitioning on the arrays
Al =[13,19,9,11,2,6,21] and A2 = [21,19,9,11, 2,6, 13].

R R A I
Atz s B | gy
e a0z ¢ =l =3

S ?[{G 21 =% =6
e o b g el o
1 1 (126 Q (=6 | -
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EXERCISE SL03-5/2
(2 6 I3 [ ¢=G )=l ><=13%

2V 14 ] : ‘

{ai{l% « (1 2 & (3 ¢=0 {:a

|21 @ % (R 6y e :fjg

g | CI]H 2 63|t e
2 j=¢

q (]2 |jee (?
q 2'1 I3 C(;G(? [ =
Mm*” j= 6

I IAE - Y
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EXERCISE SL04-6

Formulate the invariant for the Lomuto partitioning.

L -
paste) lé(£{51‘>|‘>(d1 T IE
(sl of I (o)
-~ AlL.c) e
— Al 1] e 1} or

_ ‘:SM
- ﬂtf] =X cen e&

e ey

G(;: e'( =D /Qf[{-{*ﬂ ;') @‘w‘[\-\j\
ooz il =y Al et s ey
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HOARE PARTITIONING /1

geming N Y o

- A W&“‘\(E'mqh‘v\]

Q(e,.—.n.—..k
Hoare partitioning

Algo: HoarePartition(A,lr)
x=Alr];i=11j=r+1; geuln-] N \*{,\r f"-‘{

wh11e true do / o wsre— (oo
‘ repeat] =j-1 until A[jI<x; elee\

lrepeat i=i+1 until A[i]>x;

if i<j then exchange A[i] and A[j] else return i; \

T

(O@-“ﬁ\%

)
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HOARE PARTITIONING/ 2 =

Hoare partitioning of [6,5,2,7,9,3,0, 4]
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HOARE PARTITIONING /2

Hoare partitioning of [6,5,2,7,9,3,0, 4]
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HOARE PARTITIONING /2

Hoare partitioning of [6,5,2,7,9,3,0, 4]
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Quick sort
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HOARE PARTITIONING /2

Hoare partitioning of [6,5,2,7,9,3,0, 4]
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HOARE PARTITIONING /2

Hoare partitioning of [6,5,2,7,9,3,0, 4]
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EXERCISE SL04-7

Demonstrate Hoare partitioning on the arrays
Al = [13,19, 9 11 ,6,21] and A2 = [21,19,9,11, 2,6, 13].

3 19 9 (I 2 6 &8 429, 126,=>¢
v g g v 2 6N (=77
T

jeba (= + A

B ] o e m, =8 %02

20 % |
S (9 ¢ U e 3 i {:} R
iz 6 g 1 2 @ T R =6

b

ﬁ'?‘*'“v\ 6
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Heap sort
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EXERCISE SL04-8

C
{\-'\U‘-»J'\
Al 1] Ex
o ﬁ[!HFE}-X

{E)u«!xc&lh .
- and

» & Ale. ] _
ce LA rem-cqls Y
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EXERCISE SL04-9
Specify the quick sort algorithm for Hoare partitioning.

Gs (4 ¢, - )
£ L=t tlam
o= teuw (A L )
Qg(ﬂi’{:“’"r’}h
Qe (B ) —
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EXERCISE SL.04-10/1

What happens if
~—1. line 01 HoarePartition: A[r] is changed to A[l]*]
—2. line 05 HoarePartition: ¢ < j is changed to i < j
—3. QSline 01:/ <rischangedtol <

—4. QS line 03: m-1 is changed to m
QS line 04: m is changed to m + 1

Algo: HoarePartition(A,1,r) /[
xX= i=1-1;j=r+1; :

@ — Algo: QiickSort(A 1) ——
whileTrue do go }Eﬁlc ort(A,Lr)

7 repeat =l until Ajj<y; — —pif I</r then

- repeati=it] until A[i|>x; — (nv= HoarePartition(A,1,r);
/\izépzhen QuickSort(A L)), i
| "exchange A[i] and A[j] ] QuickSort(A,m,ry;

/ Lelse T ¢
Z-

L return i
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EXERCISE SL03-10/2 | 2 @t ((1,27,1, 2 )

A Q51571 2) Pl e
?(‘,_'4,3) !
Y < =2
@s(ay 40V | (=% =%
= =
) J
) (=T Ntk o -}
QS (4, 2) ~—A

c:ﬁ/—\@a{\
Qs(m At
B, A1)

A,0
Qs (-1
7/55 M. Béhlen, IfleUZH

Inf I1 2019, SL04



Heap sort Quick sort
0000000000000 0O00O0O00O000O00000000 0000000000000 0Oe0000000
: :

PERFORMANCE/ 1

Worst case

» Occurs when the array is already completely sorted
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PERFORMANCE/ 1

Worst case

» Occurs when the array is already completely sorted

do
» Partitioning produces one subproblem with @ items |\~
and one with 0 elements
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PERFORMANCE/ 1

Worst case

» Occurs when the array is already completely sorted

» Partitioning produces one subproblem with n — 1 items
and one with 0 elements

» If such a partitioning arises at each recursive call then
T(n) = T(n—1) + T(0) +.6(n) = (n—U+@()P
where O(n) is the cost of partitioning the array
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PERFORMANCE/ 1

Worst case

» Occurs when the array is already completely sorted

» Partitioning produces one subproblem with n — 1 items
and one with 0 elements

» If such a partitioning arises at each recursive call then
T(n)=Tn—-1)+T(0)+06(n)=T(n—1)+ 6(n)
where O(n) is the cost of partitioning the array

» Sum of the costs incurred at each level of the recursion
yields an arithmetic series (i.e., Y ;- %)
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PERFORMANCE/ 1

Worst case

» Occurs when the array is already completely sorted

» Partitioning produces one subproblem with n — 1 items
and one with 0 elements

» If such a partitioning arises at each recursive call then
T(n)=Tn—-1)+T(0)+06(n)=T(n—1)+ 6(n)
where O(n) is the cost of partitioning the array

» Sum of the costs incurred at each level of the recursion
yields an arithmetic series (i.e., Y ;- %)

» It thus follows that, in the worst case, T'(n) = ©(n?)
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PERFORMANCE/2

Best case

» Partitioning produces two subproblems of size n/2
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PERFORMANCE/2

Best case

» Partitioning produces two subproblems of size n/2

» If such a partitioning arises at each recursive call then

T(n) =2T(n/2) + O(n) u
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PERFORMANCE/2

Best case

» Partitioning produces two subproblems of size n/2

» If such a partitioning arises at each recursive call then
T(n) =2T(n/2) + 6(n)

» It thus follows that, in the best case, T'(n) = ©(nlgn)
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PERFORMANCE/2

Best case

» Partitioning produces two subproblems of size n/2

» If such a partitioning arises at each recursive call then
T(n) =2T(n/2) + 6(n)

» It thus follows that, in the best case, T'(n) = ©(nlgn)

' Average case/1

» Actually much closer to best case than to worst case
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PERFORMANCE/2

Best case

» Partitioning produces two subproblems of size n/2

» If such a partitioning arises at each recursive call then
T(n) =2T(n/2) + 6(n)

» It thus follows that, in the best case, T'(n) = ©(nlgn)

Average case/1

» Actually much closer to best case than to worst case

» Quick sort’s behavior is determined by the ordering of the
array elements
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PERFORMANCE/2

Best case

» Partitioning produces two subproblems of size n/2

» If such a partitioning arises at each recursive call then
T(n) =2T(n/2) + 6(n)

» It thus follows that, in the best case, T'(n) = ©(nlgn)

Average case/1

» Actually much closer to best case than to worst case

» Quick sort’s behavior is determined by the ordering of the
array elements

» In average, there is a mix of “good” and “bad” splits D
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PERFORMANCE/3

Average case/2

» Assume that “bad” (B) and “good” (G) splits alternate
n
N\ § =

0 n—1 n
N N

2 2 2 2

n—1
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PERFORMANCE/3

Average case/2

» Assume that “bad” (B) and “good” (G) splits alternate

0/ \n—l né'
N N

¥=G(n) =2B(n/2) + ©(n), and
B(n) = G(n—1)+ O(n)
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PERFORMANCE/3

Average case/2

» Assume that “bad” (B) and “good” (G) splits alternate

0/\

n—1 n
AN N
n—1 n=1 n=1 n—1
2 2 2 2
» G(n) =2B(n/2)+ ©(n),and
B(n) =G(n—1)+ 6(n)
» G(n) = n/2) + ©(n)

2B(
2G(n/2 — 1) + ©(n/2) + O(n) |
2G6(n/2 - D+6(m) < 7o (W) + &4
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PERFORMANCE/3

Average case/2

» Assume that “bad” (B) and “good” (G) splits alternate

0/ \n—l n
N N

» G(n) =2B(n/2)+ ©(n),and
B(n)=G(n—1)+06(n)
» G(n) =2B(n/2) 4+ 6(n)
=2G(n/2 —1)+©(n/2) + O(n)
=2G(n/2 —-1)+ 6(n)
» It follows that, on average, T'(n) = ©(nlgn)
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Quick sort
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EXERCISE SL04-11 A= LF& S5, 4,8

Consider an array where all elements are equal. Is this a worst
_—

case, best case or neither for quick sort?

Algo: LomutoPartition(A,Lr)

x=Alr];i=11;
forj=Itor-1do
if A[jI<x then

i=i+1;
exchange Ali] and A[j];

exchange A[i+1] and Al[r];
return i+1;

= (_c:w-h\ktr g Q(Qh-*-»\g e
- ‘}*l@c\_\a'. C/@mrS Y -

Algo: HoarePartition(A,Lr)

x=Alr;i=1-1;j=r+1;
while true do
repeat j = j-1 until A[jgg?;
repeat i = i+1 until A[i1>x;
if i<j then
| exchange Ali] and A[j] ~

else
L return i

a_.('ﬂ {0 ((_QQ’ 1@1 => \iﬁ-aklr cel
dlle => lesh csce
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PERFORMANCE /4

Average case/3

» Underlying assumption: all permutations of the input
numbers are equally likely
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PERFORMANCE /4

Average case/3

» Underlying assumption: all permutations of the input
numbers are equally likely

» Randomized algorithm: partition around random item
(instead of lastitem) -
» Running time is independent of input ordering
» No specific input triggers worst case behavior
» Worst case determined only by output of the
random-number generator
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PERFORMANCE /4

Average case/3

» Underlying assumption: all permutations of the input
numbers are equally likely

» Randomized algorithm: partition around random item
(instead of last item)

» Running time is independent of input ordering

» No specific input triggers worst case behavior

» Worst case determined only by output of the
random-number generator

» Randomization is a general tool to improve algorithms
with bad worst-case but good average-case complexity



Heap sort Quick sort

PERFORMANCE/5 ‘p_?m,e clldily
e
Randomized algorithm ~lole wodkdle
Algo: RandomizedLomutoPartition(A,Lr) el Q,Q
—i=Random(l,r); Al
—+texchange Ali] and A[r]; \HAQ’L Ve

__ | return LomutoParti%ﬁA,l,r); ?mug

Algo: RandomizedQuickSort(A,l,r)

if [<r then
m = RandomizedLomutoPartition(A,l,r);
RandomizedQuickSort(A,1,m-1);
RandomizedQuickSort(A,m+1,r);
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SUMMARY/1

» Nearly complete binary trees )
» Heap data structure v

> Heapsort

» based on heaps
» worst case is n log n

> Quicksort |
> partition based sort algorithm
» popular algorithm —
> very fast on average
» worst case performance is quadratic
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SUMMARY /2

» Comparison of sorting methods.

» Absolute runtime values are not important; always relate
values to each other.

» Relate runtime values to the complexity (nlogn, n?).

» Running time in seconds for n =f 2048 and different sort

orders:
ordered | random | inverse
insertion sort 02771 50.74 | 103.80
selection sort 7818 58341 7346 D)
bubble sort 8018 |_128.84 178.66
heap sort 232 227 2177
quick sort (random pivot) 0.72 1.22 0.76 L




Dynamic data structures ADT: abstract data types

0000000000000 000000O00000000 0000000000000 0000000
: :

3
&
Informatik II

ointers, Abstract Data Types
— SL05 —

Prof. Dr. Michael Bohlen

boehlen@ifi.uzh.ch



Dynamic data structures ADT: abstract data types

90000000000 0000000000000000 0000000000000 0000000
: :

TABLE OF CONTENTS — SL0O5

1. Dynamic data structures
Pointers
Linked lists
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DYNAMIC DATA STRUCTURES/ 1

Arrays as data structures

» Used to store and manipulate collections of items
» Have the advantage that one can directly access items
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DYNAMIC DATA STRUCTURES/ 1

Arrays as data structures

» Used to store and manipulate collections of items
» Have the advantage that one can directly access items
» But there are certain limitations or disadvantages

» Dimension of an array is fixed and cannot be changed

» Occupies an amount of memory that must be determined
before program is run (i.e., can be too large or too small)

» Inserting/removing items may be expensive operations !

s s




ADT: abstract data types

Dynamic data structures
00000000000000000000

00000000000 0000000000000000
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DYNAMIC DATA STRUCTURES/ 1

Arrays as data structures

» Used to store and manipulate collections of items
» Have the advantage that one can directly access items

» But there are certain limitations or disadvantages
» Dimension of an array is fixed and cannot be changed
» Occupies an amount of memory that must be determined
before program is run (i.e., can be too large or too small)
» Inserting/removing items may be expensive operations
possible way out: use of Mc data structures
> Resources are allocated only when they are needed
> Jtems are represented by records/objects whose fields can
st ™ be accessed if one has a pointer to the object
e Change the way in which items are inserted /removed
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DYNAMIC DATA STRUCTURES/2

Linked data structures

» Used to deal with collections of items dynamically
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DYNAMIC DATA STRUCTURES/ 2
cecord (Q\T“‘Lq

wih o QUi f__@r:‘ﬁ

ollections of items dynamically

Linked data structures

» Used to deal wit

» Record contains fields that point to other records
[ [o— [o] lil‘
e

» Linked list: each item points to next item in the list /
» Binary tree: each node points to left & right subtree P{xea{ Sike
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DYNAMIC DATA STRUCTURES/ 2 a  recerek (Q}a._q\\
- hjc\z‘-\ Lo erteiDL%

Linked data structures

(e Yoo |

» Used to deal with collectieits of items dynamicailly

» Record contains fields that point to other records ) /{;{
T

i@ RS A

Qe si2e
» Linked list: each item points to next item in the list
» Binary tree: each node points to left & right subtree

» Storage space of linked data structures (LDS) is not known
in advance

» Depends on the number of items stored in the LDS

» Only known during runtime, i.e. program execution
» Linked data structures can grow and shrink in size
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RECORDS IN C

InC a@is used to group fields:

-
struct rec { :LnE a; irﬂ: b; };

struct rec r; -_—

st mainpy & ot
int main() G{ - ﬁth¥

rpa = 5; r.b = 8;
printf ("Sum a and b is %d\n", r.a + r.b);

}
// gcc —o dummy dummy.c ; ./dummy

\S
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RECURSIVE DATA STRUCTURES

The counterpart of recursive functions are recursively defined

data structures.

. t a r‘r_)
integer \ Qose cose

E le: list of int =9 . . .
xample: ust ol mtegers { integer, list of integer | sec cas®

int value; \ yal kT_uq (T T l

struct list tail;
bi

struct 1list { S — __1 {

There must be a mechanism to constrain the initial storage
space of recursive data structures (it is potentially infinite).
There must be a mechanism to grow and shrink the storage

—_—

space of a recursive data structures during program execution.

?Jh\so%
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Informal definition DQ Téw\us
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» A common technique is to allocate storage space
dynamically

» That means the storage space (memory) is allocated during
runtime
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» A common technique is to allocate storage space
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» That means the storage space (memory) is allocated during
runtime
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dynamic parts



Dynamic data structures ADT: abstract data types

0O0000®000000000000000000000 0000000000000 0000000
: :

POINTERS/ 1

Informal definition
» A common technique is to allocate storage space
dynamically

» That means the storage space (memory) is allocated during
runtime

» Compiler reserves space only for addresses to these
dynamic parts

» These addresses are usually callede;mter%
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/

Memory management

address | content
i| laf783 | 22
p| laf784 | laf78a
r | laf785 33

laf786 | NIL
s| laf787 | 1laf785
laf788 —
la f789 —
laf78a 44

[
(Ak>/tAMﬁ*QHU5
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POINTERS/2

Memory management

address | content
i [1af783 | 22
p| laf784 | laf78a
r | laf785 33
1af786 | NIL
s| laf787 | 1laf785
laf788 —
1af789 —
laf78a 44

» variable i: an integer (22)
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POINTERS/2

Memory management

address | content
i| laf783 | 22
p| laf784 | 1af78a
r | laf785 33
1af786 | NIL
s| laf787 | 1laf785
laf788 —
1af789 —
lafT8a | 44

» variable i: an integer (22)

» variable p: pointer to an
integer (44)
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Memory management

address content » variable i: an integer (22)
i | laf783 | 22 | » variable p: pointer to an
p| laf784 | l&_ﬂ:&d integer (44)
r| 1laf785 33 —\ » variable r: record with 2
1af786 \|_ NIL | components
s| laf787 | 1laf785 » aninteger (33)
1af788 _ » a pointer to NIL
la f789 —
laf78a 44




Dynamic data structures

ADT: abstract data types

0O00000®00000000000000000000 0000000000000 0000000

POINTERS /2
Memory management

address | content » variable i: an integer (22)

i | 1af783 22 » variable p: pointer to an

p| laf784 _1af 78a integer (44)

r| 1af785 |33 ] » variable r: record with 2
1a f786 \ AI_L_J components

s | 1laf787 (_lea' > an integer (33)
Laf788 _ » apointer to NIL
laf789 — » variable s: pointer to the
laf78a 44 record r
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What is the difference between an address and a pointer?
= - T

~Sonles = cdrets .
( \es « ﬁ/ﬁ&



Dynamic data structures ADT: abstract data types
000000008000000000000000000 00000000000000000000
| |

POINTERS/ 3

Alternative presentation

address | content
i [ 1af783 ] 22
p| laf784 | laf78a
r | laf785 33

laf786 | NIL
s | 1laf787 | 1af785

laf788 —

la f789 —

laf78a 44
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POINTERS/ 3

Alternative presentation

address | content
i [ 1af783 ] 22
p| laf784 | laf78a
r | laf785 33
1af786 | NIL
s | 1laf787 | 1af785
laf788 —
1af789 —
laf78a 44

a( weg S W ok
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Concluding remarks

» Pointers are not the only way to implement dynamic data
structures
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Concluding remarks

» Pointers are not the only way to implement dynamic data
structures

» The programmer does not have to be aware of their
existence
» Indeed, in Java objects are implemented with pointers
» Creation of objects (i.e. new) allocates storage space
» Accessing an object is done by following the pointer
» Deallocation is done by so called garbage collector
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POINTERS/ 4

Concluding remarks

» Pointers are not the only way to implement dynamic data
structures

» The programmer does not have to be aware of their
existence

» Indeed, in Java objects are implemented with pointers
» Creation of objects (i.e. new) allocates storage space

» Accessing an object is done by following the pointer
» Deallocation is done by so called garbage collector

» Certain programming languages (such as C) require that
the storage space is managed explicitly
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POINTERSIN C/1

Of“’{“f‘:}__‘f’_‘“:_&i\“f ‘.

» To follow (chase, dereference) a pointer we write *p
*p = 12

» To get the address of a variable i we write &1
p = &i

» To allocate memory we use malloc(sizeof(Type))
p = Enalloc (s%zeof (int))

—_—

» To free storage space pointed to by a pointer p we use free
free (p)
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POINTERSIN C/2

C‘XECQC‘-’_“’—\;U“”“— «Q{ Tc:;fnkmﬁ .

» To declare a pointer to type T we write T*
intx p
» Note that * is used for two purposes:
» Declaring a pointer variable

intx p
» Following a pointer
*p = 15 m

In other languages these are syntactically different.



Dynamic data structures
000000000000800000000000000

ADT: abstract data types
0000000000000 0000000

POINTERS IN C/3

int i
—{ 1 = 23

intx p
- lp = malloc(sizeof (int))
*p = 55

struct rec r
rec.a = 17
24

rec.b

struct recx s;
s = &r

\S

content

—
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EXERCISE SL05-2

Determine the output of the following

py@ —]

int 1, Jj, *p, *g;

i = 10; o
p = &3J;

g = malloc (sizeof (int));
*q = 1i;

(-

|

=
~

printf("sd %d %d %d", i, 3,

c el =]

*Br

el

*d) ;

3
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LINKED LISTS/ 1

> A list of integer: rootr—@—' H

» Notational convention:

oo
Use —{v)—~ instead of
» Corresponding declaration in C:

r

struct node {
i_n_t val;
struct nod@_ic_ next;

}

struct nodex root;
S

» Accessing a field@or more convenient p—>a
- P e
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0000000000000 00e00000000000

LINKED LISTS/2
Populating a list with integers:

f

—f root = malloc (sizeof (struct node)); oot
root->val = 88; (=t '23@5
root—>next = malloc (sizeof (struct node));

™

l
p = root—->next; POUL W S
p>val = 52; f}%l@“{_m T

p—>next = malloc (sizeof (struct node));

-

Y

Hb C—h““’lr\i_(_"’ E’l

P = p—->next;
p—>val = 12;

p—>next = NULL;
\S

!
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LINKED LISTS/ 3

Print all elements of a ligt (list traversal):

Y

v

T"""‘\.‘____.

p:

P
}

root;

= p—>next

printf ("\n");

while (p != NULL) {
printf ("%d, ",

p—->val);

\S
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EXERCISE SL05-3

Count the occurrences of an integer x in a linked list.

e e

ek = 0,
p= sor

w[@lfH([\:f:MM\ q
1 (gt ==x) el
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LINKED LISTS/4 ——= i
=S,

-

Inserting 43 at the beginnrir/lg of a list: i

100t — N

\
\
p = malloc (sizeof (struct node)); =—
p—>val = 43
p—>next = root;

root = p;

/
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EXERCISE SL05-4
Give C code that appends linked list 11 to linked list 12.

U =@ E .
0z, —-=C > =)
2~ TG —~C~@—

Q_'l "ﬁb/(g)'—j(}"\ \(Q C lZ:: (UD(LL,.F) 62:: e{

elce
wlle (?—:’WL %(?E(UU[_L) ?;raml'

?-J)w%\i‘: []

L=t

Inf I1 2019, SLO5 21/48 M. Bohlen, Ifl@eUZH
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LINKED LISTS/5

Insert 43 at the end of a list: root —)’—)‘ﬂ (/§ ﬁ

s

if (root == NULL)

root =
root—->val
root—->next

} else {
(@_;_;Bo£;
while (qf>2§§t
. g—>next

"( g->next->val

g->next->next

43;

{

NULL;

1

1= NULL)

NULL;

“1_4

malloc (sizeof (struct node));

malloc(s1zeof(st
43;

rooL1

\S
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LINKED LISTS/ 6

!

1
v

q
1

Insert 43 at the end of a list: root @ \Q
¥3

Explain the following code fragment:
whlle

ot;
(3 =
q = malloc(

g->val = 43;
NULL;

NULL) { gq =

g->next =

g—->next;
51zeof(struct node) ) ;
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LINKED LISTS/7

— (> 0

Delete element x from a non-empty listzfﬁago—‘ﬁ |

root;
(p—>val == x) {
root p—>next;

free (p);

(p—>next
p->next->val
p—>next;
L flpoed> m)(
tmp p—>next;
tmp—->next

p—>next
—

free (tmp) ; 2

P
if

~+

NULL &&

,
took ‘—\OL—"? é‘r'%;or_l

-l ff}%;(}v CH

r

1= x) { A

FF

—
T——

foot **>(3%~*>§3>"

>/
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EXERCISE SL05-5 ea =X )—>Q, (8
~1
Write C code to delete a linked list. 71 / A
p= f.i“t‘ ) ? QF —_—
el s ) =
1= p
'i) = ri)“"_)

__Pealq) ok ol [t wrkt D
C__LL | (p# AUL )
o) ( p2 weh) |
P ()

Inf I1 2019, SLO5 25/48 M. Béhlen, IfleUZH
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LINKED LISTS/ 8

Cost of linked list operations:
» Insertion at beginning: O(1)
» Insert atend: O(n) | o
» isEmpty: O(1)
» Delete: O(n)
» Print: O(n)
1 The code fragments for working with the linked list access the
list through global variable root.
» Thus, there can be at most one linked list.

» The code does not allow us to define and use multiple
linked lists (see ADTs for a solution)
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DOUBLY LINKED LISTS o wesre fhen P"“\”
ja wse T—;“\Rﬂ d.ﬂu»&{j

Variants of linked lists —

» Lists with explicit tail
» Do have an extra pointer to the last item of the list
» No need to scan the entire list if an operation applies only
to the last item
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DOUBLY LINKED LISTS

Variants of linked lists

» Lists with explicit tail

» Do have an extra pointer to the last item of the list
» No need to scan the entire list if an operation applies only
to the last item

» Doubly linked list

» Each node has a field with a pointer to the previous node of
the linked list

» Provides means to quickly navigate forth and back in the
linked list
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By rook —
EXERCISE SL05-6.CL e
Define a doubly linked list and a binary tree in C. Wor L‘J>

differences and similarities between a binary tree and a dou

linked list? N 0 " y
. ‘,_‘ : & ( ey e R
ok el § T

1 sl ;

b vl Sl ke (R
otk woden and el ek ity
Uack ekt vy ‘1{

|

Sbvt)f‘ umit'f Lv-‘-uq. N
| oowch wetn st J wse @} pmes Ml
) Vs ety sl by ou

%\»....,.lc.d
Inf 11 2019, SLO5 28/48 M. Béhlen, Ifl@UZH
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2. ADT: abstract data types
Stacks

Queues
Ordered lists
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ABSTRACT DATA TYPES/ 1

Informal definition

» An abstract data type is a mathematical model that defines
a data type by its behavior from the point of view of a user

(in terms of possible values, possible operations, and the
behavior of operations).
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Informal definition

» An abstract data type is a mathematical model that defines
a data type by its behavior from the point of view of a user
(in terms of possible values, possible operations, and the
behavior of operations).

» Itis equipped with a specific interface, i.e., a collection of
signatures for the operations that can be invoked on an
instance
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ABSTRACT DATA TYPES/ 1

Informal definition

» An abstract data type is a mathematical model that defines
a data type by its behavior from the point of view of a user
(in terms of possible values, possible operations, and the
behavior of operations).

» Itis equipped with a specific interface, i.e., a collection of
signatures for the operations that can be invoked on an
instance

» Furthermore, it is equipped with a set of axioms (pre- and
postconditions) that define the semantics of each operation
(i.e. what the operations do to instances of the ADT, but
not how)
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Why abstract data types?

» Give a language to talk on a higher level of abstraction
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Why abstract data types?

» Give a language to talk on a higher level of abstraction

» Encapsulate both data structures and algorithms that
implement them
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ABSTRACT DATA TYPES/2

Why abstract data types?

» Give a language to talk on a higher level of abstraction

» Encapsulate both data structures and algorithms that
implement them

» Allow one to break work into pieces that can be seen as
independent — without compromising correctness

P Serve as specification of requirements for the building
blocks of solutions to algorithmic problems
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ABSTRACT DATA TYPES/2

Why abstract data types?

» Give a language to talk on a higher level of abstraction

» Encapsulate both data structures and algorithms that
implement them
» Allow one to break work into pieces that can be seen as
independent — without compromising correctness
P Serve as specification of requirements for the building
blocks of solutions to algorithmic problems
» Provide means to separate the concerns of correctness and
performance analysis
» Design the algorithm using an ADT
» Count the number of ADT operations
» Choose implementation of operations
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» ADT = instance variables + procedures
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» ADT = instance variables + procedures

» Class = instance variables + methods

Some popular examples
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» LIFO vs. FIFO principle
» Priority queues
» Another application of heaps
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ABSTRACT DATA TYPES/3

Similarity with OO-paradigm

» ADT = instance variables + procedures

» Class = instance variables + methods

Some popular examples

» Stacks & queues
» LIFO vs. FIFO principle
» Priority queues
» Another application of heaps
» Ordered lists
» Linked lists where items are ordered according to a key
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Properties of stacks

(8] [ K
Qo ’

» In a stack, insertion and deletion follow the last-in,
first-out (LIFO) principle
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Properties of stacks

» In a stack, insertion and deletion follow the last-in,
tirst-out (LIFO) principle
» Hence, the item that has been in the stack for the shortest
time is deleted first
» Example: elimination of recursion
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STACKS/1

Properties of stacks

» In a stack, insertion and deletion follow the last-in,
first-out (LIFO) principle
» Hence, the item that has been in the stack for the shortest
time is deleted first
» Example: elimination of recursion
» Implemented by a data structure where items are
> inserted at the end /=gimng (push) mseh & dalele ol
» removed from the end Asegiraring (pop) Ga—t a—A
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STACKS/1

Properties of stacks

» In a stack, insertion and deletion follow the last-in,
tirst-out (LIFO) principle
» Hence, the item that has been in the stack for the shortest
time is deleted first
» Example: elimination of recursion
» Implemented by a data structure where items are
» inserted at the end/beginning (push)
» removed from the end/beginning (pop)
» Appropriate data structures for their implementation
> grrags (end) or singly linked lists (beginning)
We design a solution for a single stack (i.e., stack is implicit; not
a parameter in operations)
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STACKS/2

Array implementation

» Inserting and removing items from a stack

Algo: push(x)

S[t] =x;
t=t+1;
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STACKS/2

Array implementation

» Inserting and removing items from a stack

Algo: push(x) Algo: pop()
S[t] = x; t=1t1;
t=t+1; return S[t];
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STACKS/2

Array implementation

» Inserting and removing items from a stack

Algo: push(x) Algo: pop()
S[t] = x; t=1t1;
t=t+1; return S[t];

» The stack is implemented by an array S[1..n] of length n
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STACKS/2

Array implementation

» Inserting and removing items from a stack

Algo: push(x) Algo: pop()
S[t] = x; t=1t1;
t=t+1; return S[t];

» The stack is implemented by an array S[1..n] of length n

» The variable ¢ functions as pointer to top of the stack

» Sandt are global variables.
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STACKS/2

Array implementation

» Inserting and removing items from a stack

Algo: push(x) Algo: pop()
S[t] = x; t=1t1;
t=t+1; return S[t];

» The stack is implemented by an array S[1..n] of length n

» The variable ¢ functions as pointer to top of the stack

» Sandt are global variables.
» Notice that if t = 1 then the stack is actually empty
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STACKS/2

Array implementation

» Inserting and removing items from a stack

gl

_-hl«\s L

1

@d N% ?{ﬂ_

Q,\E.\-—-‘-*\;k

Algo: push(x) Algo: pop()
— | S[tl =x; t=t1
t=t+1; return S[t];

» The stack is implemented by an array S[1..n] of length n

» The variable ¢ functions as pointer to top of the stack

» Sandt are global variables.
» Notice that if t = 1 then the stack is actually empty
» Error checking for under/overflow has been omitted
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A simple example

» Stack S containing 3 items (¢ = 4) S = n |-
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STACKS/3

A simple example

» Stack S containing 3 items (¢ = 4) S = n T
+
» Stack S after 2 x pop () (t = 2) S =
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STACKS/3

A simple example
» Stack S containing 3 items (¢ = 4) S = ﬂ e
» Stack S after 2 x pop () (t = 2)

» Stack S after push (5) (t = 3)
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STACKS/3

A simple example
» Stack S containing 3 items (¢ = 4) S = ﬂ e
» Stack S after 2 x pop () (t = 2)
» Stack S after push (5) (t = 3)

» Stack S after 2 x pop () (t = 1)
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<

» In a queue, insertion and deletion follow the‘ first-in,
first-out (FIFO) principle
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QUEUES/ 1

Properties of queues

» In a queue, insertion and deletion follow the first-in,
tirst-out (FIFO) principle
» Hence, the item that has been in the queue for the longest
time is deleted first
» Example: managing jobs of a printer
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QUEUES/ 1

Properties of queues

» In a queue, insertion and deletion follow the first-in,
first-out (FIFO) principle
» Hence, the item that has been in the queue for the longest
time is deleted first
» Example: managing jobs of a printer
» Implemented by a data structure where items are

> inserted at the end feegizsing (enqueue)
» removed from the beginninge=d (dequeue)
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QUEUES/ 1

Properties of queues

» In a queue, insertion and deletion follow the first-in,
first-out (FIFO) principle
» Hence, the item that has been in the queue for the longest
time is deleted first
» Example: managing jobs of a printer
» Implemented by a data structure where items are
» inserted at the end/beginning (enqueue) ol
» removed from the beginning/end (dequeue)
» Appropriate data structures for their implementation
» arrays or singly linked lists with an cixplicit ta]&l
R leTel T 1 [
We design a solution for a single queue (i.e., queue is implicit;

not a parameter in operations) © A “-1
b ) -\

o
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Array implementation

» Inserting and removing items from a queue

Algo: enqueue(x)
Qlt] =x;

t=t+1 mod n;




Dynamic data structures ADT: abstract data types

0000000000000 000000O00000000 0O0000000e00000000000
: :

QUEUES/2

Array implementation

» Inserting and removing items from a queue

Algo: enqueue(x) Algo: dequeue()
—Qltl=x; i=h;
t =t+1 mod n; —h =h+1 mod n;
return Qli];
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QUEUES/2

Array implementation

» Inserting and removing items from a queue

Algo: enqueue(x) Algo: dequeue()

Qlt] =x; i=h;

t=t+1 mod n; h=h+1 modn;
return QJi];

» The queue is implemented by an array Q[0..n — 1] of length
n used in circular fashion
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QUEUES/2

Array implementation

» Inserting and removing items from a queue

Algo: enqueue(x)
Qlt] =x;

t=t+1 mod n;

Algo: dequeue()

i=h;
h=h+1 modn;
return QJi];

» The queue is implemented by an array Q[0..n — 1] of length

n used in circular fashion

» Variables h and ¢ function as pointers to head and tail of

the queue



Dynamic data structures ADT: abstract data types

0000000000000 000000O00000000 0O0000000e00000000000
: :

QUEUES/2

Array implementation

» Inserting and removing items from a queue

Algo: enqueue(x) Algo: dequeue()

Qlt] =x; i=h;

t=t+1 mod n; h=h+1 modn;
return QJi];

» The queue is implemented by an array Q[0..n — 1] of length
n used in circular fashion

» Variables h and ¢ function as pointers to head and tail of
the queue

» Notice that if h = ¢ then the queue is actually empty
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h T
QUEUES/3 ‘I TOl R

A simple example

» Queue @ containing 3items (h =n —2,t = 1)

Q=] [GE)
t W
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QUEUES/3

A simple example

» Queue @ containing 3items (h =n —2,t = 1)
Q=[4]0[ [3]8]

» Queue Q after 2 x dequeue () (h=0,t=1)
o= (@ T5]5]
h

0
T—
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QUEUES/3

A simple example

» Queue @ containing 3items (h =n —2,t = 1)
Q=[4]0[ [3]8]

» Queue Q after 2 x dequeue () (h=0,t=1)
Q=|4]0] [3]8]

» Queue Q after enqueue (5) (h =0,t = 2)

@ - [@EL_[3]5]
.

-l.
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QUEUES/3 N o ‘
E gt (01O (O] leXlellelle)
F

A simple example

» Queue @ containing 3items (h =n —2,t = 1)
Q=[4]0[ [3]8]

» Queue Q after 2 x dequeue () (h=0,t=1)
Q=|4]0] [3]8]

» Queue Q after enqueue (5) (h =0,t = 2)
Q=[4]5][3]8]

» Queue Q@ after 2 x dequeue () (h =t = 2)
Q=[4]5]1-]3]s8
W

!

_-t_.
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ORDERED LISTS/ 1

» In an ordered list elemenst are ordered according to a key.

» We design a solution for multiple ordered queues (i.e.,
ordered queue is an explicit parameter in operations).

» Example functions on ordered list:
> §E;ug§_q9dg;i/init()

bool isEmpty (struct nodex* 1)

int first (struct nodex* 1)

int last (struct nodexx 1)

void print (struct nodexx 1)

vV vy vy Vvyy

void insert (struct nodexx 1, int x)
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ORDERED LISTS/2

Definition of data structure in library (we do not define a global
instance variable root):

struct node {
int val;
struct nodex next;

}i

Definition of instances of ordered lists in application programs:

struct nodex rootl; 4,
. 2 . -
struct noo}li*,r root2; riﬁﬁ}*"%ﬂ

% {
\\R____fﬂ#/QD
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call: bodh wo I
ORDERED LISTS/3 all: Shudh volegr Tl
Initialization of an ordered list: vl = ) ;
( ol
struct nodexx init () { -
struct node =*%1; ‘_:%"3(__-“4

1 = malloc (sizeof (strdct nodexx));
x1 = NULL; N
return 1; 1

} -

/
Retrieving the 1st ¢lement of an ordered list (-1 if list is empty):

\S

int first(s}ﬁuct node*x* 1) { Cf}_[_‘: <= @;ﬁ(i‘l}
if (+1 f_z_lﬂJLL) return -1;

else return (x1)->val; L
} R RGeSO}

L
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ORDERED LISTS /4 call: ased s
Insertion into an ordered list:
rvoid insert (struct nogg** , int x) {

struct nodex p;
struct nodex g;

——=3if (x1 == NULL || (1)
.——p =
p—>val = x;
p—>next = *1;
*1 = p;
} else {

%...

r’
/

->val > x)
malloc (sizeof (struct node));

LIE>EFEo Tt

/>

P

{
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ORDERED LISTS/5

Insertion into an ordered list (cnt’d):

}} oA N

S

;Jewo
S
ny

=Nl

p = x1; ST\
while (p->next != NULL && T—>)5/4 -
p—>next->val < x) p = p—->next;
g = malloc (sizeof (struct node));
g->val = x;
— g—>next = p->next;
p—>next = qg; ]

W

) S

[+

;
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EXERCISE SL05-7/1 \ st (8, 2 ) f
A first possibility to systematically deal with a changing root of
a dynamic data structure is to use a(sentinel (dEmmy element).

Illustrate a sentinel for a list with zero, one and two elements.

DU A

=g
=l
L (F=(stlah-

Q .(_Q.lt.-anf? E“U
1"\%‘( \}%\—L (;{ \‘5 UG LM-“* 7

R v
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EXERCISE SL05-7/2

A second possibility to systematically deal with a changing
root of a dynamic data structure is to use a a pointer to a
pointer at the beginning of the list. Illustrate a list with a
pointer to a pointer for zero, one and two elements.

[ =T

=G = SNCOR
Gt (> Tt
C duayes

A Ceuss ch——rl\,»
-k =
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EXERCISE SL05-7/3

A third possibility to systematically deal with a changing root
of a dynamic data structure is to convert all procedures that
possibly modify the root into functions that return the
modified object. Illustrate the changes (signature and call of
insert operation).
<) u«,mugwt Ried B b ecbured (Ged Lroeuit
¢ h-rcs sse  losh)

e e (s e g Ve ) pm g
cd): ek (9 ?)

§) wtich et D A (A e cheyes o

. . s (m‘;“c)
CJUE»Q% LADJ-Q = \\x%ﬂy\‘ (%‘uu\- ookt ? ; N k) E . P: ,/
C%u-, ,Q__: :-\yu:\,(g_' g) te““ﬂ'—'\ P) 1
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EXERCISE SL05-8/1

Write a C procedure that can be used to increment an integer
value that is passed as a parameter.

=} -
UG\&,I‘/L \L--CC‘(’_\-JU“? ‘l) i R‘j'\ — ‘EF“CS T /r } 2
CQ-[( X:?—) ?.\CCQ,X).
j‘._-_LﬂLCd‘-—-A_k @Clt O’*H\ (PQE’S e CO—F\) d»[ J)—i@g\s (:-3 Lﬂ@kt&ih\a‘x
te cgﬁﬂ\-s e k«ﬂ)
— s = e (uel) te = QQ%K\P (,3\ ceeiliced S
e~ Qrence (ARL) commdh L Sueppd )

i ate = ¢ (SN fo an UQ)‘;QL\‘ (&}cl“\'
snch \fq\& s-ﬂl‘lf'ﬂc-L C s Q—Q c,Q.Ar—«T'-«J{—)

Inf I1 2019, SLO5 47/48 M. Bohlen, Ifl@eUZH
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SUMMARY

» Dynamic data structures are essential since they allow
application to increase and decrease the memory space
they use.

» The basic mechanism to implement dynamic data
structures are pointers and the allocation and deallocation
of memory.

\ » Memory allocation and deallocation is expensive.

» The most important dynamic data structures are lists,
trees, stacks, and queues.

» Abstract data types encapsulate data structures and
algorithms that operate on these data structures.

» They are the foundation of classes with methods.
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Informatik II

Trees, red-black trees
— SL06 —

Prof. Dr. Michael Bohlen
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DICTIONARIES/ 1

Dynamic data structures

» A dictionary D is a dynamic data structure with the
following operations (items have key and data part)

>

>
>

search (D, v): searches for v in D and, eventually, returns
a pointer z such that @ wodils ceasdn
delete (D, x): deletesT ointed to by « from D
insert (D, z): inserts item pointed to by x into D
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DICTIONARIES/ 1 L\gg(« Ll
Tt W

Dynamic data str

» A dictionary D is a dynamic data structure with the
followjrig operations (items have key and data part)

» Search (D, v): searches for v in D and, eventually, returns
a pointer x such that z.key = v

» delete (D, x): deletes item pointed to by = from D

» insert (D, x): inserts item pointed to by « into D

»| Furthermore, one may want to support the following

operations (which require that keys are comparable .
p ( q y P ) e, ki 4

: » minimum (D) and maximum (D) AN e
Q » successor (D, v) and—predecessor (D, v) wo) me,wlﬂ7
secrdhe s St (R ueeh
T T ?LM{QJI
KV SRR V(3 1N
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DICTIONARIES/2

Possible implementations

Y
» Singly linked lists dc’ L‘““jk'\ Q-DL /<
> Insert and delete: ©(1) ~ l; ')')t
» Search, min, max, succ, and pred
» Ordered lists do not provide a real improvement
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DICTIONARIES/2

Possible implementations

» Singly linked lists
> Insert and delete: ©(1)
» Search, min, max, succ, and pred: O(n)
» Ordered lists do not provide a real improvement
» Binary search trees e
» Binary search ﬁg\r c q:‘zt@ ( M']
» Represent search space as a binary tree
» Insert & delete may yield unbalanced search trees
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DICTIONARIES/2

Possible implementations

» Singly linked lists
> Insert and delete: ©(1)
» Search, min, max, succ, and pred: O(n)
» Ordered lists do not provide a real improvement

» Binary search trees
» Binary search: ©(lgn)
» Represent search space as a binary tree
» Insert & delete may yield unbalanced search trees

» Balanced binary trees
. P b \ o

» Cost of operatlons:\@(lgm gmmm\q} 1~ ~ooslh Cese
» Red-black trees as device to keep trees balanced
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BINARY TREES/1

Linked data structure

J
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BINARY TREES/1

Linked data structure

» For each node z there is (we
assume that a node is accessed
e through a pointer to the node)

» 1S key: value of the key

a e (usually an integer value; not

necegsarily unique)
e e a » (z—Lf#: pointer to left child
»(z—rgp: pointer to right child
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BINARY TREES/1

Linked data structure

raot » For each node x there is (we

assume that a node is accessed
through a pointer to the node)

» z—key: value of the key
a e (usually an integer value; not
necessarily unique)
G e a » 2—lft: pointer to left child
» z—rgt: pointer to right child

a » root points to the root of the tree
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BINARY TREES/1

Linked data structure

» For each node z there is (we
assume that a node is accessed
through a pointer to the node)

» z—key: value of the key
(usually an integer value; not
necessarily unique)

» z—lft: pointer to left child

» z—rgt: pointer to right child

» root points to the root of the tree

» For a leaf node p we have
p—lft = p—rgt = NIL
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BINARY TREES/2

Inorder tree walk

» Divide-and-conquer algorithm that visits all the nodes of a
binary tree
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BINARY TREES/2

Inorder tree walk

» Divide-and-conquer algorithm that visits all the nodes of a
binary tree

» Running time of InorderTreeWalk is linear (©(n))
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BINARY TREES/2

Inorder tree walk

» Divide-and-conquer algorithm that visits all the nodes of a
binary tree

» Running time of InorderTreeWalk is linear (©(n))

The algorithm
Algo: InorderTreeWalk(p)

if p#£NIL then _
fnorderTreeWalk(p—>lft); Eﬁs\ s l«Q‘/

VisitNode(p); : o —Soldle
InorderTreeWalk(p->rgt); et \

P a_g e W\‘
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BINARY TREES/3

Example tree walk/1
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BINARY TREES/3

Example tree walk/1

InorderTreeWalk (3)
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BINARY TREES/3

Example tree walk/1

InorderTreeWalk (3)
InorderTreeWalk (1)
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BINARY TREES/3

Example tree walk/1

InorderTreeWalk (3)
e InorderTreeWalk (1)

InorderTreeWalk (NIL)
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BINARY TREES/3

Example tree walk/1

InorderTreeWalk (3)
InorderTreeWalk (1)
InorderTreeWalk (NIL)
VisitNode (1) — print 1
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BINARY TREES/3

Example tree walk/1
InorderTreeWalk (3)
e InorderTreeWalk (1)
InorderTreeWalk (NIL)
VisitNode (1) — print 1
0 e InorderTreeWalk (4)
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BINARY TREES/3

Example tree walk/1
InorderTreeWalk (3)
e InorderTreeWalk (1)
InorderTreeWalk (NIL)
VisitNode (1) — print 1
0 e InorderTreeWalk (4)

e e e InorderTreeWalk (NIL)
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BINARY TREES/3

Example tree walk/1
InorderTreeWalk (3)
e InorderTreeWalk (1)
InorderTreeWalk (NIL)
VisitNode (1) — print 1
0 e InorderTreeWalk (4)

InorderTreeWalk (NIL)
e e a VisitNode (4) — print 4
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BINARY TREES/3

Example tree walk/1

InorderTreeWalk (3)
InorderTreeWalk (1)

InorderTreeWalk (NIL)

VisitNode (1) — print 1

InorderTreeWalk (4)
InorderTreeWalk (NIL)
VisitNode (4) — print 4
InorderTreeWalk (NIL)
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BINARY TREES/3

Example tree walk/1

InorderTreeWalk (3)
InorderTreeWalk (1)
InorderTreeWalk (NIL)
VisitNode (1) — print 1
InorderTreeWalk (4)
InorderTreeWalk (NIL)
VisitNode (4) — print 4
InorderTreeWalk (NIL)
VisitNode (3) — print 3
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BINARY TREES/3

Example tree walk/1
InorderTreeWalk (3)
e InorderTreeWalk (1)
InorderTreeWalk (NIL)
VisitNode (1) — print 1
0 G InorderTreeWalk (4)
InorderTreeWalk (NIL)
e e a VisitNode (4) — print 4
InorderTreeWalk (NIL)
e VisitNode (3) — print 3

InorderTreeWalk (6)
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BINARY TREES/3

Example tree walk/1
InorderTreeWalk (3)
e InorderTreeWalk (1)
InorderTreeWalk (NIL)
VisitNode (1) — print 1
0 e InorderTreeWalk (4)
InorderTreeWalk (NIL)
e e a VisitNode (4) — print 4
InorderTreeWalk (NIL)
e VisitNode (3) — print 3

InorderTreeWalk (6)
[walk through right subtree]
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BINARY TREES/ 4 /’R@fﬁlﬁ{a i?lj\m

Example tree walk/2 ([-&:v{u)

1] o [38] [4 [ 2] [
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BINARY TREES/5

» There are alternative ways to walk through a tree
» Preorder: visit node before moving to the children Thddle LA} t'?.]U.
> Postorder: move to the children before visiting node (4} P-'IUL Tdle
» Simply change position of VisitNode (p) in the code
» Inorder tree walk can be seen as a projection of the tree
nodes onto a one-dimensional interval
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BINARY TREES/5

» There are alternative ways to walk through a tree
» Preorder: visit node before moving to the children
» Postorder: move to the children before visiting node
» Simply change position of VisitNode (p) in the code
» Inorder tree walk can be seen as a projection of the tree
nodes onto a one-dimensional interval

> A binary search tree is a binary tree where the nodes are
ordered ina specific way.

» Binary search tree (and its variants) are used heavily since
they allow to quickly find values in a large set of values.
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EXERCISE SL06-2

Write a function that counts the number of leaves in a binary

tree.
c whleaues (c\:w\_ ol 2t D ) {/\
relse D

% (F"‘- MML)
elee Y (Txam == t)e-‘af)m,‘ b |

elce gahu— c,L\-LMSCT—') {m) + e} Lesos (?—% E‘JJ()

T N ?v‘“ oS (?L{: P> (QL: l\)uLL}T,:s | = U
Cor posift = p> 1))

Inf I1 2019, SLO6 M. Béhlen, IfleUZH
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BINARY SEARCH TREES/1

Binary search revisited

» Searching for 2in [1,2,3,4,5,6,7]
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BINARY SEARCH TREES/1

Binary search revisited

» Searching for 2in [1,2,3,4,5,6,7]
1 2 3 4 5 6 7
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BINARY SEARCH TREES/1

Binary search revisited
» Searching for 2in [1,2,3,4,5,6,7]
1 2 3 4 5 6 7 1 2 3 4 5 6 7

< o —>
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BINARY SEARCH TREES/2

Formalizing the intuition

» Binary search tree property

» Let « be anode in a binary tree
» If y is a node in the left subtree of x then y.k:eyg <jx—key
» If y is a node in the right subtree of = then z— ey@y.key
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BINARY SEARCH TREES/2

Formalizing the intuition

» Binary search tree property
» Let « be anode in a binary tree
» If y is a node in the left subtree of = then y.key < z—key
» If y is a node in the right subtree of z then x—key < y.key
» The keys of a binary search tree are stored such that they
satisfy the above property
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BINARY SEARCH TREES/2

Formalizing the intuition

» Binary search tree property

» Let « be anode in a binary tree
» If y is a node in the left subtree of x then y.key < z—key
» If y is a node in the right subtree of z then x—key < y.key

» The keys of a binary search tree are stored such that they
satisfy the above property

O
(2] ()
© @W\®

-é: XL"QV ,>, K,L(PT
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BINARY SEARCH TREES/2 Q\C)
2

Formalizing the intuition \@/

» Binary search tree property \@)

» Let « be anode in a binary tree
» If y is a node in the left subtree of x then y.key < x—k £
» If y is a node in the right subtree of z then x—key < y.ke

» The keys of a binary search tree are stored such that they +
satisfy the above property
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EXERCISE SL06-3

What is the difference between a binary search tree and a min
heap? Which data structure can be used to print the nodes of a
tree with n nodes in sorted order in O(n) time?

S Hovoddes s 1 38T

- == rﬁ- - T
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BINARY SEARCH TREES/3

Searching for an item

» To find an item with key = v in a tree rooted at p

» check whether p == NIL or p—key = v
» if this is not the case then

» if v < p—key, search for v in p—Ift

» otherwise, search for v in p—rgt
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BINARY SEARCH TREES/3

Searching for an item

» To find an item with key = v in a tree rooted at p

» check whether p == NIL or p—key = v
» if this is not the case then

» if v < p—key, search for v in p—Ift

» otherwise, search for v in p—rgt

» Example: search for items with key = 5 and key = 3
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BINARY SEARCH TREES/3

Searching for an item

» To find an item with key = v in a tree rooted at p

» check whether p == NIL or p—key = v
» if this is not the case then

» if v < p—key, search for v in p—Ift

» otherwise, search for v in p—rgt

» Example: search for items with key = 5 and key = 3
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BINARY SEARCH TREES/3

Searching for an item

» To find an item with key = v in a tree rooted at p

» check whether p == NIL or p—key = v
» if this is not the case then

» if v < p—key, search for v in p—Ift

» otherwise, search for v in p—rgt

» Example: search for items with key = 5 and key = 3
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BINARY SEARCH TREES/4

Iterative algorithm

Algo: TreeSearch(p,v)

while t£NIL A p->key#v do
Lif v<p->key then p = p->lft else p = p->rgt;

return p;
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BINARY SEARCH TREES/4

( Iterative algorithm

Algo: TreeSearch(p,v)

while t#NIL A p->key#v do
Lif v<p->key then p = p->lft else p = p->rgt;

return p;

Recursive algorithm

Algo: TreeSearch(p,v)

—_Lif p==NIL V p->key==0 then return p; {2\l ~
if v<p->key then return TreeSearch(p->lft,v)
else return TreeSearch(p->rgt,v);
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EXERCISE SL06-4 . ,, -~ <

S
rite a non-recursive version of an inorder tree traversal.
oL tSIve Verston O

&%, 5 B E) =] B =

L
)

—_—

J 7l
C%/ e = R R
S

H:q‘b

t‘ﬂ-tl"glt"—l’((_\
'[».-.s\« ( roo L—}

e (1 15 Bqly k()] elo
s= pop()
it ( ig“wﬁv(»w R
dse & ;-r—"sc)’cz‘m!l.\ ?ﬁl\(k*’"‘n
prs (> lsey
§ emtph # 0w ) s (= 1R)
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BINARY SEARCH TREES/5

Analysis of tree search

N
> Running time on tree of height 1 is O(h) weth cese b= Vi
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BINARY SEARCH TREES/5

Analysis of tree search

» Running time on tree of height % is O(h)

» In the worst case & is the number of nodes
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BINARY SEARCH TREES/5 ey c\%

Analysis of tree search ?

» Running time on tree of height % is O(h) C/
» In the worst case & is the number of nodes %

Finding the minimum —

» Finds the minimum key in a tree rooted at p
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BINARY SEARCH TREES/5

Analysis of tree search

» Running time on tree of height % is O(h)

» In the worst case & is the number of nodes

Finding the minimum

» Finds the minimum key in a tree rooted at p
Algo: TreeMin(p)

while p->Ift#NIL do p = p->1ft;
return p;
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BINARY SEARCH TREES/5

Analysis of tree search

» Running time on tree of height % is O(h)

» In the worst case & is the number of nodes

Finding the minimum

» Finds the minimum key in a tree rooted at p
Algo: TreeMin(p)

while p->Ift#NIL do p = p->Ift;
return p;

» Running time is proportional to height of tree
» We do not have to compare keys. U
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EXERCISE SL06-5

A function that counts the number of occurrences of an integer
x in a binary search tree. ( o{u:j.lxcc\hs < oS %E@»\c._)

A (o, %)
% N
5

&
G Y § p# ML to—

/ ek C“W(Th}e'\lu)
& ®

etg{ k& VS fTv-r)w'[ u_._
J’d,u-\ L«.'{J((T—\ 'J\U]
elce rebo~ eax(p2,0)

+
Ve (paiih)
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BINARY SEARCH TREES/6

Finding the successor/1 (assumption: no duplicates)

» Given node p, find the node with the smallest key
> p—key
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BINARY SEARCH TREES/6

Finding the successor/1 (assumption: no duplicates)

» Given node p, find the node with the smallest key
> p—key
» Distinguish two cases, depending on right subtree of p
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BINARY SEARCH TREES/6

Finding the successor/1 (assumption: no duplicates)
———— [

» Given node p, find the node with the smallest key

= p—rhey 2ol e
» Distinguish two cases, depending on right subtree of p

() _,
OO LN
O ® @ /N o

TreeSucc ofS:j__ 5% v
TreeSucc of4 =
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BINARY SEARCH TREES/6

Finding the successor/1 (assumption: no duplicates)

» Given node p, find the node with the smallest key
> p—key
» Distinguish two cases, depending on right subtree of p

e » Case 1 (p—rgt # NIL)
» successor of p is left-most 1
e a node in right subtree

TreeSuccof5=6
TreeSuccof4=5
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BINARY SEARCH TREES/6

Finding the successor/1 (assumption: no duplicates)

» Given node p, find the node with the smallest key
> p—key

» successor of p is left-most

» Distinguish two cases, depending on right subtree of p
node in right subtree
» Case 2 (p—rgt =NIL)

% » successor of p is lowest

Tree Su\c c of 5 6 ancestor whose left subtree
contains p

[ » Case 1 (p—rgt # NIL)

TreeSucc 0f4 5



Red-black trees

Binary trees
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BINARY SEARCH TREES/7

» For (standard) binary trees without a parent pomter we

need a pointer that lags behind and is only advanc&d if we
2O guce

move left.
y AN

/
f 4

( !
struct nodex SuccAbove (struct nodex p, s

struct nodex x) { //\\%

return succ;

! 1%

else if (x->key > p->key] { p = p—>rgt; } =/

} zig,

struct nodex succ; AN
succ = NULL; '
’ [T
while (p != x) { oo/
if (x—>key < p->key) { @ucc = p; p = p->1ft; }// \\

L{Q/sch

\S

/
Usage: SuccAbove (root, Search(root,v)) X -
_— 5%&;(12\\®~1‘
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INSERTING ITEMS/ 1 P=elloc
?'L) vel = 3
P [2]_ = Nuoc
N e
Underlying idea P>t T>\ cL

» Assume that a node p whose left and right children are G{
NIL is given -l
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INSERTING ITEMS/ 1

Underlying idea
» Assume that a node p whose left and right children are
NIL is given

» Insertion is similar to searching
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INSERTING ITEMS/ 1

Underlying idea

» Assume that a node p whose left and right children are
NIL is given

» Insertion is similar to searching

» To insert the node p into a tree rooted at root

» find location in tree where p belongs to
» then add the new node p there
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INSERTING ITEMS/ 1

Underlying idea
» Assume that a node p whose left and right children are
NIL is given
» Insertion is similar to searching

» To insert the node p into a tree rooted at root

» find location in tree where p belongs to
» then add the new node p there

» Makes use of a [‘one step delayed” pointer
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INSERTING ITEMS/ 1

Underlying idea
» Assume that a node p whose left and right children are
NIL is given
» Insertion is similar to searching

» To insert the node p into a tree rooted at root

» find location in tree where p belongs to
» then add the new node p there

» Makes use of a “one step delayed” pointer

» Running time on tree of height % is O(h)
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INSERTING ITEMS/2

Insertion example +S




Binary trees Red-black trees
00000000000000000008000000000 000000000000000000000000000000000
| |

INSERTING ITEMS/2

Insertion example
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INSERTING ITEMS/2

Insertion example

Problematic instances

» If items are inserted in order, the tree looks like a list
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INSERTING ITEMS/2

Insertion example

Problematic instances

» If items are inserted in order, the tree looks like a list

» That is: height h = n, the number of nodes in the tree
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INSERTING ITEMS/2

Insertion example

Problematic instances
» If items are inserted in order, the tree looks like a list
» That is: height h = n, the number of nodes in the tree

» Worst case: the running time of the operations is O(n)
S
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Red-black trees
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=
P
INSERTING ITEMS/ 3 3 2
/ -~
Have a “one step delayed” pointer: Y@ S LX
rstruct node* Treelnsert ( 4X -Tf ’//

struct nodex p, struct nodex r)

{
struct nodex vy
struct nodex x r;

( while (x = NULL) {

= NULL;

seced Qs ?Qou_ :

3) else y—>1ft = p; N
return r; i

}
\.

— —

Preat=oey

| \
e ooF —

y o= X Wl po—sh Lo
if (x—>key < p—->key) x = x->rgt el o 18 o~
{else x = x—>1ft; ) /
} s\ep QAN >
) if (y == NULL) I =p;
?) else if (y->key < p->key) y->rgt joF;

,H%g%
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EXERCISE SL06-6

Use representative trees to illustrate the insertion with a one
step delayed pointer.

Y > (¢
z) 3 71
Ay -
Y /
2) @
N e
);:{ ' -
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DELETING ITEMS/ 1

General remark

» Deletion depends on how many children a node has
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DELETING ITEMS/ 1

General remark

» Deletion depends on how many children a node has

Deletion: case 1

» Node ¢ has no children: remove ¢
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DELETING ITEMS/ 1

General remark

» Deletion depends on how many children a node has

Deletion: case 1 — 3

» Node ¢ has no children: remove ¢
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DELETING ITEMS/ 1

General remark

» Deletion depends on how many children a node has

Deletion: case 1

» Node ¢ has no children: remove ¢
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DELETING ITEMS/2

Deletion: case 2

» Node ¢ has one child z: let parent of ¢ point to  and then
remove ¢
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DELETING ITEMS/2

Deletion: case 2

» Node ¢ has one child z: let parent of ¢ point to  and then

remove t
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DELETING ITEMS/2

Deletion: case 2

» Node ¢ has one child z: let parent of ¢ point to  and then
remove ¢
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DELETING ITEMS/3

Deletion: case 3

» Node ¢ has two children: find largest (smallest) child s in
left (right) subtree of ¢, then replace p—key with s.key and
remove s



Binary trees Red-black trees
00000000000000000000000080000 000000000000000000000000000000000
| |

DELETING ITEMS/3

Deletion: case 3

» Node ¢ has two children: find largest (smallest) child s in
left (right) subtree of ¢, then replace p—key with s.key and
remove s - o
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DELETING ITEMS/3

Deletion: case 3

» Node ¢ has two children: find largest (smallest) child s in
left (right) subtree of ¢, then replace p—key with s.key and

remove s

0 ‘ee q®
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DELETING ITEMS/ 4

?m\_\q} Yo
wodt ko
Ge Al ek

The algorithm
struct nodex delete(struct nodex
struct nodex
u = root; v = NULL;
while (u !:_§l {
v = u;
JA if (x->key < u->key) u =
else u = u->rgt;

u->1ft;




Binary trees
00000000000000000000000000800

Red-
000000000000000000000000000000000

black trees

DELETING ITEMS/5

If x has less than 2 children we f1x the pomter of parent of x:

Sl

r

/ :
7 A e

- v/
if (u->rgt == NULL) { ‘ a) d
4) if (v == NULL) root = u—>lft
2) else if (v—>1ft ;;_5715:;T?t = u—>1ft; J
3) else v—>rgt = u->1ft; 4 % 3

i 1—>1ft == N\ s i

elfe if (u—>1ft NULL) { J " 1
4) if (v == NULL) root = u—->rgt; .
) else if (v->1ft == u) v->1ft = u->rgt; 3) g

() else v->rgt = u->rgt;
else { ————

ﬁ// S

%.”
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Red-black trees

0000000000000 0000O0000000000000000
:

all- 1= Iy C
DELETING ITEMS/6 . s @l g= TS d(r, T)
If x has 2 chilc}ren: edy s ¢ = deleke (v T}
e/ gy st/ NN
p = x—>1ft; g = p;
while (p—->rgt != NULL) { g = p; p = p—>rgt; }
if (v == NULL) root = pj;
A)[else if (v—>1ft == u) v-—>1ft = p; d G
else v->rgt = p; :’\0 ? /\o
2) p—>rgt = u->rgt; U‘JXG& { = Qi
if (g != p) | /J A = \\]
¢) g->rgt = p—>1ft; ?;”‘. J ~
¢) p—>lft = u->1ft; / 3);:\,@ )
return root ?) \ / L‘EC,
) .
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EXERCISE SL06-7

Given a binary tree write a function that determines its height.

A -
C/(«z

L w=-l

Inf I1 2019, SLO6

L\r%[ <g\b~.g wodke % ‘1)
fg (?:: frmet ) tc:Lu'ﬂ =~

S ww(\»iiurﬁ(?at&j)

P ARNC ,:N\W,))

M. Bohlen, Ifl@eUZH
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2—(Red black trees J \
Insertmg 1tems LSt ea=S L

Deleting items
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RED-BLACK TREES/ 1

Example:{Java’s TreeMap class uses red-black trees

Java™ Platform
HELP Standard Ed. 8

TED

java timeformat OVERVIEW PACKAGE USE TREE DEPRI
java.time.temporal
java.time.zone

java.util
java.util.concurrent
java.util.concurrent.atomic
java.util.concurrent.locks
java.util.function
Java.utiljar Class TreeMap<K,V>
java.util.logging

PREV CLASS NEXTCLASS  FRAMES NO FRAMES

SUMMARY: NESTED | FIELD | CONSTR | METHOD  DETAIL: FIELD | CONSTR | METHOD

compactl, compact2, compact3
java.util

java.lang.Object
java util AbstractMap<K,V>
java.util TreeMap<K,v>

pliterators. AbstractLongspliterator

Spliterators. Type :
Sp‘miab‘sﬁamm K - the type of keys maintained by this map
Stac

StringJoiner V - the type of mapped values

StringTokenizer

All Implemented Interfaces:

i serializable, Cloneable, Map<K,V>, NavigableMap<K,V>, SortedMap<k,V>

TimeZone

TreeMap

TreeSet public class TreeMap<K,V>

uuip extends AbstractMap<K,V>

Vector implenents NavigableMap<k,V>, Cloneable, Serializable

WeakHashMap

nums ed-Black tres Yased NavigableMap implementation. The map is sorted according to the natural ordering of its keys, or by a

arator progded at map creation time, depending on which constructor is used.
Formatter.BigDecimalLayoutForm
Locale.Category

Locale FilteringMode

This implementation provides guaranteed log(n) time cost for the containsKey, get, put and remove operations. Algorithms are
adaptations of those in Cormen, Leiserson, and Rivest's Introduction to Algorithms.

— T

Inf I1 2019, SLO6 34/65 M. Béhlen, IfleUZH
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RED-BLACK TREES/2

Balanced binary trees

» Problem: running time of tree operations is O(h), worst
case is O(n)

—_——
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RED-BLACK TREES/2

Balanced binary trees

» Problem: running time of tree operations is O(h), worst
case is O(n)
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RED-BLACK TREES/2

Balanced binary trees

» Problem: running time of tree operations is O(h), worst
case is O(n)

» Solution: balanced search trees guarantee small height
h=0(gn
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RED-BLACK TREES/2

Balanced binary trees

» Problem: running time of tree operations is O(h), worst
case is O(n)

» Solution: balanced search trees guarantee small height
h=0(lgn)
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RED-BLACK TREES/3

Red-black property

» A red-black tree is a binary search tree with the following
(additional) properties
1. Every node is either red or black
The root is black
Every leaf (NIL) is black
If a node is red then both its children are black
For each node, all paths from the node to descendant leaves
contain the same number of black nodes

SRR
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RED-BLACK TREES/3

Red-black property

» A red-black tree is a binary search tree with the following
(additional) properties
1. Every node is either red or black
The root is black
Every leaf (NIL) is black
If a node is red then both its children are black
For each node, all paths from the node to descendant leaves
contain the same number of black nodes

SRR

» Black-height bh(x) of node z: number of black nodes on
any path from, but not including,  down to a leaf



Binary trees Red-black trees
0000000000000 0O00000O0000000000 0000000000000 000000000O00000000000
: :

RED-BLACK TREES/3

Red-black property

» A red-black tree is a binary search tree with the following
(additional) properties
1. Every node is either red or black
The root is black
Every leaf (NIL) is black
If a node is red then both its children are black
For each node, all paths from the node to descendant leaves
contain the same number of black nodes

SRR

» Black-height bh(x) of node z: number of black nodes on
any path from, but not including,  down to a leaf

» Black-height bh of tree: bh(root), black-height of root
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RED-BLACK TREES/4

Basic consequences/1
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RED-BLACK TREES/4

Basic consequences/1

» Some measures
» n internal nodes
» © - height of tree
» bh - black height
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RED-BLACK TREES/4

Basic consequences/1

» Some measures

» n internal nodes
» © - height of tree
» bh - black height

> /2 < bh
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RED-BLACK TREES/4

Basic consequences/1

» Some measures

» n internal nodes
» h - height of tree
: > i .
33( bh - black height

& Q» h/2 < bh wwese it f sed il
> 2 —1<n oQy flele wahy




Binary trees Red-black trees

0000000000000 0000O00O0000000000 0000®0000000000000000000000000000
: :

RED-BLACK TREES/4

Basic consequences/1

» Some measures

» n internal nodes
» © - height of tree
» bh - black height

> h/2 < bh
> obh _1<np
> 2h/2 < p41
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RED-BLACK TREES/4

Basic consequences/1

» Some measures

» n internal nodes
» © - height of tree
» bh - black height

> /2 < bh

> 2 _1<n

> 2h/2 < p41

> h/2 <lg(n+1)
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RED-BLACK TREES/4

Basic consequences/1

» Some measures

» n internal nodes
» h - height of tree
» bh - black height

> 1/2 < bh
> 20k 1 <n

> 2h/2 < p41

> h/2 <lg(n+1)

> h<2lg(n+1)- ooy amk

Yt

4.
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RED-BLACK TREES/5

Basic consequences/?2

» Operations on a binary search tree (search, insert, delete,
etc.) are accomplished in O(h) time
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RED-BLACK TREES/5

Basic consequences/?2

» Operations on a binary search tree (search, insert, delete,
etc.) are accomplished in O(h) time

» A RB-tree is a binary search tree whose height is bound by
2lg(n+1)
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RED-BLACK TREES/5

Basic consequences/?2

» Operations on a binary search tree (search, insert, delete,
etc.) are accomplished in O(h) time

» A RB-tree is a binary search tree whose height is bound by
2lg(n+1)
» Thus, operations are accomplished in O(lgn) time
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RED-BLACK TREES/5

Basic consequences/?2

» Operations on a binary search tree (search, insert, delete,
etc.) are accomplished in O(h) time

» A RB-tree is a binary search tree whose height is bound by
2lg(n+1)

» Thus, operations are accomplished in O(lgn) time

» Note that there is the following constraint

» Insertions and deletions may destroy RB-property
» So, cost for restoring it cannot be more than O(h)
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RED-BLACK TREES/6

Left & right rotations/1

» To change pointer structure of tree
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RED-BLACK TREES/6

Left & right rotations/1

» To change pointer structure of tree

RightRotate(t) =
< LeftRotate(s)
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RED-BLACK TREES/6

Left & right rotations/1

» To change pointer structure of tree (R fC )
P2 () RightRotate(t) =
o,rr»!n_r\\ﬂ -

< LeftRotate(s) ark -
g
G Oparasy
A\ v

X3ty

Apphes to BSTs and maintains key ordering
> Yacabep,cey:

a—key < s—key < b—key < t—key< c—key
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RED-BLACK TREES/6

Left & right rotations/1

» To change pointer structure of tree

RightRotate(t) =
< LeftRotate(s)

a B g
» Applies to BSTs and maintains key ordering
> YVacabepf,cey:
a—key < s—key < b—key < t—key < c—key

> Rotations decrease/increase depth of «, v (but not j3)
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RED-BLACK TREES/7
Left & right rotations/2

» Algorithm for right rotation (left rotation is equivalent)
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RED-BLACK TREES/7
Left & right rotations/2

}a_?f' «“bes (

el Pwu’f :

devdery 4o clitlre
gw-is(’ [’193 ‘U{

Co

» Algorithm for right rotation (left rotation is equivalent)
£

Algo: RightRotate(t)

i

s = t->1ft; 2

if t->pnt==NIL then 3
| root =s
else

if t==(t->nnt —>rgt then
| (t&>pnt)->
else
Gt =s

1 (eslf = s->1gt; §>pnt = t->pnt;
if s->rgt#NIL then@ =t;

| &y € P-«\ﬁ f

- .. tt‘:’

s->rgt=1t; @ =s;
aepe

)

___._-“'

U'OR, c.-\,u Qo
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RED-BLACK TREES/7
Left & right rotations/2

» Algorithm for right rotation (left rotation is equivalent)

Algo: RightRotate(t)

s = t->Ift;
t->1ft = s->rgt; s->pnt = t->pnt;
if s->rgt#NIL then (s->rgt)->pnt = t;
if t->pnt==NIL then
| root =s
else
if t==(t->pnt)->rgt then
| (t->pnt)->rgt=s
else
| (t->pnt)->lft=s

s->rgt =t t->pnt =s;

ﬂ » Running time is O(1)
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INSERTING ITEMS/ 1

I‘\ r\‘l()

E— g\e_.l :'1%9.3"\(\
The algmﬁtx/ °AQL':’7ML a Qn‘-uu-? ceoaly

Alaﬂz/RTBTInsert(t) = / +s <Q_

/5= NIL;
X = root;
while x#NIL do
s=X;
if t->key<x >key then x = x->lft else x = x->T;

t->pnt =s;
if s==NIL then \v@w —ahe %i(t%

\lsreoot =t colos \-cuL

->key<s->key then s->1ft = t else s->rgt = ;

InsertFixup
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Binary trees Red-black trees

0000000000000 0000O00O0000000000 0000000008000 00000000000000000000
: :

INSERTING ITEMS/2

Insertion: case 0




Binary trees Red-black trees
0000000000000 0O00000O0000000000 0000000000 0000000000OOOOOO0O0000
: :

INSERTING ITEMS/2

Insertion: case 0

» Assumption
» pis left child of g




Binary trees Red-black trees
0000000000000 0O00000O0000000000 0000000000 0000000000OOOOOO0O0000
: :

INSERTING ITEMS/2

Insertion: case 0

» Assumption
» pis left child of g
» Conventions
> %—_new node
» (P — parent of ¢
» (g— grandfather of ¢
» (@ — uncle of ¢




Binary trees Red-black trees

0000000000000 0000O00O0000000000 0000000008000 00000000000000000000
: :

INSERTING ITEMS/2

Insertion: case 0

» Assumption

» pis left child of g
» Conventions

» ¢ —new node

» p— parentoft

» g — grandfather of ¢
» u—uncle of ¢

» Color of pis black
g v » No property violated
» Hence nothing to do



Binary trees Red-black trees

0000000000000 0000O00O0000000000 000000000000 00000000000000000000
: :

INSERTING ITEMS/3

Insertion: case 1

» t’s uncle v is red



Binary trees Red-black trees
0000000000000 0O00000O0000000000 000000000 0@00000000000000OO0O0000
: :

INSERTING ITEMS/3

Insertion: case 1

» t’s uncle v is red

» Action: p—col = u—col = black, g—col = red, sett = g



Binary trees Red-black trees
0000000000000 0O00000O0000000000 000000000 0@00000000000000OO0O0000
: :

INSERTING ITEMS/3

Insertion: case 1

» t’s uncle v is red

» Action: p—col = u—col = black, g—col = red, sett = g




Binary trees Red-black trees
0000000000000 0O00000O0000000000 000000000 0@00000000000000OO0O0000
: :

INSERTING ITEMS/3

Insertion: case 1

» t’s uncle v is red

» Action: p—col = u—col = black, g—col = red, sett = g




Binary trees Red-black trees
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: :

INSERTING ITEMS/3

Insertion: case 1

» t’s uncle v is red

» Action: p—col = u—col = black, g—col = red, sett = g

» Note that the tree rooted at g is now balanced



Binary trees Red-black trees
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: :

INSERTING ITEMS/3

Insertion: case 1

ce—ds B s uncle(u is red .f 7

» Action: p—col = u—col = black, g—col = red/Sett =g

£
» Note that the tree rooted at g is now balanc‘('ecé

» gisnow red, so the RB-property may be violated
(propagate upwards with t = g)



Binary trees Red-black trees

0000000000000 0000O00O0000000000 Q0000000000 ®000000000000000000000
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EXERCISE SL06-8
Analyze case 1 wrt the properties of red black trees.

/1-) ff‘g‘ a~ed Q;tml\,( Hoc,l&%:
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Binary trees Red-black trees
0000000000000 0O00000O0000000000 00000000000 0@000000000O0O0OO0O0O00000
: :

INSERTING ITEMS/4

Insertion: case 2

» t’s uncle u is black and ¢ is a right child



Binary trees Red-black trees
0000000000000 0O00000O0000000000 00000000000 0@000000000O0O0OO0O0O00000
: :

INSERTING ITEMS/4

Insertion: case 2

» t’s uncle u is black and ¢ is a right child
» Action: LeftRotate (p), sett =p



Binary trees Red-black trees
0000000000000 0O00000O0000000000 00000000000 0@000000000O0O0OO0O0O00000
: :

INSERTING ITEMS/4

Insertion: case 2

» t’s uncle u is black and ¢ is a right child
» Action: LeftRotate (p), sett =p




Binary trees Red-black trees
0000000000000 0O00000O0000000000 00000000000 0@000000000O0O0OO0O0O00000
: :

INSERTING ITEMS/4

Insertion: case 2

» t’s uncle u is black and ¢ is a right child
» Action: LeftRotate (p), sett =p




Binary trees Red-black trees
0000000000000 0O00000O0000000000 00000000000 0@000000000O0O0OO0O0O00000
: :

INSERTING ITEMS/4

Insertion: case 2

» t’s uncle u is black and ¢ is a right child
» Action: LeftRotate (p), sett =p

» Note that in this way one gets case 3 (see below)



Binary trees Red-black trees
0000000000000 0O00000O0000000000 0000000000000 @00000000000O0O0O0000
: :

INSERTING ITEMS/5

Insertion: case 3

» t’s uncle u is black and ¢ is a left child



Binary trees Red-black trees
0000000000000 0O00000O0000000000 0000000000000 @00000000000O0O0O0000
: :

INSERTING ITEMS/5

Insertion: case 3

» t’s uncle u is black and t is a left child
» Action: p—col = black, g—col = red, RightRotate (g)



Binary trees Red-black trees
0000000000000 0O00000O0000000000 0000000000000 @00000000000O0O0O0000
: :

INSERTING ITEMS/5

Insertion: case 3

» t’s uncle u is black and t is a left child
» Action: p—col = black, g—col = red, RightRotate (g)




Binary trees Red-black trees
0000000000000 0O00000O0000000000 0000000000000 @00000000000O0O0O0000
: :

INSERTING ITEMS/5

Insertion: case 3

» t’s uncle u is black and ¢ is a left child
» Action: p—col = black, g—col = red, RightRotate (g)
T e




Binary trees Red-black trees
0000000000000 0O00000O0000000000 0000000000000 @00000000000O0O0O0000
: :

INSERTING ITEMS/5

Insertion: case 3

» t’s uncle u is black and t is a left child
» Action: p—col = black, g—col = red, RightRotate (g)

» Note that the tree rooted at p is now balanced



Binary trees Red-black trees
0000000000000 0O00000O0000000000 0000000000000 0e000000000OO0O000000
: :

INSERTING ITEMS/ 6

The mirror cases

> In case thatlpisari I_lt child} all the above cases are
handled similarly (simply exchange “left” and “right”)



Binary trees Red-black trees
0000000000000 0O00000O0000000000 0000000000000 0e000000000OO0O000000
: :

INSERTING ITEMS/ 6

The mirror cases

» In case that p is a right child, all the above cases are
handled similarly (simply exchange “left” and “right”)

Final observations

» If two red nodes are adjacent, one does either

> restructure (with one or two rotations) and stop, or
» propagate adjacent red nodes upwards in the tree



Binary trees Red-black trees
0000000000000 0O00000O0000000000 0000000000000 0e000000000OO0O000000
: :

INSERTING ITEMS/ 6

The mirror cases

» In case that p is a right child, all the above cases are
handled similarly (simply exchange “left” and “right”)

Final observations

» If two red nodes are adjacent, one does either
> restructure (with one or two rotations) and stop, or
» propagate adjacent red nodes upwards in the tree
» A restructuring takes constant time and is done at most
once (it reorganizes an off-balanced part of the tree)



Binary trees Red-black trees
0000000000000 0O00000O0000000000 0000000000000 0e000000000OO0O000000
: :

INSERTING ITEMS/ 6

The mirror cases

» In case that p is a right child, all the above cases are
handled similarly (simply exchange “left” and “right”)

Final observations

» If two red nodes are adjacent, one does either

> restructure (with one or two rotations) and stop, or
» propagate adjacent red nodes upwards in the tree

» A restructuring takes constant time and is done at most
once (it reorganizes an off-balanced part of the tree)

» The number of propagations is bound by O(Ign)



Binary trees Red-black trees
0000000000000 0O00000O0000000000 0000000000000 0e000000000OO0O000000
: :

INSERTING ITEMS/ 6

The mirror cases

» In case that p is a right child, all the above cases are
handled similarly (simply exchange “left” and “right”)

Final observations

» If two red nodes are adjacent, one does either

» restructure (with one or two rotations) and stop, or
» propagate adjacent red nodes upwards in the tree

» A restructuring takes constant time and is done at most
once (it reorganizes an off-balanced part of the tree)

» The number of propagations is bound by O(Ign)
» The running time of insertion is thus O(lgn)
e



Binary trees Red-black trees

0000000000000 0000O00O0000000000 Q000000000000 00e00000000000000000
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INSERTION EXAMPLE/1 Case O
P 0 O e\

Inserting C:




Binary trees Red-black trees
00000000000000000000000000000 000000000000000080000000000000000

INSERTION EXAMPLE /2

Inserting U:
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Binary trees Red-black trees
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INSERTION EXAMPLE/3

Inserting B:




Binary trees Red-black trees
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EXERCISE SL06-9/1
Insert 36 into the following red black tree:




Red-black trees

Binary trees
00000000000000000000000000000 000000000000000000080000000000000

o 2 .
XERCISE - i w o eene 2
E c15 SL(Z'g.cg :2u‘|s r =" 7 s %tl
P.C <6 \?eg_ +e r‘l} dﬁ\k{

L @ oGm0

=

cse &
A w s @l
rp R (P

p.C =8

JH?Q \Q ‘%.C:d‘
35

@ sl MR

Inf I1 2019, SLO6 e 52/65

M. Béhlen, Ifl@eUZH



Binary trees Red-black trees

0000000000000 0000O00O0000000000 0000000000000 0000000e000000000000
:

DELETING ITEMS/ 1 b T'l o Ay

(colers resada 1

» We first apply binary search tree deletion:
» We can easily delete a node u that has at least one NIL child.
» If the key to be deleted is stored at a node u with two
children we replace the kgxof u with the key of the largest
node v of the left subtree of u and delete v instead.

O’r:il‘—-hA H—Dﬁl’\ % < 2 “-[’:s\ﬂbb\
> Deletion of node s (s is eitheruorvy) lecea) —eolg \&
» Delete s and replace it by it’s child « 11 2 ol

= If color of s was red we are done. cuor~

——P If color of s was black we proceed according to the cases
described below T




Binary trees Red-black trees

0000000000000 0000O00O0000000000 0000000000000 00000000e00000000000
: :

DELETING ITEMS/2

Deletion: case 0




Binary trees Red-black trees
0000000000000 0O00000O0000000000 0000000000000 00000000e00000000000
: :

DELETING ITEMS/2

» Assumptions
» 2 is a left child
Deletion: case 0 > =z replaces the deleted
node s




Binary trees Red-black trees
0000000000000 0O00000O0000000000 0000000000000 00000000e00000000000
: :

DELETING ITEMS/2

» Assumptions
> zis a left child
Deletion: case 0 > =z replaces the deleted
node s
» Conventions

» p—parentof x
» b — brother of =
» m,n — children of b




Binary trees Red-black trees

0000000000000 0000O00O0000000000 0000000000000 00000000e00000000000
: :

DELETING ITEMS/2

» Assumptions
> zis a left child
Deletion: case 0 > =z replaces the deleted
node s
» Conventions

» p—parent of x
» b — brother of =
» m,n — children of b

» Color of deleted node was
red

» There is nothing to do




Binary trees Red-black trees
0000000000000 0O00000O0000000000 0000000000000 00000000e00000000000
: :

DELETING ITEMS/2

» Assumptions
» zis a left child
Deletion: case 0 > 1 Teplaces the deleted
s node s l %\, Al

» Conventions

» p—pafentof z_— " \
> b M A
» i, 77— children of b

» Color of deleted node was

') red
h » There is nothing to do

» Color of deleted node was
black

0 » If color of x is red then
) simply set it to black



Binary trees Red-black trees

0000000000000 0000O00O0000000000 0000000000000 0O00000000e0000000000
: :

DELETING ITEMS/3

Deletion: case 1

» z’s brother b is red



Binary trees Red-black trees
0000000000000 0O00000O0000000000 0000000000000 0O00000000e0000000000
: :

DELETING ITEMS/3

Deletion: case 1

» z’s brother b is red

» Action: b—col = black, p—col = red, LeftRotate (p), set
b=m



Binary trees Red-black trees
0000000000000 0O00000O0000000000 0000000000000 0O00000000e0000000000
: :

DELETING ITEMS/3

Deletion: case 1

» z’s brother b is red
» Action: b—col = black, p—col = red, LeftRotate (p), set

b=m
noom @

T2 T3



Binary trees Red-black trees
0000000000000 0O00000O0000000000

0000000000000 0O00000000e0000000000
:

DELETING ITEMS/3

Deletion: case 1

('cp-—r/{‘\ 1-"l.‘n'--.

— 1’s brother b is red

» Action: b—col = black, p—col = red, LeftRotate (p), set




Binary trees Red-black trees
0000000000000 0O00000O0000000000 0000000000000 0O00000000e0000000000
: :

DELETING ITEMS/3

Deletion: case 1

» z’s brother b is red

» Action: b—col = black, p—col = red, LeftRotate (p), set
b=m

& o]
n @ e ®
T3 1 T2

T2

> Note that one gets either case 2, 3, or 4 (see below)



Binary trees Red-black trees
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: :

DELETING ITEMS/ 4

Deletion: case 2
» z’s brother b is black and both m and n are black



Binary trees Red-black trees
0000000000000 0O00000O0000000000 0000000000000 000000O0000e000000000
: :

DELETING ITEMS/ 4

Deletion: case 2

» z’s brother b is black and both m and n are black
» Action: b—col = red,setx =p



Binary trees Red-black trees
0000000000000 0O00000O0000000000 0000000000000 000000O0000e000000000
: :

DELETING ITEMS/ 4

Deletion: case 2

» z’s brother b is black and both m and n are black
» Action: b—col = red,setx =p

noom @

T2 T3



Binary trees Red-black trees
0000000000000 0O00000O0000000000 0000000000000 000000O0000e000000000
: :

DELETING ITEMS/ 4

Deletion: case 2

» z’s brother b is black and both m and n are black
» Action: b—col = red,setx =p

O ONLENNONO

T2 T3 T2 T3



Binary trees Red-black trees
0000000000000 0O00000O0000000000 0000000000000 000000O0000e000000000
: :

DELETING ITEMS/ 4

Deletion: case 2

» z’s brother b is black and both m and n are black
» Action: b—col = red,setx =p

O ONLENNONO

T2 T3 T2 T3
» Note that bh of both subtrees of p is reduced by one



Binary trees Red-black trees
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: :

DELETING ITEMS/ 4

Deletion: case 2

» 2’s brother b is black and both m and n are black
» Action: b—col = red,setx =p

=
(Pl

& W & T
N RN ®

—_ l _ 1
> Note that bh of both subtees of p is reduced by one- i

7'2 7'3 7'2
» Stop deletion if color of p is red and set p—col = black



Binary trees Red-black trees
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DELETING ITEMS/5

Deletion: case 3

» z’s brother b is black, m is red, and n is black



Binary trees Red-black trees
0000000000000 0O00000O0000000000 0000000000000 0O00000O00000e00000000
: :

DELETING ITEMS/5

Deletion: case 3

» z’s brother b is black, m is red, and n is black

» Action: m—col = black, b—col = red, RightRotate (b),
setb=m



Binary trees Red-black trees
0000000000000 0O00000O0000000000 0000000000000 0O00000O00000e00000000
: :

DELETING ITEMS/5

Deletion: case 3

» z’s brother b is black, m is red, and n is black

» Action: m—col = black, b—col = red, RightRotate (b),
setb=m

71 m G

T2 73



Binary trees Red-black trees
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DELETING ITEMS/5

Deletion: case 3

» z’s brother b is black, m is red, and n is black

» Action: m—col = black, b—col = red, RightRotate (b),
setb=m

1




Binary trees Red-black trees
0000000000000 0O00000O0000000000 0000000000000 0O00000O00000e00000000
: :

DELETING ITEMS/5

\ LY
Deletion: case 3 / y " iﬂ'\\_
» z’s brother b is black, m is red, and n is black

» Action: m—col = black, b—col = red, RightRotate (b),
setb=m

T1 m

T2

O

» Note that in this way one gets case 4 (see below)
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: :

DELETING ITEMS/ 6

Deletion: case 4
» z’s brother b is black and b’s right child n is red



Binary trees Red-black trees
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: :

DELETING ITEMS/ 6

Deletion: case 4

» z’s brother b is black and b’s right child n is red

» Action: b—col = p—col, p—col = n—col = black,
LeftRotate (p)



Binary trees Red-black trees
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: :

DELETING ITEMS/ 6

Deletion: case 4

» z’s brother b is black and b’s right child n is red

» Action: b—col = p—col, p—col = n—col = black,
LeftRotate (p)




Binary trees Red-black trees
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: :

DELETING ITEMS/ 6

Deletion: case 4

» z’s brother b is black and b’s right child n is red
» Action: b—col = p—col, p—col = n—col = black,

LeftRotate (p)




Binary trees Red-black trees
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: :

DELETING ITEMS/ 6

Deletion: case 4

» z’s brother b is black and b’s right child n is red
» Action: b—col = p—col, p—col = n—col = black,

LeftRotate (p)

@ @ =

p) T3 Tl p)
» Note that the tree rooted at b is now balanced




Binary trees Red-black trees
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: :

DELETING ITEMS/7

The mirror cases

» In case that z is a right child, all the above cases ar
handled similarly (simply exchange (left” and ”I@



Binary trees Red-black trees

0000000000000 0000O00O0000000000 0000000000000 0O000O000000000e000000
: :

DELETING ITEMS/7

The mirror cases

» In case that z is a right child, all the above cases are
handled similarly (simply exchange “left” and “right”)

Final observations

» Intuitive idea is to perform a color compensation
» Find a red node nearby and change its color into black



Binary trees Red-black trees
0000000000000 0O00000O0000000000 0000000000000 0O00000O0000000e000000
: :

DELETING ITEMS/7

The mirror cases

» In case that z is a right child, all the above cases are
handled similarly (simply exchange “left” and “right”)

Final observations

» Intuitive idea is to perform a color compensation

» Find a red node nearby and change its color into black
» There are two cases: (a) restructuring, (b) recoloring

> (a) resolves problem locally, (b) propagates it upwards



Binary trees Red-black trees
0000000000000 0O00000O0000000000 0000000000000 0O00000O0000000e000000
: :

DELETING ITEMS/7

The mirror cases

» In case that z is a right child, all the above cases are
handled similarly (simply exchange “left” and “right”)

Final observations
» Intuitive idea is to perform a color compensation
» Find a red node nearby and change its color into black
» There are two cases: (a) restructuring, (b) recoloring
> (a) resolves problem locally, (b) propagates it upwards
» The number of recolorings is bound by O(Ign)



Binary trees Red-black trees
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DELETING ITEMS/7

The mirror cases

» In case that z is a right child, all the above cases are
handled similarly (simply exchange “left” and “right”)

Final observations

» Intuitive idea is to perform a color compensation

» Find a red node nearby and change its color into black
» There are two cases: (a) restructuring, (b) recoloring

> (a) resolves problem locally, (b) propagates it upwards
» The number of recolorings is bound by O(Ign)

» The running time of deletion is thus O(Ign)
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DELETION EXAMPLE/1 > < M = elwes] ease)
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Deleting 9:
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0000000000000 0O00000O0000000000 0000000000000 0O000000000000000e000
: :

EXERCISE SL06-10/1
Consider the following red-black tree.

(()ilc.u._ L[e-]
N
16 32 ’1 (“tit —
T L
e
12 38

Delete the node with key 32 and draw the resulting tree.
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EXERCISE SL06-10/2 m Cose
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SUMMARY/1

Binary trees

» In a binary tree each node has up to two children.
» A binary search tree is a binary tree where
> in the left subtree of a node «x all nodes have keys less or
equal to the key of node z
» in the right subtree of a node z all nodes have keys larger or
equal to the key of node «
» Binary search trees offer log(n) performance for search,
insertion and deletion if the tree is balanced.

» In the worst case binary trees degenerate to lists with
linear performance.



Binary trees Red-black trees
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SUMMARY /2

Red-black trees

» Red-black trees are binary search trees that are balanced.

» Red-black trees provide log(n) worst case guarantees for
search, insertion and deletion.

» Red-black trees are very popular in practice because of the
worst-case guarantee.
» There are alternative balanced trees (sometimes very close
to red-black trees):
> AA trees
> 2-3 trees
> 2-3-4 tree (also called a 2—4 tree)
> AVL trees
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TABLE OF CONTENTS — SL0O7

1. Hash tables
Dictionaries
Hash tables
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DICTIONARIES/ 1

uu\u-ﬂ_, )
(e, -
» Dictionaries store elements so that they can be located
quickly using keys.
» A dictionary may organize and manage bank accounts.
» Each account is an object that is identified by an account
number.
» Each account stores a lot of additional information.
» An application wishing to operate on an account would
have to provide the account number as a search key.

> Accesses without the search key (e.g., account number,
personnel number) are poorly supported.



Hash tables Hash functions Collision resolution
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DICTIONARIES /2 ca ey — egalily

» If order (methods such as min, max, successor,
predecessor) is not required it is enough to check for
equality.

» Operations that require ordering are still possible (e.g.,
scanning the entire database) but cannot use the dictionary
access structure.

» Usually all elements must be compared, which is slow.
» Can be OK if it is rare enough.



Hash tables Hash functions Collision resolution

0O00®000000000 0000000 000000000000 00000000000
: :

DICTIONARIES/ 3

» AT&T is a large phone company, and they want to provide
caller ID capability:
> given a phone number, return the caller’sname
» phone numbers range from 0 tor £10% — 1 ,
» want to do this as efficiently as possible
» Examples where usually no ordering is required:
> ApplelD
> Versicherungsmummer \ ~%<re~ce. 3
> Residential addresses
» Examples where ordering could be relevant:
» IP addresses
» ISBN number

» S-Number
» Names
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DICTIONARIES/4

Dictionaries revisited

>_13§_T: insert, search, and delete in O(h) time
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: :

DICTIONARIES/4

Dictionaries revisited

» BST: insert, search, and delete in O(h) time
» RBT: insert, search, and delete in O(lgn) time
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DICTIONARIES/4

Dictionaries revisited

» BST: insert, search, and delete in O(h) time
» RBT: insert, search, and delete in O(lgn) time
» Hashing: insert, search, and delete in O(1) time
» Other dictionary operations (min, sucg, ...) are not
supported
> Hash table is expensive and difficult to grow and shrink.

> ApMn symbol table for identifiers in a compiler,
customer IDs, ...
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Dictionaries revisited

» BST: insert, search, and delete in O(h) time
» RBT: insert, search, and delete in O(lgn) time

» Hashing: insert, search, and delete in O(1) time

» Other dictionary operations (min, sucg, ...) are not
supported

» Hash table is expensive and difficult to grow and shrink.

» Application: symbol table for identifiers in a compiler,
customer IDs, ...

Hash tables vs arrays

» Hash tables are a generalization of arrays
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DICTIONARIES/4

Dictionaries revisited

» BST: insert, search, and delete in O(h) time
» RBT: insert, search, and delete in O(lgn) time

» Hashing: insert, search, and delete in O(1) time

» Other dictionary operations (min, sucg, ...) are not
supported

» Hash table is expensive and difficult to grow and shrink.

» Application: symbol table for identifiers in a compiler,
customer IDs, ...

Hash tables vs arrays

» Hash tables are a generalization of arrays
» Big advantage of arrays consists in direct addressing
> Ability to access arbitrary array position in O(1) time
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DICTIONARIES/5

» In Java:java.util Map interface defines dictionary ADT
1 Map infert;

» Different data structures to realize dictionaries:
> arrays

linked lists

Hash tables

Binary search trees

Red/Black trees

B-trees

vVvyyvyyvyy
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Hash tables
DICTIONARIES /6
Two suboptimal ways to design this dictionary
> direct addressing: an array indexed by key
\ (null) \ (null) \ \ Jens \ \ (null) \ k
0000-0001 ... 9635-8904 ... 9999-9999

> Requires O(r) space - huge amount of wasted space

W ¢
&Qﬂv/( > Requires%time, asihina Z:Awftb‘)
e CA

» a linked list:

Jens Ole

Q)”R 9635-8904 9635-9999
» Requires(O(n) time and@ﬁ)&w &QOA
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HASH TABLES/ 1

v

We use a hash table of size m to avoid wasting space.

» A hash table is like an array, but with a function to map the
large range into one that we can manage efficiently.

» For instance take the original key, modulo the size of the
relatively small hash table, and use that as an index.
» Example: insert (9635-8904, Jens) into a hash table with five
slots (m = 5): -
> (96355004 mod 5 =4[ Jy
[(oull) | (nul) [ (null) | (nul) [ Jens |
0 1 2 3 4
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» Put a record with key & in slot h(k) instead of slot &
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» Put a record with @n slot h(k) instead of slot k

» Thus, a hash function h is used to compute the slot
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HASH TABLES/2

Use of hash function
» Put a record with key & in slot h(k) instead of slot &
» Thus, a hash function h is used to compute the slot
» Maps universe U into the slots of hash table HT'[1...m)]
[\______._.—F
h@%{l,Q,.. } af}aﬂO-—mﬂ?
item with key & hashes to h(k), h(k) is hash value of & > wsed
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Use of hash function

» Put a record with key & in slot h(k) instead of slot &
» Thus, a hash function h is used to compute the slot
» Maps universe U into the slots of hash table HT'[1...m)|
h:U —{1,2,...,m}
item with key k hashes to h(k), h(k) is hash value of k

» Hash function reduces range of array indices that need to
be handled, i.e., m values instead of |U| values
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Use of hash function

» Put a record with key & in slot h(k) instead of slot &
» Thus, a hash function h is used to compute the slot
» Maps universe U into the slots of hash table HT'[1...m)|
h:U —{1,2,...,m}
item with key k hashes to h(k), h(k) is hash value of k

» Hash function reduces range of array indices that need to
be handled, i.e., m values instead of |U| values

» There is a hitch: two keys may hash to the same slot
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HASH TABLES/2

Use of hash function

» Put a record with key & in slot h(k) instead of slot &
» Thus, a hash function h is used to compute the slot
» Maps universe U into the slots of hash table HT'[1...m)|
h:U —{1,2,...,m}
item with key k hashes to h(k), h(k) is hash value of k
» Hash function reduces range of array indices that need to
be handled, i.e., m values instead of |U| values
» There is a hitch: two keys may hash to the same slot
» Need a technique to resolve such collision conflicts
» Various options: C}@ig, pr_(?_b'm__g, double hashing
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Collision resolution with chaining;
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Collision resolution
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HASH TABLES/3

Collision resolution with chaining;

uC K—— u1

vC K >~

U1

*—
o—|

wC K— | ef——f wi [ o

» Chaining: put items that hash to same slot in linked list
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HASH TABLES/3

Collision resolution with chaining;

uC K—— u1

vC K >~ V1

*—
o—|

wC K— | ef——f wi [ o

» Chaining: put items that hash to same slot in linked list

» Each slot contains either NIL or a pointer to head of a list
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Collision resolution
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HASH TABLES/3

Collision resolution with chaining;

uC K—— u1

vC K >~

U1

*—
o—|

wC K— | ef——f wi [ o

» Chaining: put items that hash to same slot in linked list

» Each slot contains either NIL or a pointer to head of a list

» Search, insert, and delete: relatively easy to implement
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00000000000000000000000

Hash tables
0000000
|

0000000000800

EXERCISE SLO7-1
Define a hash table with chaining for collision resolution in C.
5\3\-111‘ ‘-»QJL i
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Analysis of hashing

» Given a hash table HT with m slots that stores n items,
define the load factor « of HT as n/m

» « corresponds to average number of items in a list
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HASH TABLES/4

Analysis of hashing

» Given a hash table HT with m slots that stores n items,
define the load factor o of HT as n/m

» « corresponds to average number of items in a list

» Assumption 1: any given item is equally likely to hash into
any of the m slots of the hash table

» This assumption is called uniform simple hashing
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HASH TABLES/4

Analysis of hashing

» Given a hash table HT with m slots that stores n items,
define the load factor « of HT as n/m

» « corresponds to average number of items in a list

» Assumption 1: any given item is equally likely to hash into
any of the m slots of the hash table
» This assumption is called uniform simple hashing

» Assumption 2: h(k) can be computed in constant time
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HASH TABLES/4 = \eauc Qﬂ"—"”\\f\ ?1-@\5

Analysis of hashing

» Given a hash table HT with m slots that stores n items,
define the load factor « of HT as n/m

» « corresponds to average number of items in a list

» Assumption 1: any given item is equally likely to hash into
any of the m slots of the hash table

» This assumption is called uniform simple hashing
» Assumption 2: h(k) can be computed in constant time

» Search (unsuccessful/successful) takes ©(1 + «) time
» Need probability theory to prove these two results

A
Bk cnset w21, wnzim = = =0, &)

sk case Lz AT, = %\04:4“/4:‘« , @(u” C
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EXERCISE SL07-2

What benefits do you expect by using a binary search tree
instead of a linked list to handle hash table overflows?

- BSY P,u?.b '2%» ‘(( R S‘\"ﬂ 6‘\\)

I e . collastae§
TRT e oYy &mi D Rt <

?ew Wi ca—x,

= rc:woﬂo_sc\yx\ C e "’! He MT

)
laske. Quadin
3 a(l)=3 |



Hash tables Hash functions Collision resolution

0000000000000 ®000000 000000000000 00000000000
: :

TABLE OF CONTENTS — SL0O7

Goals and design
Division method
Multiplication method

-
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Design of hash functions

» Hash function ~ must be computed in constant time
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Design of hash functions

» Hash function ~ must be computed in constant time
» Must satisfy the assumption of simple uniform hashing
» Each key is equally likely to hash to any of the m slots
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HASH FUNCTIONS/ 1

Design of hash functions

» Hash function ~ must be computed in constant time
» Must satisfy the assumption of simple uniform hashing
» Each key is equally likely to hash to any of the m slots
Hashing non-integer keys

» Consider set N of natural numbers as universe of keys
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HASH FUNCTIONS/ 1

Design of hash functions

» Hash function ~ must be computed in constant time
» Must satisfy the assumption of simple uniform hashing
» Each key is equally likely to hash to any of the m slots

Hashing non-integer keys

» Consider set N of natural numbers as universe of keys

» If the keys are not natural number then a way is found to
interpret them as such

» Example: encoding of strings via ASCII character set
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EXERCISE SL07-3

Give different options for mapping a string to an integer for the
purpose of hashing. Discuss advantages and disadvantages.

ascec (k) = 82 63 68

p—
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HASH FUNCTIONS /2

Division method (\-mcuk )
» Hash function takes the remainder of k divided by m

> (7i(k) = (k mod m) + 1
> mfu k=100 = h(k) =5
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HASH FUNCTIONS /2

Division method
» Hash function takes the remainder of k divided by m
» h(k) = (k mod m) +1
> m=12k=100= h(k) =5
» Generally, one tries to avoid certain choices for m

» For m = 2P, h(k) gives the p least significant bits of k and all
keys with the same ending go to the same slot
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HASH FUNCTIONS /2

Division method

» Hash function takes the remainder of k divided by m
» h(k) = (k mod m) +1
> m =12k =100 = h(k) =5

» Generally, one tries to avoid certain choices for m
» For m = 2P, h(k) gives the p least significant bits of k and all

keys with the same ending go to the same slot
» Good choice for m: prime number not close to 27

» Hash table HT for roughly n = 2000 character strings
» One may choose m = 701 because it is a prime near 22

(= 3 items per list) but not near any power of 2
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EXERCISE SL07-¢§L/\LML

Let[ h(k) =k mod @ — Jlwhere k is a string interpreted in
radix 2P. Prove that strings a and b hash to the same value if a is
a permutaﬁtigqn of b. ..

- G = --.’;(.,__‘-/ [ 8:-—--\/—--.k—--~‘
—ay = e b 2 ()« o+ 7@)" boaeen
- +>‘-a?“ & oo+ ‘?ZPJ I
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_ wse ~=Sh proves
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EXERCISE SL07-4
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HASH FUNCTIONS/ 3

Multiplication method

» Multiply key k by A and extract fractional part of kA
» h(k)=|m(kAmod 1)] +1
» A constant such that0 < A < k
» kA mod 1: fractional part of kA, ie. kA — [kA]
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HASH FUNCTIONS/3 20.22 ced | = &8

iplication method

Multiply key k by A and extract fractional part of kA

> ACE) = [m(k)mod 1) +1 [

» A constant such that 0 < A < k
kA mod 1: fractional part of kA, i.e. kA — |kA]

» Advantage: value of m is not critical, typically use 27 — &L
slafiy
ey
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HASH FUNCTIONS/ 3

Multiplication method

» Multiply key k by A and extract fractional part of kA
» h(k)=|m(kAmod 1)] +1
» A constant such that0 < A < k
» kA mod 1: fractional part of kA, ie. kA — [kA]

» Advantage: value of m is not critical, typically use 27

» Optimal choice for A depends on data characteristics
» Knuth suggests that 4 ~ @ ~ 0.618 works well
—
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Collision resolution
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HASH FUNCTIONS/ 3

Multiplication method

» Multiply key k by A and extract fractional part of kA
> (k) = [m(kAmod O +1 | (
> A constantsuch that 0 < A< k
» kA mod 1: fractional part of kA, ie. kA — [kA]
» Advantage: value of m is not critical, typically use 27
» Optimal choice for A depends on data characteristics
» Knuth suggests that A ~ @ ~ 0.618 works well
———,
» Example: assume that A = 0.618 and m = 12

cloe toplles

(O4-C 6§ wodk 4
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f 3. Collision resolution
Chaining
Open addressing
- Linear probing
- Double hashing
T
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CHAINING

» The simplest approach is chaining.

» Chaining maintains a table of links, indexed by the keys, to
lists of items with the same key.

> Pros: easy, flexible, hash table never gets full

> Cons: stores elements outside hash table, additional space

for pointers

BBl
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OPEN ADDRESSING

» The idea is to store all items in the hash table itself

» Each table entry contains either an item or is empty
» No lists and no items are stored outside the table
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OPEN ADDRESSING # Jf
fCTwm——’—\X‘_ vw > VL Q[Q,_d‘

stk X N
» The idea is to store all items in the hash table itself

» Each table entry contains either an item or is empty
» No lists and njo items are stored outside the table

» A drawback is that the table can fill up: load factor « never
exceeds 1
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OPEN ADDRESSING

» The idea is to store all items in the hash table itself

» Each table entry contains either an item or is empty
» No lists and no items are stored outside the table

» A drawback is that the table can fill up: load factor o never
exceeds 1
» Advantage of open addressing: avoid pointers

» No need to follow pointers when accessing items
» Simply compute sequence of slots to be examined
» Larger number of slots for same amount of memory
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OPEN ADDRESSING

» Open addressing uses an extended hash function that
includes the probe number:

h:Ux{1,2,....m} —={1,2,....m
VEk: (h(k,1),...,h(k,m)) is permutation of

probe 7 psbe —
e \)7 QU
S\
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OPEN ADDRESSING

» Open addressing uses an extended hash function that
includes the probe number:

h:U x{1,2,....,m} —{1,2,...,m}
Vk: (h(k,1),...,h(k,m)) is permutation of (1,...,m)
» All dictionary operations systematically probe table slots
» Sequence of positions probed depends on given key
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LINEAR PROBING/1

Linear probing [\ ~ees ECL

9Le{ SRR
» Uses a hash function 0f form

> h(k,i) = (W' (k) + chmod-m—— prole ws
» where /' is a hash function
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LINEAR PROBING/1

Linear probing

» Uses a hash function of the form
> n(k,i) = (h'(k) + ci) mod m —= 4 X
» where /' is a hash function

» We try out (probe) a number of positions:
NextLoc = (PreviousLoc + StepSize) mod m
» The step size should be chosen such that all locations are
probed.
> Often a step size of one (c=1) is chosen. This guarantees
that all locations are probed. Aoes —al O\ Y

L le QT well J%.k

=\ “many aollicions = :
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Hash functions Collision resolution
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LINEAR PROBING/2

» If the current location is used, try the next table location:

Algo: LinearProbingInsert(k)

if table is full then return error; _ |
probe = h(k); -
while HT|[probe] is used do

|_probe = (probe+1) mod m

table[probe] = k;

Lookups walk along the table until the key or an empty
slot is found

Uses less memory than chaining: one does not have to
store the links

Slower than chaining: one might have to probe the table
for a long time
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EXERCISE SLO7-5

Insert the keys 18, 41, 22, 44, 59, 32, 31, 73 into a hash table with
13 slots where linear probing with a step size of 1 is used as a
collision resolution strategy. Show the final hash table.

W) = (at) ek 1S

L) = 5 R
W() = 2 £ ) 1 e Mr
W(ez) = 4 —

L(yq)=5;¢

L(59) =2

W (22) = 6,7 %

W) =s;677,4,7; (o
W)= 4,7 oy u
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EXERCISE SL07-6

Consider the following open addressing schemehﬂ Cenanil

1
li=hdj=
2 1f HTli]= em_pty V HT[i]==k then stop search; can QJQOL‘QQH&O’( } !
| = (j+1) mod m; i = (i+j) mod m; goto 2; ._-?\eu.lul e

Show that this schema is a quadratic probing scheme of the W? >
S form h(k,i) = (h(k) + c1i + c2i%) mod m.
“"" ’m:QR c;e?uJu\LL X< )

(><+h)m,tw\ ¢ | H)
/

wﬁs h (u +a\354e;‘;2)w(m

x4, x44+2 AAIAZ-VS -
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DOUBLE HASHING /1

Slemdel ol
» Two hash functions:
1.(hkdetermines the initial location b @
2. determines the step size
3. h(k,i) = (hi(k) +ix mod m
» Initial probe is to position HT'[h(k)], successive probe
positions are offset by ha(k).
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DOUBLE HASHING /2

Search:

Algo: DoubleHashingInsert(HT, k)
i=0;
—| repeat
probe = (h1(k) + i*h2(k)) mod m;
i=i+l;
until (HT[probe] is free \V i>my);
if i>m then Error: hash table overflow;
else HT[probe] = k;
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@ GO MmO et. Q_\‘b =5 L“\ E%tcﬁx’:\ :c',-'-\r.\\t"\.
DOUBLE HASHING/ 3 S
lY:?‘S_'j =222 =

8 =T
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» ho(k) must be @to hash table size m e <=dao

» m a power of 2, hy always produces an odd number
» m prime, hy always produces a positive integer < m
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DOUBLE HASHING /3

» ho(k) must be relatively prime to hash table size m

» m a power of 2, hy always produces an odd number
» m prime, hy always produces a positive integer < m

» Example: m prime and hy(k) positive integer < m
> Let hy(k) = (k mod m) + 1, ho(k) = (k mod m/) +1 |e==
» Choose m’ to be slightly less than m (say m' = m — 1)
» Given k = 123456, m = 701, m’ = 700: hy (k) = 81,
ha (k) = 257 (first probe to 81, then every 257th slot)
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DOUBLE HASHING /3

» ho(k) must be relatively prime to hash table size m
» m a power of 2, hy always produces an odd number
» m prime, hy always produces a positive integer < m
» Example: m prime and hy (k) positive integer < m
» Let hi(k) = (k mod m)+ 1, ha(k) = (k mod m') +1
e a&“ » Choose m’ to be slightly less than m (say m' = m — 1)
\e o\ > Givenk = 123456, m = 701, m' = 700: hy(k) = 81,
A dusn hao(k) = 257 (first probe to 81, then every 257th slot)
» Cost of searching in open-address hash table with
a=n/m<1 L= S0 => 2
-~ » unsuccessful: 1/(1 — «) o =90% = lo
— P> _successful: In(1/(1 — o))/«
g&o?ﬁ. cm(\f o 2.6
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EXERCISE SL07-7

Insert the keys 18, 41, 22, 44, 59, 32, 31,73 intoa hash table with
double hashing where

— hi(k)=k mod 13 1.3 (wevsro)
— h2(k) =8 — (k_mod 8) /
—— H(k,i) = (h1(k) + i * h2(k)) mod 13

W)= 5"

(g1 = 2

W (22) =%

Live)=5; 9,0 (fodb=¢)
(st =

(32) =6 (ofbsed 9)
Wzl )= g}G;%-’-& (ﬂke\:]) L\(?g):&;c”}ﬁig
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DOUBLE HASHING /4

Dictionary operations

» Inserting and searching are relatively straightforward
> At least if one assumes that there are no deletions
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DOUBLE HASHING /4

Dictionary operations

» Inserting and searching are relatively straightforward
> At least if one assumes that there are no deletions
» Deletion is difficult: cannot mark deleted slot as empty

» Solution: use special value to mark a deleted slot
» This affects all hash table functions (e.g., the simple
procedures for insertion must be extended)
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. —e—=8( — condd
EXERCISE SLO7- STJMT ES/Q ool
co‘l é":—y—iﬁp [ A

Consider hashing with open addressing. Give an example that ™ g‘?
illustrates a poss1ble problem when deleting an element rather ’

delete elements instead of g\aiklmg them as dele_ted’? When is it
possible to remove DEL?

LWk)= &k ek S (dr peditg 5 slep Cee =1 )
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Hash tables Hash functions Collision resolution

0000000000000 0000000 0000000000000 0e00000000
: :

HASHING WITH OPEN ADDRESSING/ 1

Assume hashing with open addressing as a collision resolution
strategy.

1. Define the hash table and give a procedure to initialize it.
2. Give a procedure to insert, search and delete an element

— \'u-ﬂ WL\ -(E-C"*-""-‘“-:“‘v w o teld Q—b/k ‘\JG\“"“-& (?AQ.} %ﬁ
we wo Sk valuas Qe Maed ek eegly Slls )

=D o= Y PO ST Q'Lt\/'—ﬂ ?"\-E\JL
wm‘?g ool Q:-kh.\/b\g %&(\Vt Qﬂleﬁe QCQSS}-} Ul y

) ek Qo God L Re by

— ku.u.‘\ﬁ{ N

(*—«g& A\ %(\C&tﬁ os€ U:“'M)

- al



Hash tables Hash functions Collision resolution

0000000000000 0000000 000000000000 000e0000000
: :

HASHING WITH OPEN ADDRESSING /2
definition of hash table:

struct elem { —
int(key
int status;
/* 0: OCCupied, -1: EMPty, —2: DELeted +*/

—_—

bi

struct elem HT [70007];

Algo: HTinit(HT)
for i = 0 to m-1 do HT[i].status = EMP;
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HASHING WITH OPEN ADDRESSING/3

|

'FJE-QQ Wux»—h}‘ L G -

Algo: HTinsert(HT k)

return probe

untl >\ I HT[probe “status#0OCC;
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HASHING WITH OPEN ADDRESSING /4

Algo: HTsearch(HT,k)

e

ele—v\l Q Q—n 9/[

——OCC A HTl[probel.key==k )
HAT[probel.status==EMP,
vif i>m VvV HT[probe].s(utus::EMP then return -1;

e ———
return probe

\QAAQQ‘ Ldn (ERD st
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HASHING WITH OPEN ADDRESSING/5

Algo: HTdelete(HTK)  cowled oAl woloes oo,

i=-1; le> Sy

X

ifi>m \/_HT[probe].status::EMP then return -1; \ e A 1
——1 HT[probe].status = DEL; T
return probe
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COMPARISON OF HASHING TECHNIQUES

Expected number of probes for uniform hashing

» Chaining (a: 1+ «)
» 0:1,05:1.5,1:2,n:n+1
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0000000000000 0000000 000000000000 0000000e000
: :

COMPARISON OF HASHING TECHNIQUES

Expected number of probes for uniform hashing

» Chaining (a: 1+ «)
» 0:1,05:1.5,1:2,n:n+1

» Probing, unsuccessful (a : 1/(1 — «))
> 0.2:1.25,05:2,0.8:5,0.9:10



Hash tables Hash functions Collision resolution

0000000000000 0000000 000000000000 0000000e000
: :

COMPARISON OF HASHING TECHNIQUES

Expected number of probes for uniform hashing

» Chaining (a: 1+ o)
» 0:1,05:1.5,1:2,n:n+1
e ——
» Probing, unsuccessful (a : 1/(1 — «))
> 0.2:1.25,0.5:2,0.8:5,0.9:10
—_— _—
» Probing, successful (o : (In(1/(1 — «))/«)
» 0.2:0.28,0.5:1.39,0.8:2.01,0.9:2.56
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0000000000000 0000000 000000000000 0000000e000
: :

COMPARISON OF HASHING TECHNIQUES

Expected number of probes for uniform hashing

» Chaining (a: 1+ «)
» 0:1,05:1.5,1:2,n:n+1

» Probing, unsuccessful (a : 1/(1 — «))
> 0.2:1.25,05:2,0.8:5,0.9:10

» Probing, successful (o : (In(1/(1 — «))/«)
> 0.2:0.28,0.5:1.39,0.8:2.01,0.9: 2.56

Final remarks

» Hashing is very efficient (not obvious, probability)



Hash tables Hash functions Collision resolution

0000000000000 0000000 000000000000 0000000e000
: :

COMPARISON OF HASHING TECHNIQUES

Expected number of probes for uniform hashing
» Chaining (a: 1+ «)
» 0:1,05:1.5,1:2,n:n+1
» Probing, unsuccessful (a : 1/(1 — «))
> 0.2:1.25,05:2,0.8:5,0.9:10
» Probing, successful (o : (In(1/(1 — «))/«)
> 0.2:0.28,0.5:1.39,0.8:2.01,0.9: 2.56

Final remarks

» Hashing is very efficient (not obvious, probability)
» May not be easy to determine parameters (e.g. m).

» Worst case exists and cannot be avoided in general.
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EXERCISE SL07-9 qaes} €y codedilio~

Consider quadratic probing of the f
[ h(k,i) = (h(k) +14/2 +i*/2) mod 2P

Prove that with this scheme every table position is examined in
the worst case.
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Hash tables Hash functions Collision resolution

0000000000000 0000000 000000000000 0000000000e
: :

SUMMARY Low A€ &mw o
PTR\'S l-wb\t

PANTY (i-w—« ol

» Hashing is simple to implement. H )

v

Hash table give constant access time. Leec\n

\
d el
» Hashing requires some difficult to choose parameters (e\g.,
size of hash table). e ety T

» Hash table reorganization (enlarging or shrinking) are
expensive (not constant anymore).

v

Analysis of hashing requires probability theory.

» In general hashing must deal with collisions.
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DESIGN TECHNIQUES/ 1

Design of algorithms

» Design techniques used so far
> Iterative (brute-force) algorithms
» Linear search, selection sort, insertion sort, etc
» Data structure based algorithms
F—@ sort, PQ sort{BST sort, @ sort, etc
» Divide-and-conquer algorithms
> Binary search, merge sort, quick sort, etc
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DESIGN TECHNIQUES/ 1

Design of algorithms

» Design techniques used so far
» Iterative (brute-force) algorithms
» Linear search, selection sort, insertion sort, etc
» Data structure based algorithms
» Heap sort, PQ sort, BST sort, RBT sort, etc
» Divide-and-conquer algorithms
» Binary search, merge sort, quick sort, etc
» But there exist other techniques ———__
> Dvnamlc_prggﬁammxng (temember solutions)
> Matrix multiplication, longest common subsequence
> Greedy algorithms (choose local optimum in each step)

“» Graph based: minimum spanning tree, shortest path
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DESIGN TECHNIQUES/ 2

Divide-and-conquer

» Principle: if problem size is small enough to be solved
trivially then solve it; else
1. Divide: problem into a number of subproblems
2. Conquer: subproblems by solving them recursively
3. Combine: solutions of the subproblem into solution for the
original problem
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DESIGN TECHNIQUES/ 2

Divide-and-conquer

» Principle: if problem size is small enough to be solved
trivially then solve it; else

1. Divide: problem into a number of subproblems

2. Conquer: subproblems by solving them recursively

3. Combine: solutions of the subproblem into solution for the
original problem

» Subproblems are independent and non- overlappmg
e A W “L—rouusa_\ \ l*’qu s l\see_ /
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DESIGN TECHNIQUES/ 2

Divide-and-conquer

» Principle: if problem size is small enough to be solved
trivially then solve it; else

1. Divide: problem into a number of subproblems

2. Conquer: subproblems by solving them recursively

3. Combine: solutions of the subproblem into solution for the
original problem

» Subproblems are independent and non-overlapping

Dynamic programming

» Solve problem by combining solutions of subproblems
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DESIGN TECHNIQUES/ 2

Divide-and-conquer

» Principle: if problem size is small enough to be solved
trivially then solve it; else

1. Divide: problem into a number of subproblems

2. Conquer: subproblems by solving them recursively

3. Combine: solutions of the subproblem into solution for the
original problem

» Subproblems are independent and non-overlapping

Dynamic programming

» Solve problem by combining solutions of subproblems
» Subproblems are not independent and overlapping
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FIBONACCI NUMBERS/1

Recursive definition

0 ifn=0

Fibonacci fib(n) = ifn=1

1
— fib(n —2)
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FIBONACCI NUMBERS/1

Recursive definition

0 ifn=0
Fibonacci  fib(n) = jl%(n _y) ifn=1

+ fib(n—1) ifn>1

Recursive algorithm
Algo: Fibl(n)

if n<2 then return n;
return Fib1(n-2) + Fib1(n-1);
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FIBONACCI NUMBERS/ 2

Analysis of algorithm

» Keep calculating the same values over and over again
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EXERCISE SL08-1

Determine the asymptotic runtime complexity of the recursive
Fibonacci numbers algorithm.
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FIBONACCI NUMBERS/ 3

Bottom-up approach

» Keep remembering solutions of solved subproblems

Algo: Fib2(n)
f[1]1=0;
f[2] =1;

fori=3ton+1do
| f[i] = f[i-2] + f[i-1]

return f(n+1);
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FIBONACCI NUMBERS/ 3

Bottom-up approach

» Keep remembering solutions of solved subproblems

v M(‘VL ‘50’{‘*1}':""‘

8
[~

|

fori=3ton+1do
| f[i] = f[i-2] + f[i-1]

return f(n+1);

Algo: Fib2(n) —
f1]=0; \
o1 LA

T e T

» Can compute value of fib(n) in linear time (i.e., ©(n))
» Algorithm computes the solution in bottom-up fashion.

» The bottom-up approach trades épace for time.




Design techniques Matrix multiplication Dynamic programming LCS, coin changing
000000080 000000000000 0000000 Q000 0000000000000 0000

FIBONACCI NUMBERS/ 4

Optimized bottom-up algorithm

» Can do without remembering all the previous results

Algo: Fib3(n)

a6
“tj—l,' < >

fori=1tondo -

r=t > {“

return t;
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FIBONACCI NUMBERS/ 4

Optimized bottom-up algorithm

» Can do without remembering all the previous results
Algo: Fib3(n)
s=0;
t=1;
fori=1tondo
r=t;
t=t+s;
s=r
return t;

» Thus, space complexity is constant rather than linear
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OBSERVATIONS

> An inefficient algorithm does not imply that no efficient
solution for the problem at hand exists.
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OBSERVATIONS

» An inefficient algorithm does not imply that no efficient
solution for the problem at hand exists.

» If the same problem is computed over and over again we

can improve the performance by remembering previously
computed solutions.
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OBSERVATIONS

» An inefficient algorithm does not imply that no efficient
solution for the problem at hand exists.

» If the same problem is computed over and over again we
can improve the performance by remembering previously
computed solutions.

» Such an approach trades space for time.



Design techniques Matrix multiplication Dynamic programming LCS, coin changing
00000000 e 000000000000 0000000 Q000 0000000000000 0000
: :

OBSERVATIONS

» An inefficient algorithm does not imply that no efficient
solution for the problem at hand exists.

» If the same problem is computed over and over again we
can improve the performance by remembering previously
computed solutions.

v

Such an approach trades space for time.

» The sequence of computation must be organized in such a
way that later computed solutions can use earlier
computed solutions.
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2. Matrix multiplication
Basics of dynamic programming
Matrix-chain multiplication
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OVERVIEW OF DYNAMIC PROGRAMMING

» Invented in the 1950s by Richard Bellman as a general
method for optimizing multistage decision procedures
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OVERVIEW OF DYNAMIC PROGRAMMING

» Invented in the 1950s by Richard Bellman as a general
method for optimizing multistage decision procedures

» The term dynamic programming (DP) refers to a tabular
method ( e ——a—Ras <ol u-&"\-“——ns = Q_:'tcn&-i )
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OVERVIEW OF DYNAMIC PROGRAMMING

» Invented in the 1950s by Richard Bellman as a general
method for optimizing multistage decision procedures

» The term dynamic programming (DP) refers to a tabular
method

> DP is typically applied to optimization problems

» Have to choose one solution out of many
» Want the solution with the optimal value
» Characterize the structure of a soiutio

» Consists of a sequence of choices that can be made
» What choices have to be made for an optimal solution?
» Algorithm computes an optimal value
(plus, if needed, an optimal solution)
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MATRIX-CHAIN MULTIPLICATION /1 \ C= A=B \

Problem definition

» Matrices A(n x m) and B(m x k) can be multiplied to get

matrix C(n x k) using nmk scalar multiplications
% b<
air a
,(_111 a12 b11 513 _
LDy ba1 ba3

WV az; as2
Al

(V'
Cij 7~ DIt ag - blj (e-g- c22 = a1 - b12 + ag2 - bao)
v liglealis

?:.r- C'EI‘

v P L.‘o\.rﬁ U‘-""l}(
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MATRIX-CHAIN MULTIPLICATION /1

Problem definition

» Matrices A(n x m) and B(m x k) can be multiplied to get
matrix C(n x k) using nmk scalar multiplications

ai a2 bii b b ci1 ¢z ci3
azl a2 o Co1 €22 C23
bor bao D23 \ €
asy as2 €31 €32 (33
wR

5
Cij = >ty ai - by (e.g. ca2 = as1 - bia + aga - bao) (15‘9"\“
» Matrix multiplication is associative, i.e., A(BC') = (AB)C a
— —_—
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MATRIX-CHAIN MULTIPLICATION /1

Problem definition

» Matrices A(n x m) and B(m x k) can be multiplied to get
matrix C(n x k) using nmk scalar multiplications

air a2 bii b b c11 ci2 i3

ag agy || P B = ey con cos
bo1 baa  bos

az; as2 C31 €32 (33

Cij = 2 imq @i - by (e.g. co2 = agy - bia + agz - baa)
» Matrix multiplication is associative, i.e., A(BC') = (AB)C

» Problem: compute product of many matrices efficiently
(i.e., determine the best sequence of multiplications)
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MATRIX-CHAIN MULTIPLICATION /2

Problem definition

» It matters how the product A4, - - - A,, is parenthesized
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MATRIX-CHAIN MULTIPLICATION /2

Ar‘ﬁ“ Ae> - M]Q“-’\

» It matters how the product A4, - - - A,, is parenthesized

» Consider for instance t{h_e_prﬂi\;mt of four matrices
> 4,30 x 1), Ay(1 x 40), A5(40 x 10), A4(10 x 25)

» The costs for computing some products are as follows

Problem definition
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MATRIX-CHAIN MULTIPLICATION /2

Problem definition

» It matters how the product A, - - - 4, is parenthesized

» Consider for instance the produgt of four matrices . _ (¢
> A;(30 x 1), Ay(1 x 40), A3(40 x 10), A4(10 x 25) 20 Gy . P
» The costs for computing sorhe products are as foilows
> (A143)(A3A4) has cost 1200 + 10000 + 30000 =(41200>
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MATRIX-CHAIN MULTIPLICATION /2

Problem definition

» It matters how the product A4, - - - A,, is parenthesized
» Consider for instance the product of four matrices
> A;(30 x 1), Ag(1 x 40), A3(40 x 10), A4(10 x 25)
» The costs for computing some products are as follows
> (A;A5)(AsAs) has cost 1200 + 10000 + 30000 = 41200

- A2 = A1 Az is a (30 x 40) matrix



Design techniques Matrix multiplication Dynamic programming LCS, coin changing
000000000 000000000000 0000000 Q000 0000000000000 0000
: :

MATRIX-CHAIN MULTIPLICATION /2

Problem definition

» It matters how the product A4, - - - A,, is parenthesized
» Consider for instance the product of four matrices
> A;(30 x 1), Ag(1 x 40), A3(40 x 10), A4(10 x 25)
» The costs for computing some products are as follows
> (A;As)(AsA4) has cost 1200 + 10000 + 30000 = 41200

- A2 = A1 Az is a (30 x 40) matrix
- computation cost of A1z is 30 * 1 x 40 = 1200
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MATRIX-CHAIN MULTIPLICATION /2

Problem definition

» It matters how the product A4, - - - A,, is parenthesized
» Consider for instance the product of four matrices
> A1(30 x 1), Az(1 x 40), A3(40 x 10), A4(10 x 25)
» The costs for computing some products are as follows
> (A;A5)(AsAs) has cost 1200 + 10000 + 30000 = 41200
- A2 = A1 Az is a (30 x 40) matrix
- computation cost of A1z is 30 * 1 x 40 = 1200
- Aj234 = A12As4 is a (30 x 25) matrix



Design techniques Matrix multiplication Dynamic programming LCS, coin changing
000000000 000000000000 0000000 Q000 0000000000000 0000
:

MATRIX-CHAIN MULTIPLICATION /2

Problem definition

» It matters how the product A4, - - - A,, is parenthesized
» Consider for instance the product of four matrices
> A1(30 x 1), Az(1 x 40), A3(40 x 10), A4(10 x 25)
» The costs for computing some products are as follows
> (A;A5)(AsAs) has cost 1200 + 10000 + 30000 = 41200
- A2 = A1 Az is a (30 x 40) matrix
- computation cost of A1z is 30 * 1 x 40 = 1200
- Ajo3zqs = A12Assisa (30 X 25) matrix
- computation cost of A1234 is 30 * 40 % 25 = 30’000
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MATRIX-CHAIN MULTIPLICATION /2

Problem definition

» It matters how the product A4, - - - A,, is parenthesized
» Consider for instance the product of four matrices
> A1(30 x 1), Az(1 x 40), A3(40 x 10), A4(10 x 25)
» The costs for computing some products are as follows
> (A;A5)(AsAs) has cost 1200 + 10000 + 30000 = 41200
- A2 = A1 Az is a (30 x 40) matrix
- computation cost of A1z is 30 * 1 x 40 = 1200
- Ajo3zqs = A12Assisa (30 X 25) matrix
- computation cost of A1234 is 30 * 40 % 25 = 30’000
> ((A.A2)As)Aq has cost 1200 + 12000 + 7500 = 20700
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MATRIX-CHAIN MULTIPLICATION /2

Problem definition

» It matters how the product A4, - - - A,, is parenthesized
» Consider for instance the product of four matrices
> A1(30 x 1), Az(1 x 40), A3(40 x 10), A4(10 x 25)
» The costs for computing some products are as follows
> (A;A5)(AsAs) has cost 1200 + 10000 + 30000 = 41200
- A2 = A1 Az is a (30 x 40) matrix
- computation cost of A1z is 30 * 1 x 40 = 1200
- Ajo3zqs = A12Assisa (30 X 25) matrix
- computation cost of A1234 is 30 * 40 % 25 = 30’000

> ((A1Az2)As)Aq has cost 1200 + 12000 + 7500 = 20700
> Ai((A2A3)A4) has cost 400 4 250 + 750 = 1400
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MATRIX-CHAIN MULTIPLICATION /2

Problem definition

» It matters how the product A4, - - - A,, is parenthesized
» Consider for instance the product of four matrices
> A1(30 x 1), Az(1 x 40), A3(40 x 10), A4(10 x 25)
» The costs for computing some products are as follows
> (A1A2)(AsA4) has cost 1200 + 10000 + 30000 :@
- A2 = A1 Az is a (30 x 40) matrix
- computation cost of A1z is 30 * 1 x 40 = 1200
- Ajo3zqs = A12Assisa (30 X 25) matrix
- computation cost of A1234 is 30 * 40 % 25 = 30'000
> ((A1A3)As3) A4 has cost 1200 + 12000 + 7500 =(20700
=P A;((A2A3)A4) has cost 400 + 250 + 750 = 1400

» In other words, it is necessary to optimally parenthesize
Ay A,
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EXERCISE SL0O8-2

Propose an appropriate problem representation for solving the
matrix multiplication problem.

sy A el AL astoahi e §
— R —aroh v Y ST SHVELY Q‘;’— = P—D"‘*‘*vk« -—Q A ik §

- 2 \—-.ug.-«\u$ ﬁ’l i A‘L
Ar= () A= (““kl’()

o = wlM]K <
N  E A e

e cdies Aaeldox ) A= (hexefy ), Ag= (Ag<ely)-

Inf I1 2019, SLO8 15/50
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MATRIX-CHAIN MULTIPLICATION /3
kOptimal substructure H F;chug/«l\icﬂ- %: (W

» Let M(i,7) (i < j) be the minimum number of scalar
multiplications necessary to compute A; ; = A;--- A;
» Key observations

» Outermost parenthesis partitions the chain of matrices (4, j)
atsome k (i < k < j): (Ai--- Ag)(Ap41 -+ 4j)

» Optimal parenthes1zat10n of matrices (i, j) has optimal
parenthesization on either side of k, i.e. for matrices (i, k)

and (k +1,7) Yy 2o Noo
» Example (i = 1,5 =n,k = 3): et '

let this be olearanthems

CAI X A2 X Ag) CA4 XW

opt paranthesis here opt_parantheses here
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MATRIX-CHAIN MULTIPLICATION /4

Recursive problem formulation

» One can try out all possible £ and take the one with the
smallest cost:

M(Z,j) = minigkq{M(i, k) + M(k + 1,j) + di_ldkdj}
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MATRIX-CHAIN MULTIPLICATION /4 ) ( )

)
ﬂ/q( lﬂg ﬂfiquh

Recursive problem formulation

» One can try out all possible k and take the one with the
smallest cost: M =l K

= [M(z j)= m1n1<k<Z{M(z k)+M(k+1 j)—l—dZ 1did;}
» The base case is M (i,i) = 0

» A direct recursive implementation is exponential (there is a
lot of duplicated work)



Design techniques Matrix multiplication Dynamic programming
000000000

0O00000®000000000000 0000

LCS, coin changing
0000000000000 0000

MATRIX-CHAIN MULTIPLICATION /4

Recursive problem formulation

» One can try out all possible £ and take the one with the
smallest cost:

M(i, j) = minj<g<; {M (i, k) + M (k + 1, j) + di—1dyd; }
The base case is M(i,i) =0

» A direct recursive implementation is exponential (there is a
lot of duplicated work)

» But there are only few different subproblems (i, j) (one
solution for each 7 and 7, ¢ < j)

np) + ﬂ(z,u)z&(ﬂzagf%)
- (8,4) =(A44,) (A3 Ay)
NA,§) = e (D s, :
(1 \) n(13) + T(9.9) = (4,4, A3) 4,

in

I

4
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ﬂ(n = u»-uc—n i‘ﬂ(c * 77(&(14‘7

ai A
r‘*kCJ (! 0{ C{;

Recursive solution

» Direct implementation of the recursive problem
formulation

Algo: MatrixRec(i,j)

if i==j then return 0; VAN AVA N
—r min = MatrixRec(j,i) + MatrixRec(i+1,)) + d; 1d dj; be=c ( ' fe \
fork =i+1 torLl do

q = MatrixRec(i,k) + MatrixRec(k+1,j) + d;_1dxd;;
if g<min then min = g;
—

e,

return min;
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. T?/ﬁ'} f )_ ro-..»~9—\/‘
DP solution

» Idea for dynamic programming solution: store the optimal
cost M.(i. 7) for each subproblem in a two-dimensional
array M[1...n,1...n]

» Trivially, M(i,i) =0for1 <i<n

» To compute M (i, j) one needs only values of M for
subproblems of length less than | = j — i

» So, one has to solve subproblems according to their length:
first subproblems of length 1, then the ones of length 2, and
so on
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DP solution

» Idea for dynamic programming solution: store the optimal
cost M (i, j) for each subproblem in a two-dimensional
array M[1...n,1...n]

» Trivially, M(i,i) =0for1 <i<n

» To compute M (i, j) one needs only values of M for
subproblems of length less than | = j — i

» So, one has to solve subproblems according to their length:
first subproblems of length 1, then the ones of length 2, and
so on

» To reconstruct an optimal solution: for every (i, j), one
records in c[i, j] the optimal split into (i, k) and (k + 1, j)



Design techniques Matrix multiplication Dynamic programming LCS, coin changing
000000000 000000000800 0000000 0000 00000000000000000

EXERCISE SL08-3

Ilustrate the data structure that is used to compute the optimal
parentheses for a series of matrix multiplications. Illustrate the
sequence-in-which-the-computation steps are performed.

[ 2__’;__1 g A ,,ilqz_’ifq fad A?"

Ay |

- W N
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A simple example
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MATRIX-CHAIN MULTIPLICATION / 7(“3‘("_"“}
A simple example A 1 z) f 37
» Run the algorithm on the chain (AyAs, A3z, Ag)
> A1(3x2),A3(2x4), A3(4 x 57, Ag(5 x 1)

ﬂ" > > M[1,2]=3-2.
> M[2,3]=2-4-
> M[3,4]=4-5-

> M[1,3] = M[1,2] + M[3.3] +3-4-5=8)

: > M[1,3] = M[1,1] + M[2,3] +3-2-5 =0



Design techniques Matrix multiplication Dynamic programming LCS, coin changing
000000000 000000000080 0000000 Q000 0000000000000 0000
: :
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A simple example

» Run the algorithm on the chain (A;, Az, A3z, A4)
> A1(3x2),A3(2x4),A3(4 x5), Ag(5 x 1)

> > M[1,2]=3-2-4=24
> M[2,3]=2-4-5=40
> M[3,4]=4-5-1=20
> > M[1,3] = M[1,2] + M[3,3] +3-4-5=84
Q:Z > MI[1,3] = M[1,1]+ M[2,3]+3-2-5="70
> > M[2,4] = M[2,3]+ M[4,4]+2-5-1 =50
> M[2,4] = M[2,2] + M[3,4] +2-4-1=28
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A simple example & APES As ”‘Ar% >”ALt

» Run the algorithm on the chain (A;, A, A_3,_/_LI )
> A1(3x2),A3(2x4),A3(4 x5), Ag(5 x 1)

> > M[1,2]=3-2.4=24
> M[2,3] =2-4-5=140
> M[3.4=4-5-1=20
> > 11,3 = M[1,2] + M
USA e (M1, 30 M[1,1) + M
> > 2,4 = M[2(3) + M
—_— M[2,4] = M[22] + M
> > M[1,4] = M3+ M
> M[1,4]=M[1f‘f]+z\i
> M[1,4]:M[1,‘§+M
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LCS, coin changing

0000000000000 0000
:

Determine the optimal parentheses for computing the matrix
product A;(3 x 2) x A2(2 x 4) x A3(4 x 5) x Ag(5 x 1).

muxﬂ 1 2 3 4 1 2 3 4
@ 1|1 C |e¢ A A: Ay
2 < 2 O | Y /
3 @) 3 S | 2 A,
4 C | 4 |4 e
1 2 3 4 1 2 3 /4 ‘;J“
1l o |29 | % 4| oley [37 /é% Res
2 o | % |28 2 = w2 A
3 ! o |&a | —/
4 O |4 c 3?/
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EXERCISE SL0O8-5

M]i, j] is used to determine the cost of the optimal parentheses.
Where to actually put the parentheses is not stored. We need an
additional data structure for this that is similar to M. Extract
this information from the previously computed M and fill the
following matrix c.

Q{lzsg&?%

@» < 1 a4 | 1
(e 4 ? 2 | S0 Ay
Yo :
4

pover %?s) 0
fq/{(’q? (Qg A?‘D
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LCS, coin changing
Q000

0000000000000 0000

_ . <
MATRIX-CHAIN MULTIPLICATION/ 8 U=l =1 M) w

DP solution

cez W(23)
23 RB3Y)

Algo: MatrixDP(d)

—(for/=1ton:1do —

=i+l —
MIij] = oo;
for{=ito;-1do

return (M,c);

for!/=1ton doMJii] =0;
kﬂg&m

@lton—ldo—ﬂ .

172 =1 13w
=2 gy

=]| Pm“,%:'el\k *:,g\‘\% k=23

:
<
(§=MIiK] + Mk+1,j] + d;—1drd;;
if g<Mli,j] then M[i,j] = q; c[ij] = k;

CoSk

€ ven O

st~ (o dd

{)!’n-o J(;—-L\,.n

Pos SRYRES . > )
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Analysis of the DP algorithm

> After the execution of the algorithm it holds that

» M]1, n] contains the value of the optimal solution
» ¢ stores the optimal subdivisions (choices of k)
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Analysis of the DP algorithm

> After the execution of the algorithm it holds that
» M1, n] contains the value of the optimal solution
P cstores the optimal subdivisions (choices of k)

> It is easy to see that the running time is O(n?)

> Note that the algorithm has three nested loops =
» Reduction from exponential to polynomial time -— V
o
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[cC ]

———

Memoization/1 ! st 1] g’oﬁ‘r )
) O, Py~ | O i
o . A I Bt
» Memoization is a technique for DP problems that G’Lt“‘
preserves the recursive structure but does not do erjaig

redundant computation. Sy |

» During the recursive calls newly computed solutions are Q“_P
stored in the DP data structure.

» The recursive procedure first checks if the solution has
already been computed. If so it return the stored result.

» An advantage is that the exact computation sequence must
not be programmed explicitly.



Design techniques Matrix multiplication Dynamic programming LCS, coin changing

000000000

000000000000 0000e00 0000 0000000000000 0000

MATRIX-CHAIN MULTIPLICATION /11

Memoization/2

. ‘;:""‘
E}\Kﬁeg:-iaj

» Can structure soluti’é\ also as a recursive algorithm

S L VPRI
Algo: MatrixMemo(Ld,i,j) ¢ 1 };J\f"
P resdy) Co=)
-if i==j then return (; Ple al\lic

if M[ijl<-=othen return M[i,j]
fork=itoj-1do
Flf_ d;—1dxd; + MatrixMemo(dy,...,dn,i,K) +

7 Uee se\

MatrixMemo(d,...,dn Kk+1,j);
if g<Ml[i,j] then M[i,j] = g; N '
—_— X N
return M, \ \\H__________- ) {A/\. Ny Co ‘\’

g L
{R u—{; C-}GQ ‘w\,\i\,—m R}lc.«-
W) we Loue s Gw
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MATRIX-CHAIN MULTIPLICATION /11

Memoization/2

» Can structure solution also as a recursive algorithm
Algo: MatrixMemo(d,i,j)

if i==j then return 0;
if M[i,jl< oo then return M[i,j];
fork=itoj-1do
q = di—1did; + MatrixMemo(dy,...,dn i,k) +
MatrixMemo(dy,...,d,, k+1,j);
if g<Ml[i,j] then M[i,j] = q;

return M;

» Initialize all items to co and run program (i = 1, j = n)
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EXERCISE SLO08-6/1

Use recursion and memoization to determine the number of
moves that is required to solve the[tower of Hanoijmoving all
disks from peg 1 to peg 2 one disk at a time and never placing a
larger disk on a smaller disk.

| /Er@\
’ \ fthw%%\

TOWER 1 TOWER 2 TOWER 3

o o = prles
WGQQQ_“ ae scie oi% Se2r |

A
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EXERCISE SL08-6/2
g [Hlet e () A3
‘&. (-_‘_F:l’) e w1
seteu— Honol (e (_‘:ﬂi'qic':i‘g? +

Ay TlowiTlows [« 4,8 C) N
I-Qti wt....] >0 P s\~ ‘-‘-\Qx.:_]f O(u.,ﬁ]
“.g_ (\....‘:‘:.] ') “H-.\ \)C_.lr-v-a-—»\ /l _—
oel) = Hefleme (oA, B) |

H‘:‘\G—:ﬂ%i\-«"] <, K!g)
(deas <07

R e I
N TR A S
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3. Dynamic programming
Dynamic programming in detail
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» We typically apply dynamic programming to optimization
problems. o

» The goal is to find a solution with the optimal (minimum
or maximum) value.

» Dynamic programming is used frequently in
bioinformatics (sequence alignment) and economics
(macroeconomic models).

» Dynamic programming solves problems by combining the
solutions to subproblems.

» Dynamic programming applies when subproblems
overlap. -
_—

» A dynamic-programming algorithm solves each
subproblem just once. "__—
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» Step 1: Show optimal substructure — an optimal solution to
a problem contains optimal solutions to subproblems
» Solution to a problem
» Making a choice out of a number of possibilities (look what
possible choices there can be)
> Solving one or more subproblems that are the result of such
a choice (characterize the space of subproblems)
» Show that solutions to subproblems must themselves be
optimal for the whole solution to be optimal
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» Step 1: Show optimal substructure — an optimal solution to
a problem contains optimal solutions to subproblems
» Solution to a problem
» Making a choice out of a number of possibilities (look what
possible choices there can be)
> Solving one or more subproblems that are the result of such
a choice (characterize the space of subproblems)
» Show that solutions to subproblems must themselves be
optimal for the whole solution to be optimal

» Step 2: Give a recursive problem formulation for getting
the optimal value ™
»( M, = ming{(combination of M,,, of all subproblems
ulting from the choice k) + (cost associated with making
the choice &)}
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» Step 3: Compute the value of an optimal solution in a
bottom-up fashion (or use memoization)
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» Step 3: Compute the value of an optimal solution in a
bottom-up fashion (or use memoization)

» Show that the number of different instances of
subproblems is bounded by a polynomial (

» Check whether it is possible to reduce the space
requirements (forget no longer needed solutions)

L . —wine  co O %—0@ @c[liﬁ“\..:.\},e
(un?‘) /low 2 )
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» Step 3: Compute the value of an optimal solution in a
bottom-up fashion (or use memoization)

» Show that the number of different instances of
subproblems is bounded by a polynomial

» Check whether it is possible to reduce the space
requirements (forget no longer needed solutions)

» Step 4: If required construct an optimal solution from the
computed information (sequence of choices made)
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» Step 3: Compute the value of an optimal solution in a
bottom-up fashion (or use memoization)

» Show that the number of different instances of
subproblems is bounded by a polynomial

» Check whether it is possible to reduce the space
requirements (forget no longer needed solutions)

» Step 4: If required construct an optimal solution from the
computed information (sequence of choices made)
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4. Longest common subsequence, coin changing
Longest common subsequence (LCS)
Coin changes
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Problem definition

» Two text strings are given: X and V'
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LONGEST COMMON SUBSEQUENCE/ 1

Problem definition

» Two text strings are given: X and YV’
» Want to quantify how similar they are
> Spell checkers, DNA sequences
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Problem definition

» Two text strings are given: X and YV’
» Want to quantify how similar they are
» Spell checkers, DNA sequences

» One of the measures of similarity is the length of a longest
common subsequence (LCS) -
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LONGEST COMMON SUBSEQUENCE/ 1

Problem definition

» Two text strings are given: X and YV’
» Want to quantify how similar they are
» Spell checkers, DNA sequences
» One of the measures of similarity is the length of a longest
common subsequence (LCS)

» Z is a subsequence of X if it is possible to generate Z by
skipping some (possibly none) characters from X

> LCS (“4CGfHITA”, “CGTAR”) = “CGTA” or “CGTT”
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Problem definition

» Two text strings are given: X and YV’
» Want to quantify how similar they are
» Spell checkers, DNA sequences

» One of the measures of similarity is the length of a longest
common subsequence (LCS)
» Z is a subsequence of X if it is possible to generate Z by
skipping some (possibly none) characters from X
> LCS (“ACGGTTA”, “CGTAT”) = “CGTA” or “CGTT”
» To solve the LCS problem one has to find

> “skips” that generate LCS (X, Y) from X
> “skips” that generate LCS (X, Y) from Y
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Optimal substructure

» Start with empty Z and proceed from the ends of
Xp=ziz0...xnand Y, = 192 ... Ym
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LONGEST COMMON SUBSEQUENCE /2 s (9] =
< = ' o Les )y ')
Optimal substructure V= +

» Start with empty Z and prc?ed from the ends of
Xp=ziz0...xnand Y, = 192 ... Ym
» One needs to consider two cases:
» If z, = yn, append this symbol to the beginning of Z and
find an optimal solution for LCS (X,,—1, Y;,—1)
» If x,, # yn, either skip a letter from X, or skip a letter from
Y,, and decide about the choice by comparing LCS (X,,—1,

Y,,) and LCS (X,,, Y1)
> Leg (> ]:
> = Q.
\7/ _ \?,F Q} Mok ( (:,Q()_E)Y[Z

el LA ly])
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Optimal substructure

» Start with empty Z and proceed from the ends of
Xp=ziz0...xnand Y, = 192 ... Ym
» One needs to consider two cases:
» If x,, = yn, append this symbol to the beginning of Z and
find an optimal solution for LCS (X,,—1, Y;,—1)
» If x,, # yn, either skip a letter from X, or skip a letter from
Y,, and decide about the choice by comparing LCS (X,,—1,
Y,,) and LCS (X1, Yin_1)
» The algorithm can be extended to allow more editing
operations (e.g. changing a letter)



Design techniques Matrix multiplication Dynamic programming LCS, coin changing
000000000 000000000000 0000000 Q000 000@0000000000000
: :

G122 %98 - BEE ISR
LONGEST COMMON SUBSEQUENCE/3 o[ /

1
2
3
Recursive problem formulation 1 @

» Letc[i,j] = LCS (X;, Y;) with ¢[0...7n,0.. .m]y ch(; 2

0 ifi=0v;ji=0
cli,jl=<cli—1,7 -1 +1 ifi,j > 0Nz =y,
max{c[i — 1, j] [z j—l]} ifi, 7 >0Az; #yj
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C"!;:l_l T
.
Recursive problem formulation C\a VRS
o ¢
» Let c[i, j] = LCS (X;, Yj) with ¢[0...n,0...m] <, "]
0 ifi=0Vvj=0
cli,j] = [i—li—1]+1 ifi,j>0Ax; =y

max{c[i — 1,j],cli,j = 1]} ifi,7> 0Nz #y;

» The conditions in the problem restrict the subproblems
» If x; = y;, one considers the subproblem of finding the LCS
of Xi—l and }/j—l
» If x; # y;, one considers the subproblems of finding the
LCSof X;_1and Y, and of X; and Y, _;
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EXERCISE SL08-7

Give a recursive solution for solving the LCS problem.

LeSie (i, )
i (t"-*O” 3= —0) el O

else ‘i (><L]= Ytjj) reboa— LCSch(i-?;}JM

oloc  rebeom o (CSuec (E-i)j]

Les e ¢y 1))

Inf I1 2019, SLO8 38/50 M. Bohlen, Ifl@eUZH
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EXERCISE SL08-8 C. e

pserdecerde:
Give a memoization solution for solving the LCS problem. el \
"

C—QC g (C\I J )
£ 1 e==6 j==0) ackam O
et (el T2 1) b el
clse f (V== 90 ) )= 1eas (o,
:1"?] *23 i cL;;J?
elce g C)_};ﬂ = MGX(LCSHH\O <¢.~?,j )7
(CS s (¢ (-1 )) (

)
‘e-dem(:“[; ) 3 ?

Inf I1 2019, SLO8 M. Béhlen, Ifl@eUZH
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: ::w.ax c,[ i”], -‘f_j) "_“%

Determine the len th of LCS (”GGTTCA " GTATCT”).
A 5_@
N C D Q C b

Q/ € | 9.0 =
-—@Cy PARS ,"‘4 A
T

'0

/I

1
<
2

Al

[y

A
—~

2
3
G

v
Wiw Wl A

a

A

A
1T 2e—

2
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2
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W
-
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LONGEST COMMON SUBSEQUENCE / 4C@{1 ] clehid

DP algorithm: b >¢ cly)
Y~ / ————
Algo: LCSdyn(X,,,Y})

fori=1tondo[i0] =0;
forj=0tomdoc[0,j]=0;
fori=1tondo —— = vowrs
forj=1tomdo — atl o'}
if x; == y,; then
e S

else T

if c[i-1,j]>c[ij-1] then \L %L(:T >

| clijl=cli-1,]
else

| clij] = clij-1] - 5“‘? Y

Jrﬁ‘ut?h — >

return c;
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EXERCISE SLO08-10

Print the longest common subsequence of two given text ~. l
strings.

o aC(34f, ¢ )
§ (8==00 j==0 ) chom
A LR (== eli) Ho @IS (g, 000
| e it (T == 1)) e b S by ¢ 1)
elge (Pﬁ:glmg(p‘—fh Jn?,}-f)

?ﬁ'ﬂfg(“ %o, >0

3 3 5
I ¢ — o X3¢
J [4 v L( L{' ¢
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COIN CHANGES/1

Problem illustration

» Assume you have coins of different denominations, e.g., 5,
15, 20, 50.

» Assume that of each denomination you have an unlimited
number of coins.

» Given an amoun@and m denominations the goal is to
change A with as few coins as possible.
» Example:

» Denominations: 1,2,5,10
> A =27, change = 2*10 + 1*5 + 1*2
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COIN CHANGES/2

Problem definition

Given are coins of different denominations (e.g., 1, 5, 15, 20, 50,
etc). The goal is to pay out amount A with the smallest possible
numbers of coins. Develop a solution.

Three cases:

1. No solution: e.g., A=3 and the only available coin is 2.

2. Greedy solutjon (i.e., in each step use the highest possible
coin) gives the optimal solution. Typically, denominations
are designed in such a way.

3. DP solution if the optimal solution cannot be found by
choosmg the largest possible coin in each step (e.g., A=12,
coins = (10, 6, 1))

K’q‘j“?‘v &+ 1 )\ e-ﬂh‘-\m‘)\: ¢+ G
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EXERCISE SL08-11/1

Optimal substructure:

\r;i o o?"\-?f——-l L W GV S cha_?f_, a._%_l fac
el e Xt TR o bR
%)Gr_ A sl g Qa 9%7\'«\‘*\

Problem representation:

(,\JQ aeSwe—e e G—"f‘&7 w\ij\ o’(g_mow-\\.uu‘fm-\g

Inf I1 2019, SLO8 45/50 M. Béhlen, IfleUZH
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EXERCISE SL08-11/2 <«

cbilaviielr izl | | Ia
| = F o Th
Recursive problem formulation: ¢

* o ;£ = A=(2,5¢)
C,CJ = E L ?C(Qﬂi@) + ] ‘,5\ > O

Ok Enm
E ple: change of amount A = 20 with coins 10, 6, 1

( (%-1e)+ |
c(2) =7  (@~6)+)
c(2s71)+1]

Inf I1 2019, SLO8 46 /50 M. Béhlen, IfleUZH
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EXERCISE SL08-11/3 le Lopect

Give a recursive solution for solving the coin changing
problem. s Sel-\l— so Ew

Cta(‘.. C"q)
i (R==

feaze) el e ft
-‘é::‘k:O 4o —-1 col e~
U:

Inf I1 2019, SLO8 47 /50 M. Béhlen, IfleUZH
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EXERCISE SL08-11/4

Give a recursive solution with memoizationfor solving the coin
changing problem.

(o (A) “
¥ (A==0) QO (4
:EC%-(O) Pk =

IRCCIRS R \A]
pr =0 to
v = Comem| A= ALT]
R (=) 88 (] == 1T 44 s <<l
Al = | + w5

pe o~ C_(_qu %T

Inf I1 2019, SLO8 0 M. Bohlen, Ifl@eUZH
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EXERCISE SL08-11/5

Give a dynamic programming solution for solving the coin
changing problem.

Cohyw
cfof=<
7 Por c=1 o & A
c.{ﬂz_q
o X =0 Lo “""“'"{
b (M) g & [i-Al)] =) 46

()= 1 14 + cle-Al]] <l )

U= A+ eli ~AT]
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SUMMARY

» Dynamic programming (DP) is an important algorithmic

design technique. _‘

v

DP is used to solve optimization problems.

» DP applies to problems that can be subdivided into
optimal subproblems.

v

First, come up with a recursive problem formulation.

v

Organize computation in a bottom-up fashion.

» Precisely specify meanings of cells in the DP table.
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1. Graphs
Definition and terminology
Graph representation
Graph search
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DEFINITION AND TERMINOLOGY /1

» A graph G = (V, F) consists of
> a finite set of vertices V (sl = "“"u
> asetofedges ECV xV



Graphs Breadth-first search (BFS) Depth-first search (DFS) Topological sorting
O®00000000 0000000000 0000000000000 000 00000000
:

DEFINITION AND TERMINOLOGY /1

» A graph G = (V, E) consists of
> a finite set of vertices V'
> asetofedges £/ C I

» Anedge e = (u,v) is a pair of vertices
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DEFINITION AND TERMINOLOGY/1 OLL““M
U= i Q| Q, c !afLR

E:R(Qae))

(C&,C,]]
(6111]

» A graph G = (V, E) consists of
» a finite set of vertices V'
> asetofedges ECV xV

> Anedge e = (u,v) is a pair of vertices |
» Generally assume directed graphs where edges ar

directed (go from one node to another node) (e o) “{
. <
» Undirected graphs:
» edges are unordered pairs {u, v} — G)
» V={a,bcd} & E = {{a,b},{a,c},{b,c},{c, d}}\ﬁ a

@'e versus VQ

- —
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DEFINITION AND TERMINOLOGY /2

» Vertex v is adjacent to vertex v iff (u,v) € E
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DEFINITION AND TERMINOLOGY /2

» Vertex v is adjacent to vertex v iff (u,v) € E
» The degree of a vertex is defined as follows

» number of adjacent vertices (undirected graph)
» number of incoming and outgoing edges (directed graph)

> in-degree: number of incoming edges
> out-degree: number of outgoing edges

B2 v (2
e 0 o

=3
{oyas
cLEd.ML

[\J

=

oW\~
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DEFINITION AND TERMINOLOGY /2

» Vertex v is adjacent to vertex v iff (u,v) € E
» The degree of a vertex is defined as follows

» number of adjacent vertices (undirected graph)
» number of incoming and outgoing edges (directed graph)

> in-degree: number of incoming edges
> out-degree: number of outgoing edges

O v (@)

» A path of length k is a sequence (vo, . .., vy) of vertices
such that, forall i € {1,...,k}, v; is adjacent to v;_;
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DEFINITION AND TERMINOLOGY /3

» Simple path: path (v, ..., vs) with v; # vj fori # j
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DEFINITION AND TERMINOLOGY /3

» Simple path: path (v, ..., vs) with v; # vj fori # j
» Cycle: a simple path (v, ..., vg), except that v = vy
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DEFINITION AND TERMINOLOGY /3

» Simple path: path (v, ..., vs) with v; # vj fori # j
» Cycle: a simple path (v, ..., vg), except that v = vy

» Connected graph: every pair of vertices is connected by a
path



Graphs Breadth-first search (BFS) Depth-first search (DES) Topological sorting
0000000000 0000000000 0000000000000 000 00000000
:

DEFINITION AND TERMINOLOGY /3

» Simple path: path (v, ..., vs) with v; # vj fori # j
» Cycle: a simple path (v, ..., vg), except that v = vy

» Connected graph: every pair of vertices is connected by a
path

» Subgraph: subset of vertices and edges that forms a graph
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DEFINITION AND TERMINOLOGY /3

» Simple path: path (v, ..., vs) with v; # vj fori # j
» Cycle: a simple path (v, ..., vg), except that v = vy

» Connected graph: every pair of vertices is connected by a
path

» Subgraph: subset of vertices and edges that forms a graph

» Connected component: maximal connected subgraph
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DEFINITION AND TERMINOLOGY /3

v

Simple path: path (v, ..., v;) with v; # vj for i # j

v

Cycle: a simple path (vy, ..., v), except that v, = v

» Connected graph: every pair of vertices is connected by a
path

v

Subgraph: subset of vertices and edges that forms a graph

v

Connected component: maximal connected subgraph

» Tree: connected graph with n vertices and n — 1 edges
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DEFINITION AND TERMINOLOGY /3
all e 4es Uaoe T sa—e wm\ﬁm \ (cost ] begldr
= wr-iu.-qgk
» Simple path: path (v, ... ﬁ\v,#vjforz#j ?*—\3\4\
» Cycle: a simple path (vo, . ,vk), except that v, = vg

v

Connected graph: every pair of vertices is connected by a
path

Subgraph: subset of vertices and edges that forms a graph
Connected component: maximal connected subgraph

Tree: connected graph with n vertices and n -1 edges

vV vyvyy

Forest: collection of trees

T v

'k
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GRAPH REPRESENTATION/ 1

» Adjacency lists
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GRAPH REPRESENTATION/ 1

» Adjacency lists

0 o ale C|o—
ble a| e+
cle b rﬂ{ d‘ 0—’—»1
d| e

» Adjacency list of v: sequence of vertices adjacent to it
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GRAPH REPRESENTATION/ 1

v

Q
=

[esk <

» Adjacency lists

0 o a|e C| e+~
b|e a| e+
& ot [oi—~{d[e}—
e 0 d| e+

» Adjacency list of v: sequence of vertices adjacent to it

» Represent graph by the adjacency lists of its vertices
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GRAPH REPRESENTATION/ 1

o

» Adjacency lists
ACe

O OJ i
ble —
clot{h
d

[}
(F— dp

» Adjacency list of v: sequence of vertices adjacent to it

|
.

?

» Represent graph by the adjacency lists of its vertices
» Space requirements: O(|V| + |E|)
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EXERCISE SL09-1

Give an adjacency list representation of a nearly complete
binary tree with 4 nodes.

NCRT

Y
ARJ
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=0
O
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GRAPH REPRESENTATION/ 2

» Adjacency matrix
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GRAPH REPRESENTATION/ 2
s A \M,J.Q‘; V
o

-

S\ -

» Adjacency matrix
@ b ¢ d
(@ (aO(JlOJ
b\/{1 0 0 O
cll0 1 0 1
9 0 d/lo 0 0 O
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GRAPH REPRESENTATION /2

» Adjacency matrix

b d

0 e a 8 0 ;.; 0
b|1 0 0 O

01 0 1

e e ccl 0 0 0 O

» Represent graph by an adjacency matrix M (|V| x |V])
» Mz,y] = 1if there is an edge e = (z, y) in the graph
» Mz,y] = 0if there is no edge e = (, y) in the graph
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GRAPH REPRESENTATION /2 &09 \ﬂr
Pty ameacled
» Adjacency matrix
b d
O O (R e
Boa [ T fiees
- e e 0 0 0 O

» Represent graph by an adjgcency matrix M (|V| x |V])
» Mz,y] = 1if there is ah edge e = (z, y) in the graph
» Mz,y] = 0if there is 1o edge e = (, y) in the graph

» Space requirements: O(|V|?) co~~echeed y ()LE Ei“\.u)(,
ucﬁ"‘—’I)Lfﬁ_ o N 2
aquine)  l-1< E] < (VI
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EXERCISE SL09-2

Consider an adjacency list representation of a directed graph.
How long does it take to compute the in- and out-degree of a
vertex? '

X ce\ach &“’{L\ (‘3‘1323 Qf““ ?m&-ﬂr ‘e Q,Qu:»lo*{_,l’e\‘)’
¢can A acﬂf (r\)"
— . o
o EIV ok ey
< e 8&\. C}(U)
= g ccen el oy A3\
EC«:[U{2 W r\ CP»CUQ)

v disechedl 8,/0?\« (ﬁeJV(g b foe o?l:.r&iw;) ft}ﬂﬂ;\“j E(u

— ouk- L‘/L@}/JC.Q_ '
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GRAPH SEARCH/1

Graph search algorithms

» Systematic search of every edge and vertex of a graph
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GRAPH SEARCH/1

Graph search algorithms

» Systematic search of every edge and vertex of a graph

» Applications: compilers, maze solving, network routing
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GRAPH SEARCH/1

Graph search algorithms

» Systematic search of every edge and vertex of a graph

» Applications: compilers, maze solving, network routing

Pseudocode conventions

» Each node has certain properties (fields of a record)

—

—ﬁ»

adj: list of adjacent nodes — 616@(

col: color of the node (B LU\_‘Q: ! G‘V’{J A 2
— pred: predecessor node in traversal Q«_f\ 5
dist: distance from the start node (BFS) c

stime: time when a node is first visited (DFS) 3
etime: time when a node is last visited (DFS) Qk :

.. (more fields as required by application) aS wadh

b qﬂ'ﬂ
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GRAPH SEARCH/2

Coloring is used to color vertices during a traversal. The colors
allow to infer properties about the graph.

» Color changes during traversal
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GRAPH SEARCH/2

Coloring is used to color vertices during a traversal. The colors
allow to infer properties about the graph.

» Color changes during traversal
» Vertex v is white (i.e., v.col = W)
P> Means that v is undiscovered
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GRAPH SEARCH/2

Coloring is used to color vertices during a traversal. The colors
allow to infer properties about the graph.

» Color changes during traversal

» Vertex v is white (i.e., v.col = W)
» Means that v is undiscovered

> Vertex v is gray (i.e., v.col = G)

> Means that v has been discovered but not all adjacent
vertices have been explored
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GRAPH SEARCH/2

Coloring is used to color vertices during a traversal. The colors
allow to infer properties about the graph.

» Color changes during traversal

» Vertex v is white (i.e., v.col = W)
» Means that v is undiscovered

» Vertex v is gray (i.e., v.col = G)

» Means that v has been discovered but not all adjacent
vertices have been explored

» Vertex v is black (i.e., v.col = B)

» Means that v has been discovered and all the adjacent
vertices have been explored

» In other words, the adjacency list of v was examined
completely
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2. Breadth-first search (BFS)
BFS algorithm
BFS example
BFS properties
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BFS ALGORITHM/ 1

» A breadth-first search (BFS) starts at vertex s and visits all
vertices reachable from s

» In doing so BFS defines a spanning tree (a tree that
includes all vertices). =
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BFS ALGORITHM/ 1

» A breadth-first search (BFS) starts at vertex s and visits all
vertices reachable from s

» In doing so BFS defines a spanning tree (a tree that
includes all vertices).
> BFS is like walking in a labyrinth with a string and e 1—
loring the enti ighborhood first .
exploring the entire neighborhood firs o) v&wh»\\
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BFS ALGORITHM/ 1

» A breadth-first search (BFS) starts at vertex s and visits all
vertices reachable from s

» In doing so BFS defines a spanning tree (a tree that
includes all vertices).

» BFS is like walking in a labyrinth with a string and
exploring the entire neighborhood first

» The starting vertex s is assigned distance 0
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BFS ALGORITHM/ 1

» A breadth-first search (BFS) starts at vertex s and visits all
vertices reachable from s

» In doing so BFS defines a spanning tree (a tree that
includes all vertices).
» BFS is like walking in a labyrinth with a string and
exploring the entire neighborhood first
» The starting vertex s is assigned distance 0
» In the first round the string is unrolled 1 unit

> All vertices that are one edge away from the starting vertex
s are visited and assigned distance 1
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BFS ALGORITHM /2

» In the second round the string is unrolled 2 units

» All vertices that are two edges away from the starting
vertex s are visited and assigned distance 2

» Thus, all the vertices that can be reached by unrolling the
string 2 units are assigned distance 2
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BFS ALGORITHM /2

» In the second round the string is unrolled 2 units

» All vertices that are two edges away from the starting
vertex s are visited and assigned distance 2

» Thus, all the vertices that can be reached by unrolling the
string 2 units are assigned distance 2

» This continues until every reachable vertex has been
assigned a distance ?Q.-;r;c@7 “@L ol owoles o=t ok e A
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@LGORITHM /2

» In the second round the string is unrolled 2 units
» All vertices that are two edges away from the starting
vertex s are visited and assigned distance 2
» Thus, all the vertices that can be reached by unrolling the
string 2 units are assigned distance 2
» This continues until every reachable vertex has been
assigned a distance

» The label of any vertex v corresponds to the length of the
shortest path from s to v
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0000000000

Depth-first search (DFS)
0000000000000 000

Topological sorting
00000000

BFS ALGORITHM /3

_[Algo: BFS(Gs)

RIS .S e T

foreachv € G.V do
| v.col = W; v.dist = oo; v.pred = NIL
s.col = G; s.dist =0;

= InitQueue(Q); € w—()"“}
_| Enqueue(Q.s); p=k chub ol

e &

+ while Q # 0 do

—| v = Dequeue(Q);

foreach u € v.adj do
Lif u.col==W then

v.col = B;

—

ENALSCE S S Vv

Q. T8 gt

- ghm\.u P*-x\lkg o5¢
Qe tomges ok

| u.col =G; u.c ist = \i(iis_til; u.pred = v; Enqueue(Q,u)

'

r

S
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EXERCISE SL09-3 Lo oot Qe ¥

Show the distances and predecessors that result from a BFS
starting at node 3. 3 /o QQ €V
/N 5 |3

9'9 9 Sit 6/ 65 | s¢
/
ee ©y 2 L
7Y
Mlustrate @ during the BFS. Determine the size of ) i the o
general case. 2/ o
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A= apl o} Wee N N
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BFS EXAMPLE/ 1
BFS example/1
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BFS EXAMPLE/ 1
BFS example/1
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BFS EXAMPLE/ 1

start) (O)—0O  (O—0)

D) @~ VD0 @~
SEED &FEE

§°7

BFS example/1
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Breadth-first search (BFS) Depth-first search (DFS)
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BFS EXAMPLE/ 1

BFS example/1

start) O—0  (O—0)
P




ing
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Topological sort
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ch (DFS)
00000

Depth-first sear
0000000000

Breadth-first search (BFS)
0000080000

BFS EXAMPLE/ 1

BFS example/1

start) ()
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BFS EXAMPLE/2
BFS example/2
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BFS EXAMPLE /2
BFS example/2
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BFS EXAMPLE /2
BFS example/2
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Topological sort
00000000

ch (DFS)
00000

Depth-first sear
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BFS example/2
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BFS EXAMPLE/2
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EXERCISE SL09-4

Does the ordering of adjacency lists affect
1. the distances from the starting node computed by BFS?
2. the BFS tree?

_ Lk wed “&*‘M (mc Q_|u.x}7g &(\ slabaed O({EL‘)
L BFC s ee Aifloes)

TFS L. ) 58S L =
9/)}\\3 A — O _ A — O
T N
= D -2 b = — 2

_ _——



Graphs Breadth-first search (BFS) Depth-first search (DES) Topological sorting
0000000000 0000000000 0000000000000 000 00000000
:

BFS PROPERTIES/ 1

BFS running time

» Givenagraph G = (V, E)
» Initializing the vertices takes time O(|V])
> Vertices are enqueued if their color is white
» Assuming that en- and dequeueing takes time O(1), the total
cost of this operation is O(|V|)
» The adjacency list of a vertex is scanned when the vertex is
dequeued
> Since the sum of the lengths of all the adjacency lists is
O(|E|), the cost of scanning is O(| E|)
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BFS PROPERTIES/ 1

BFS running time

» Givenagraph G = (V, E)
» Initializing the vertices takes time O(|V])
> Vertices are enqueued if their color is white

» Assuming that en- and dequeueing takes time O(1), the total
cost of this operation is O(|V|)

» The adjacency list of a vertex is scanned when the vertex is
dequeued

> Since the sum of the lengths of all the adjacency lists is
O(|E|), the cost of scanning is O(| E|)

[V| + |E]) (linear in the size of the

» Total running time:
adjacency list represen
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BFS PROPERTIES /2

Assume a graph G = (V, E):
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BFS PROPERTIES /2

Assume a graph G = (V, E):

» BFS discovers all vertices reachable from a source vertex s.
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BFS PROPERTIES /2

Assume a graph G = (V, E):

» BFS discovers all vertices reachable from a source vertex s.

» BFS computes the shortest distance to all reachable
vertices.
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BFS PROPERTIES /2

Assume a graph G = (V, E):

» BFS discovers all vertices reachable from a source vertex s.

» BFS computes the shortest distance to all reachable
vertices.

» BFS computes a breadth-first tree that contains every
reachable vertex.
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BFS PROPERTIES /2

Assume a graph G = (V, E):

» BFS discovers all vertices reachable from a source vertex s.

» BFS computes the shortest distance to all reachable

vertices.
» BFS computes a breadth-first tree that contains every
reachable vertex. ( s \1%\7 wol all wodet ase o‘&:\,wt)

» For any vertex v reachable from s, the path from s to v in
the breadth-first tree corresponds to a shortest path in G.

&1: ) ) > ¥y ol ecedialle
G2 @)&@ %}“‘“ S
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3. Depth-first search (DFS)
DFS algorithm
DFS example
DFS properties
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DFS ALGORITHM/ 1

» A depth-first search (DFS) is like walking in a labyrinth
with a string and following one path to the end:

> Start at vertex v, tie the end of the string to v and paint v
gray-

» Set v as the current vertex and consider an_ar_bi_’mar_v_egl_ge
(v, u).

» If the chosen edge leads to a non-white vertex u then return
to v.

» Otherwise, unroll the string, move to u, paint u gray, set u
as current vertex, and repeat the previous steps.
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DFS ALGORITHM /2

» Eventually, one will get to a point where all edges from «
lead to non-white vertices.
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DFS ALGORITHM /2

» Eventually, one will get to a point where all edges from u
lead to non-white vertices.

» Then, one backtracks by rolling up the string until one gets
back to a previously visited vertex v.
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DFS ALGORITHM /2

» Eventually, one will get to a point where all edges from u
lead to non-white vertices.

» Then, one backtracks by rolling up the string until one gets
back to a previously visited vertex v.

» o thus becomes the new current vertex and one can repeat
the previous steps.
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DFS ALGORITHM /2

DFS annotations
» A DFS can be used to annotate vertices and edges with
additional information:
P start time stime (when the vertex was visited first)
P end time etime (wWhen the vertex was visited last)
> edge classification (tree, forward, back, or cross edge)
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DFS ALGORITHM /2

DFS annotations
» A DFS can be used to annotate vertices and edges with
additional information:
P start time stime (when the vertex was visited first)
P end time etime (wWhen the vertex was visited last)
> edge classification (tree, forward, back, or cross edge)
» Such annotations reveal useful information about the
graph that can be used by advanced algorithms.
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DFS ALGORITHM /2

DFS annotations

» A DFS can be used to annotate vertices and edges with
additional information:

P start time stime (when the vertex was visited first)
P end time etime (wWhen the vertex was visited last)
> edge classification (tree, forward, back, or cross edge)

» Such annotations reveal useful information about the
graph that can be used by advanced algorithms.

DFS time stamping

» Vertex v is white before v.stime, gray between v.stime and
v.etime, and black after v.etime.



Graphs Breadth-first search (BFS) Depth-first search (DFS) Topological sorting

0000000000 0000000000 0000000000000 000 00000000
:

DFS ALGORITHM /2

DFS annotations

» A DFS can be used to annotate vertices and edges with
additional information:

P start time stime (when the vertex was visited first)
P end time etime (wWhen the vertex was visited last)
> edge classification (tree, forward, back, or cross edge)
» Such annotations reveal useful information about the
graph that can be used by advanced algorithms.

DFS time stamping

» Vertex v is white before v.stime, gray between v.stime and
v.etime, and black after v.etime.

» Gray vertices form a linear chain and the traversal of the
nodes works like a stack (LIFO).
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]
Algo: DFS-Tree(G,s)
~———rs.col = G; time = time+1; s.time = time;
— foreach u € s.adj do S&‘Q‘L‘ (L " Pa c? u“%’)

if u.col==W then .
F—ﬁu.pred =s; ( wSe §QCtrie~ A¢

== DFS-Tree(G,u) el bona
s.col = B; time = time+1; s.gtime = time; Sleelx .}

aJecss e —evs okt E'(\thL
((G—f(l\ i)o.\k.\
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DFS ALGORITHM /4

Ppacgss AW Q_n\ftm (%“*7‘/\

Algo: DFS(G) . —

foreach v € G.V do NN | oo
| v.col = W; v.pred = NIL ) Tiaeleo ( = ase \.g\;\{)
time = 0;
foreach v € G.V do
| if v.col==W then DFS-Tree(G,v);

foate ot | —orle
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DFS ALGORITHM /4

Algo: DFS(G)
foreachv € G.V do
| v.col = W; v.pred = NIL
time = 0;
foreachv € G.V do
| if v.col==W then DFS-Tree(G,v);

Some observations

» DFS guarantees that every vertex is visited
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DFS ALGORITHM /4

Algo: DFS(G)
foreachv € G.V do
| v.col = W; v.pred = NIL
time = 0;
foreachv € G.V do
| if v.col==W then DFS-Tree(G,v);

Some observations

» DFS guarantees that every vertex is visited
» Each call of DFS-Tree adds a new tree to depth-first forest
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DFS ALGORITHM /4

Algo: DFS(G)
foreachv € G.V do
| v.col = W; v.pred = NIL
time = 0;
foreachv € G.V do
| if v.col==W then DFS-Tree(G,v);

Some observations

» DFS guarantees that every vertex is visited
» Each call of DFS-Tree adds a new tree to depth-first forest

> After termination, every vertex has a start and end time
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DFS EXAMPLE/ 1

DFS search with start and end times:

start) (L)—=) ()
9,
U
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DFS EXAMPLE/ 1

DFS search with start and end times: %\“‘4

start) (D—=) (D
L
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DFS EXAMPLE/ 1

DFS search with start and end times:

start) (L)—C) () D)=y &
0 Vi v
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DFS EXAMPLE/ 1

DFS search with start and end times:

start) (1,) D) D) 1)
v

[
®
9

e

:
:
‘9

:
b
‘9

I
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DFS EXAMPLE/ 1

DFS search with start and end times:

e

start) (1,) 1)

1

®
‘9

?
®
P
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‘9
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DFS EXAMPLE/ 1

DFS search with start and end times:

start) (L)—C) () D)=y &
0 Vi v

i
®
P
i
®
P

60
L
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DFS EXAMPLE /2
6) (o= (D
| @),
@— 3,6
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DFS EXAMPLE /2
(1L5==36) (15==36)
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DFS EXAMPLE /2
(15==36)




Graphs Breadth-first search (BFS) Depth-first search (DFS) Topological sorting

0000000000 0000000000 Q000000800000 000 00000000
:

DFS EXAMPLE /2
e
(1L5==36)
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DFS EXAMPLE /2
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DFS EXAMPLE /2

6) ﬁ? O' 7) Qﬁ@ 0'
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DFS EXAMPLE /2
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DFS EXAMPLE /2

o e 2
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DFS PROPERTIES/ 1

DFS running time

» Givenagraph G = (V, E)
» Each loop in DFS takes time O(|V]), excluding the time to

execute DFS-Tree
» DFS-Tree is called once for every vertex

> It is only invoked on white vertices

> It paints the vertex gray immediately
» Each time, DFS-Tree explores an adjacency list
> Hence, the overall cost of DFS-Tree is O(|E|)
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DFS PROPERTIES/ 1

DFS running time

» Givenagraph G = (V, E)
» Each loop in DFS takes time O(|V]), excluding the time to

execute DFS-Tree
» DFS-Tree is called once for every vertex

> It is only invoked on white vertices
> It paints the vertex gray immediately

» Each time, DFS-Tree explores an adjacency list
> Hence, the overall cost of DFS-Tree is O(|E|)
» Total running time: O(|V| 4 |E|) (linear in the size of the
adjacency list representation of G)
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EXERCISE SL09-5

Illustrate DFS on the following graph (start at g). Vertices are
considered alphabetically. Adjacency lists are ordered
alphabetically. Show the times computed by DFS. In which
sequence are the nodes visited?

. P




Graphs Breadth-first search (BFS) Depth-first search (DFS) Topological sorting
0000000000 0000000000 0000000000 e00000 00000000
:

DFS PROPERTIES /2
DFS versus BFS/1

» BFS visits all vertices that are reachable from s

> returns a single search tree

» might not visit all nodes -

» considers all directions (paths) o= ko QK\ JQ )
» finds optimal (shorteW NETH A NN SS
» expensive (chess)

> is used selectively (on small subproblems)

> O(V+E)
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DFS PROPERTIES /2
DFS versus BFS/1

» BFS visits all vertices that are reachable from s

> returns a single search tree

might not visit all nodes

considers all directions (paths)

finds optimal (shortest) path

expensive (chess)

is used selectively (on small subproblems)

OV +E)

» DFS visits all vertices in the given graph ¢
» may return several search trees
> visits all nodes
» pursues one direction (path)
» can get “lost” (maze) (o wﬂzdvs =X
> cheap and practical — sl [},\7
> O(V + E) \

vvyyvyyvyy

v
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DFS PROPERTIES/ 3

DFS versus BFS/2

» The difference (visiting all nodes versus visiting reachable
nodes) comes from the applications that make use of BFS
rodes ipplicatior
and DFS
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DFS PROPERTIES/ 3

DFS versus BFS/2

» The difference (visiting all nodes versus visiting reachable
nodes) comes from the applications that make use of BFS
and DFS

» Note: the behavior of the graph search algorithms (i.e., to

search the entire graph or only part of it) could easily be
changed
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DFS PROPERTIES /4 C‘Vf ot o (§£86) &) (cc)

~
) S bk ahcs (

ook @b (1 a (69)a)
Parenthesis theorem @ : ‘ (Z£ ( C)

» Start and end times have parenthesis structure
> Represent start time of v with left parenthesis “(v”
» Represent end time of v with right parenthesis “v)”
» History of start and end times yields a well-formed
. . . I T |
expression (i.e. parethesis are properly nested)

(3] (b
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DFS PROPERTIES /4

¢ -
Parenthesis theorem Taion)a) cc)

(/
» Start and end times have parenthesis structure ¢ a
> Represent start time of v with left parenthesis “(v” ’

» Represent end time of v with right parenthesis “v)” & <
» History of start and end times yields a well-formed J
expression (i.e. parethesis are properly nested) e,

» Intuition for the proof of the parenthesis theorem
P P (c (< (€8)a)c)

» Any two intervals are either disjoint or enclosed
» Overlapping intervals would correspond to one of the
following situations
» Finishing the ancestor before finishing the descendant
» Starting the descendant before starting the ancestor
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DFS PROPERTIES/5 oo 6"7\\ o
(Foctsged
Edge classification/1

> Tree edge (gray node to white node)
» Edges in depth-first (DF) forest
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DFS PROPERTIES /5

Edge classification/1

[‘ » Tree edge (gray node to white node)
» Edges in depth-first (DF) forest -\
Cu}(‘l‘t S 1“-'\“”
» Back edge (gray node to gray node) —
> Edges from descendant to ancestor in DF tree
> Self-loops are a special case of back edges

R
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DFS PROPERTIES /5

Edge classification/1

» Tree edge (gray node to white node)
» Edges in depth-first (DF) forest
» Back edge (gray node to gray node)

> Edges from descendant to ancestor in DF tree
> Self-loops are a special case of back edges

» Forward edge (gray node to black node)

» Non-tree edges from ancestor to descendant in DF tree
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DFS PROPERTIES /5

Edge classification/1

» Tree edge (gray node to white node)
» Edges in depth-first (DF) forest
» Back edge (gray node to gray node)

> Edges from descendant to ancestor in DF tree
> Self-loops are a special case of back edges

» Forward edge (gray node to black node) les
> Non-tree edges from ancestor to descendant in DF tree| _ b
» Cross edge (gray node to black node) S b

» Remaining edges of graph, i.e., edges between trees or
subtrees

\o &
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EXERCISE SL09-6

Draw the DFS forest with edge types. Choose an alphabetical
ordering when you can choose between nodes.

e eclges
Q &

%




Graphs Breadth-first search (BFS) Depth-first search (DFS) Topological sorting
0000000000 0000000000 0000000000000 00e 00000000
:

DFS PROPERTIES/ 6

Edge classification/2
» In DFS, the color of the vertex decides the type of the edge
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DFS PROPERTIES/ 6

Edge classification/2

» In DFS, the color of the vertex decides the type of the edge
» It is thus impossible to distinguish forward and cross edges
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DFS PROPERTIES/ 6

Edge classification/2

» In DFS, the color of the vertex decides the type of the edge

» It is thus impossible to distinguish forward and cross edges

» Most algorithms do not distinguish between these two
types
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DFS PROPERTIES/ 6

Edge classification/2

» In DFS, the color of the vertex decides the type of the edge
» It is thus impossible to distinguish forward and cross edges
» Most algorithms do not distinguish between these two

types
» Tree and back edges are important (e.g., to detect loops)
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DAG/1

Definition of DAG

> A directed acyclic graph (DAG) is a directed graph
without cycles
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Definition of DAG

> A directed acyclic graph (DAG) is a directed graph
without cycles

» DAGs are used to indicate precedence among events (x
must happen before y)

» An example would be a parallel execution of code
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Definition of DAG

> A directed acyclic graph (DAG) is a directed graph
without cycles
» DAGs are used to indicate precedence among events (x
must happen before y)
» An example would be a parallel execution of code

» One gets a total order using topological sorting

= -
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Definition of DAG

> A directed acyclic graph (DAG) is a directed graph
without cycles

» DAGs are used to indicate precedence among events (x
must happen before y)

» An example would be a parallel execution of code

» One gets a total order using topological sorting

DAG theorem

> A directed graph G is acycli iff DFS of G has no back
edges L
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DAG/1

Definition of DAG

> A directed acyclic graph (DAG) is a directed graph
without cycles

» DAGs are used to indicate precedence among events (x
must happen before y)

» An example would be a parallel execution of code

» One gets a total order using topological sorting

DAG theorem

» A directed graph G is acyclic iff DFS of G has no back
edges

» Thus, DFS can be used to check if a graph is a DAG
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DAG/2 Ve B o

/

» Suppose there is a back edge (u, v)
» Then v is an ancestor of u in depth-first forest
» Hence, there is a path from v to v in the graph
» Such a path together with (u,v) yields a cycle

Proof of theorem -
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DAG/2

Proof of theorem

» Suppose there is a back edge (u, v)

» Then v is an ancestor of u in depth-first forest

» Hence, there is a path from v to v in the graph

» Such a path together with (u,v) yields a cycle <
» Suppose there is a cycle cin G L// 7

» Let v be the first vertex in ¢ to be discovered ] /‘=‘
Let u be a predecessor of vertex v in cycle ¢ xc_.,
Upon discovering v the path from v to u is white
Visiting this path makes u become a descendant of v
It follows that edge (u, v) is a back edge

vvyyvyy
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EXERCISE SLO9-7 """ "~ e T we &\éﬁu e \

¢ Give an algorithm that checks if a graph G is a DAG.

MGckak (@] D%’(?’Jf‘-{h\ (@)
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frowe e e poc VEQ.V Ao
"i wel = e s ;1 v.Col == wide Wan
it Joﬁ@‘:‘&i@%};‘; R VA (G, 0)
Fn oS
ce § n.al =5vey oy FALCE
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TOPOLOGICAL SORTING/ 1

Sorting of DAGs

» Topological sorting is used to sort DAGs
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TOPOLOGICAL SORTING/ 1 Posske WS Ly ;

7 —_ e —
(7. w—>V !lk =
Sorting of DAGs 2 '
T T 2T
» Topological sorting is used to sort DAGs Vi —

» A topological sort of a DAG is a linear ordering of all its
vertices s.t., for any edge (u, v) in the DAG, u appears

before v in the ordering \
\i h.._T v}\.. ?)‘& DF%
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TOPOLOGICAL SORTING/ 1

Sorting of DAGs

» Topological sorting is used to sort DAGs

» A topological sort of a DAG is a linear ordering of all its
vertices s.t., for any edge (u, v) in the DAG, u appears
before v in the ordering

Algo: TopologicalSort(G)

—rCall DFS(G) to compute v.etime for each v;
As each vertex v is finished:

insert v at the beginning of a linked list;
Return the linked list of vertices




Graphs Breadth-first search (BFS) Depth-first search (DFS) Topological sorting
0000000000 0000000000 0000000000000000 00000800
|

TOPOLOGICAL SORTING /2
Correctness

» DAG and (u,v) € E imply u.etime > v.etime
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TOPOLOGICAL SORTING /2
Correctness

» DAG and (u,v) € E imply u.etime > v.etime
» When the edge (u,v) is explored, u is gray
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TOPOLOGICAL SORTING/ 2
Correctness Tﬁn\ AN

e
» DAG and (u,v) € E imply u.etime > v.etime
» When the edge (u,v) is explored, u is gray
» So, one can distinguish the following cases

» v.col = G: (u,v) is a back edge (cycle, contradiction) —

» v.col = B: v is already finished, so v.etime < u.etime

» v.col = W: v becomes a descendant of u, so v will be
finished before u and v.etime < u.etime
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TOPOLOGICAL SORTING /2
Correctness

» DAG and (u,v) € E imply u.etime > v.etime
» When the edge (u,v) is explored, u is gray
» So, one can distinguish the following cases
» v.col = G: (u,v) is a back edge (cycle, contradiction)
» v.col = B: v is already finished, so v.etime < u.etime
» v.col = W: v becomes a descendant of u, so v will be
finished before v and v.etime < u.etime

» The definition of topological sort is satisfied
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TOPOLOGICAL SORTING /2
Correctness

» DAG and (u,v) € E imply u.etime > v.etime

» When the edge (u,v) is explored, u is gray

» So, one can distinguish the following cases
» v.col = G: (u,v) is a back edge (cycle, contradiction)
» v.col = B: v is already finished, so v.etime < u.etime

» v.col = W: v becomes a descendant of u, so v will be
finished before u and v.etime < u.etime

» The definition of topological sort is satisfied

Running time

» Total running time of topological sort is O(|V| + |E|)
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TOPOLOGICAL SORTING /2
Correctness

» DAG and (u,v) € E imply u.etime > v.etime

» When the edge (u,v) is explored, u is gray

» So, one can distinguish the following cases
» v.col = G: (u,v) is a back edge (cycle, contradiction)
» v.col = B: v is already finished, so v.etime < u.etime

» v.col = W: v becomes a descendant of u, so v will be
finished before u and v.etime < u.etime

» The definition of topological sort is satisfied
Running time

» Total running time of topological sort is O(|V| + |E|)

» Running time of DFS plus |V| insertions into linked list
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EXERCISE SL09-8

Run topological sort on the following directed acyclic graph.
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SUMMARY

» Graph algorithms

» Definition (simple path, cycle, subgraph, connected,

directed, etc)
» Status fields of nodes (with possible additional fields)
Breadth-first search

» BFS algorithms and properties

» Application of BFS (e.g., Erdos number, shortest path)
» Depth-first search

» DFS algorithm and properties
» Application of DFS (e.g., cycle detection) —_

» Topological sort: DAG, sorting
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1. Weighted graphs
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WEIGHTED GRAPHS

o~ <t
> Weighted h

» Graph (g = (V, E) where each edge (u,v) € E has a weight
(u, v) specifying its cost (or length)
» In other words, G is endowed with a weight function

‘ w: E— R{that assigns real numbers to its edges
> Note: weighted graphs can be directed or undirected
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WEIGHTED GRAPHS

» Weighted graph
» Graph G = (V, E) where each edge (u,v) € E has a weight
w(u, v) specifying its cost (or length)
» In other words, G is endowed with a weight function
w: E — R that assigns real numbers to its edges
» Note: weighted graphs can be directed or undirected
> We1 hted algorithms
» 'Minimum spanning tree (
ths
» Prim-Jarnik
> \Smgle -source shortest path 7
"> Apply to directed graphs
» Bellman-Ford, Dijkstra
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2. Minimum spanning tree (MST)
Prim-Jarnik algorithm
Prim-Jarnik example
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MINIMUM SPANNING TREE/1

Spanning trees

» A spanning tree T of G is a subgraph that contains all the
vertices of G and that is a tree (thus, acyclic)
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MINIMUM SPANNING TREE/1

Spanning trees

» A spanning tree T of G is a subgraph that contains all the
vertices of G and that is a tree (thus, acyclic)

» A minimum spanning tree of (G, w) is a spanning tree 1" of
G that minimizes w(T') = =, vyer w(u, v)
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MINIMUM SPANNING TREE/1

Spanning trees

» A spanning tree T of G is a subgraph that contains all the
vertices of G and that is a tree (thus, acyclic)

» A minimum spanning tree of (G, w) is a spanning tree 1" of
G that minimizes w(T') = =, vyer w(u, v)
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MINIMUM SPANNING TREE/2

Generic algorithm

» Have to
make |V |—1 choices (edges of the MST) to arrive at solution
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MINIMUM SPANNING TREE/2

Generic algorithm

» Have to
make |V |—1 choices (edges of the MST) to arrive at solution

A=0;

while A does not form a spanning tree do
——+Find edgee that is safe for A;
AzAUle)

return A;




Weighted graphs Minimum spanning tree (MST) Single-source shortest path (SSSP)
00 00®0000000000000 0000000000000000000

MINIMUM SPANNING TREE/2

Generic algorithm

» Have to
make |V |—1 choices (edges of the MST) to arrive at solution

A=
while A does not form a spanning tree do
LFind edge e that is safe for A;
A=AU{e}
return A;

» After each choice, get a subproblem that is one vertex
smaller than the original problem
> At each step, want to determine cheaply a save edge (i.e.,
that definitely belongs to an MST)
» Greedy choice property: locally optimal (i.e., greedy) choice
yields a globally optimal solution
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MINIMUM SPANNING TREE/3

Greedy choice/1
» LetG = (V,E)and S C V beacutof G
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MINIMUM SPANNING TREE/3

Greedy choice/1

» LetG = (V,E)and S C V beacutof G
» Thatis, G is split into parts Sand V' — S
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MINIMUM SPANNING TREE/3

Greedy choice/1

» LetG=(V,E)and S C Vbe(acutof;i'
» Thatis, G is split into parts Sand V' — § U Sq‘ Q.
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MINIMUM SPANNING TREE/3

Greedy choice/1

» LetG = (V,E)and S C V beacutof G
» Thatis, G is split into parts Sand V' — S

» (u,v)is alight edge if it is awgght edge of G that
connects S and V — S (e.g. (¢, d) is such a light edge)
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MINIMUM SPANNING TREE/4

Greedy choice/2

» In the above situation, if (u,v) is a light edge then it
belongs to an MST of G
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MINIMUM SPANNING TREE/4

Greedy choice/2

» In the above situation, if (u,v) is a light edge then it
belongs to an MST of G
» Proof sketch

» Assume that (u, v) is light but does not belong to any MST
of G

» Look at a path from u to v in some minimum spanning tree
T of G

> Let (z,y) be the first edge on this path that crosses from .S
toV -8

» If the edge (z,y) of T is replaced by the edge (u, v), w(T)
decreases

» This contradicts the assumption that 7" is a minimum
spanning tree
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EXERCISE SL10-1 e ALY
Let (u,v) be a minimum weight edgé in graph G. Show that
(u, v) belongs to some MST of G. Hint: Show that from any
MST without (u, v) you can congtruct a MST with (u, v).
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PRIM-JARNIK ALGORITHM /1

» Vertex-based algorithm
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PRIM-JARNIK ALGORITHM /1

» Vertex-based algorithm

» Grows a single minimum spanning tree T’
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PRIM-JARNIK ALGORITHM /1

» Vertex-based algorithm

» Grows a single minimum spanning tree T’
» Set A covers part of T' that is already computed
» Uses a pred field to indicate the predecessor
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PRIM-JARNIK ALGORITHM /1

» Vertex-based algorithm

» Grows a single minimum spanning tree T’

» Set A covers part of T' that is already computed
» Uses a pred field to indicate the predecessor

» Annotates all the vertices v outside of the set A

> v.k: minimum weight of an edge that connects vertex v
with a vertex in A (v.k = oo if no such edge exists)
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PRIM-JARNIK ALGORITHM /1

» Vertex-based algorithm

» Grows a single minimum spanning tree T’

» Set A covers part of T' that is already computed
» Uses a pred field to indicate the predecessor

» Annotates all the vertices v outside of the set A

> v.k: minimum weight of an edge that connects vertex v
with a vertex in A (v.k = oo if no such edge exists)

» The algorithm relies on a min-priority queue
» init_min_pg,min_extract, and decrease_key
— —_—
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PRIM-JARNIK ALGORITHM /1

v

Vertex-based algorithm

» Grows a single minimum spanning tree 7'

> Set A covers part' of T that is already computed
» Uses a pred field to indicate the predecessor

» Annotates all the vertices v outside of the set A

> v.k: minimum weight of an edge that connects vertex v
with a vertex in A (v.k = oo if no such edge exists)

» The algorithm relies on a min-priority queue
» init_min_pg,min_extract, and decrease_key

» The running time of the algorithm is ©(E log V)
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PRIM-JARNIK ALGORITHM /2 /’\
The algorithm A A
) B

Algo: PrimJarnik(G,w;,s)

foreach v € G.V do

vkey=o00;
vpred =NIL; _

— skey=0; —

Y %F InitMinPriorityQueue(PQ,G.V); N\ ¢ oss P“\,

while PQ # () do >

v = ExtractMin(PQ);— Yo PR

foreach u € v.adj do (s S %H‘-\ )

ifu e PQAw(v,u) < u.keythe

w.key = w(v,u);
u.pred =v;
\_ DecreaseKey(PQ u w(u,v))

E {.l \5&

HLH:J-\‘ u&.&"i’i\:}\—\ -
Co‘:\'\ e O’“‘"‘j&

— e fJ&JQ(Q_c,St_rS
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PRIM-JARNIK EXAMPLE/ 1
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PRIM-JARNIK EXAMPLE/ 1

1T D )

;<
|~ Q={3-Aly w-A18, Cuitfoo) Dot fom .



Weighted graphs Minimum spanning tree (MST) Single-source shortest path (SSSP)
00 0000000008000000 0000000000000000000
|

PRIM-JARNIK EXAMPLE / E
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PRIM-JARNIK EXAMPLE /2
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EXERCISE SL10-2
a e
What happens if BZ instead of £ is chosen?
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e
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Inf 112019, SL10 14/38 M. Bohlen, Ifl@eUZH
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PRIM-JARNIK EXAMPLE /3
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PRIM-JARNIK EXAMPLE /3
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PRIM-JARNIK EXAMPLE / 4
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PRIM-JARNIK EXAMPLE / 4
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PRIM-JARNIK ALGORITHM /5
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PRIM-JARNIK ALGORITHM /5
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EXERCISE SL10-3

Assume a computer network. each computer is directly
connected to a small number of other computers. Each direct
connection has a bandwidth. Determine an efficient network
that ensures any two computers are connected, minimizes the
number of direct connections, and maximizes the bandwidth.

Iaa
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1= TaxTQ (Q Qv )
wlle PQ# @ oo
w = a\_‘q\ﬂ\nx(gﬂ
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PRIM-JARNIK RUNNING TIME

» Time =V x T(ExtractMin) + O(E) x T'(DecreaseKey)

» Depends on the implementation of the priority queue:

Q T(EﬁractMin) t(DecreaseKey) | Total
— amay o) o) oy
~— " binary heap | OllogV) Ollog V) O(Elog V)

>» E>V-1,E<V?E=0(V?
» Binary heap implementatiq)
Time =O(VlogV + Elogy) = O(V?1ogV) = O(ElogV)
g,m{& ( K\ﬁuﬁf‘f
tle Leo? Eci\eéi\
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Single-source shortest path
Bellman-Ford algorithm
—s=—Dijkstra’s algorithm ( cssw—ec ' <o L.Q&um( wé‘},&t)

3. Single-source shortest path (S55P) MAAM i
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SINGLE-SOURCE SHORTEST PATH/ 1
Shortest paths

» Generalize directed graphs to weighted setting
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SINGLE-SOURCE SHORTEST PATH/ 1
Shortest paths

» Generalize directed graphs to weighted setting
» Directed graph (V, E), weight function w: £ — R
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SINGLE-SOURCE SHORTEST PATH/ 1
Shortest paths

» Generalize directed graphs to weighted setting
» Directed graph (V, E), weight function w: £ — R
» Definition of weight of a path p = (g& V1, Vk)

w(p) = S50 w(vi,vit1)
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SINGLE-SOURCE SHORTEST PATH/ 1
Shortest paths

» Generalize directed graphs to weighted setting

» Directed graph (V, E), weight function w: £ — R

» Definition of weight of a path p = (vo, v1, ..., vg)
w(p) = S w(vi, vis1)

» Shortest path = a path of minimum weight (cost)
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SINGLE-SOURCE SHORTEST PATH/ 1
Shortest paths

» Generalize directed graphs to weighted setting

» Directed graph (V, E), weight function w: £ — R

» Definition of weight of a path p = (Vo, V1, ..., VL)
w(p) = Zz o w(vs, vit1)

» Shortest path = a path of minimum weight (cost

» Single-source shortest path (SSSP) problem

» Shortest path from source vertex s to
> Other problems: single pair, all pai

other vertex

, unweighted (BFS)

¢ % (,G")"I aS QQQF[\
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SINGLE-SOURCE SHORTEST PATH/ 1
Shortest paths

» Generalize directed graphs to weighted setting
» Directed graph (V, E), weight function w: £ — R
» Definition of weight of a path p = (vo, v1, ..., vg)
w(p) = S w(vi, vis1)

» Shortest path = a path of minimum weight (cost)
» Single-source shortest path (SSSP) problem

» Shortest path from source vertex s to any other vertex

» Other problems: single pair, all pairs, unweighted (BFS)

2 i AT e Qe

Tk M =&E

SER- M RE QS o
» The subpaths of shortest paths are shortest paths 3§
R

Optimal substructure



Weighted graphs Minimum spanning tree (MST) Single-source shortest path (SSSP)
[e]e] 0000000000000 000 0000000000000 000000
:

SINGLE-SOURCE SHORTEST PATH /2
Negative weights

» Negative weights are OK, as long as there are no
negative-weight cycles
» Otherwise, could get paths of arbitrary small “length”
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SINGLE-SOURCE SHORTEST PATH /2
Negative weights

» Negative weights are OK, as long as there are no
negative-weight cycles
» Otherwise, could get paths of arbitrary small “length”

Paths and cycles

» Shortest paths cannot have cycles

» Otherwise, improve shortest path by removing cycles
» No shortest path can have length greater than |V| — 1
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SINGLE-SOURCE SHORTEST PATH /2
Negative weights

» Negative weights are OK, as long as there are no
negative-weight cycles
» Otherwise, could get paths of arbitrary small “length”

Paths and cycles

» Shortest paths cannot have cycles

» Otherwise, improve shortest path by removing cycles
» No shortest path can have length greater than |V| — 1

Relaxation/1

» For each vertex v in the graph, maintain v.dist, the estimate
of the shortest path from s

» At the start, v.dist is initialized to co and s.dist to 0
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SINGLE-SOURCE SHORTEST PATH/ 3

Relaxation/2

» Relaxing an edge (u, v) means testing whether one can im-
prove the shortest path to v found so far by going through u
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SINGLE-SOURCE SHORTEST PATH/ 3

Relaxation/2

» Relaxing an edge (u, v) means testing whether one can im-
prove the shortest path to v found so far by going through u

Algo: Relax(u,v,w)

if v.dist > u.dist + w(u,v) then
v.dist = u.dist + w(u,v);
v.pred =u
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SINGLE-SOURCE SHORTEST PATH/ 3

Relaxation/2

» Relaxing an edge (u, v) means testing whether one can im-
prove the shortest path to v found so far by going through u

Algo: Relax(u,v,w)

if v.dist > u.dist + w(u,v) then
v.dist = u.dist + w(u,v);
v.pred =u
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Relaxation/2

» Relaxing an edge (u, v) megns testing whe
prove the shortest path to v

Algo: Relava) /
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» Solves single-source shortest path problem for the case
where edge weights may be negative
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» Solves single-source shortest path problem for the case
where edge weights may be negative

| » Returns boolean value indicating whether there is a
negative-weight cycle reachable from source vertex s. |-

» If there is such a cycle then no solution exists
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BELLMAN-FORD ALGORITHM/ 1

» Solves single-source shortest path problem for the case
where edge weights may be negative

» Returns boolean value indicating whether there is a
negative-weight cycle reachable from source vertex s.

» If there is such a cycle then no solution exists

» Employs relaxation, progressively decreasing v.dist
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BELLMAN-FORD ALGORITHM/ 1

» Solves single-source shortest path problem for the case
where edge weights may be negative

» Returns boolean value indicating whether there is a
negative-weight cycle reachable from source vertex s.

» If there is such a cycle then no solution exists
» Employs relaxation, progressively decreasing v.dist
» The running time of the algorithm is (| E| - |V|)



Weighted graphs
[e]e]

Minimum spanning tree (MST)
0000000000000 000

Single-source shortest path (SSSP)
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The algorithm g

6o {

L

Algo: BellmanFord(G,w;,s)

foreach v € G.V do
Lv dist = oo; v.pred = NIL; |

[forz— 1to|G.V]-1do

foreach (u,v) € G.E do
| Relax(u,v,w);

g}

-
oreach (u,v) € G.E do
if v.dist > u.dist + w(u,v) then |

. s
Lololisewe—

O

6:».:»{ oroﬂ(} — Wt
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f s

Lreturn FALSE;
return TRUE; , Qax € \,
cC/\- e
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BELLMAN-FORD ALGORITHM /3

An example/1

» Consider the following weighted graph
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BELLMAN-FORD ALGORITHM /3

An example/1

» Consider the following weighted graph

» Relax the edges in the following order (Ec.r £ <o le)

1.(t,z) 2.(t,y) 3.(t,z) 4.(x,t) 5. (y,x) r

6. (y,2) T.(z,2) 8 (25 9. (st) 10.(s,y) 7>
el e
QJ b""\

Qo( vﬁ -~
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BELLMAN-FORD ALGORITHM /3

An example/1

» Consider the following weighted graph

» Relax the edges in the following order
L(tx) 2.(ty) 3.(tz) 4. (z,t) 5. (y,)
6. (y,2) 7.(z,2) 8.(z,8) 9.(s,t) 10.(s,y)
» Negative-weight cycle: let w(z,z) =4 T
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BELLMAN-FORD ALGORITHM /4

~ Jc; < “"D[
An example/2 Q’:”\ 1ot ( ’

. ~jaone )

—

rq ‘il rci'asccz\%w-



Weighted graphs Minimum spanning tree (MST) Single-source shortest path (SSSP)
[e]e] 0000000000000 000 0000000800000 000000
: :

BELLMAN-FORD ALGORITHM/4
An example/2
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BELLMAN-FORD ALGORITHM /5
An example/3
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BELLMAN-FORD ALGORITHM /5
An example/3
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» Finding shortest paths in a DAG is much easier
» Topological sort determines order of relaxations

» Algorithm:

—— 1. sort G topologically
2. consider each vertex in topological sort order
3. relax each edge leaving the vertex

» We have one relaxation per edge, which gives a runtime of
O(V + E) (V times faster than Bellman-Ford)
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SSSP IN DAGS

» Finding shortest paths in a DAG is much easier

» Topological sort determines order of relaxations
» Algorithm:
1. sort G topologically
2. consider each vertex in topological sort order
3. relax each edge leaving the vertex
» We have one relaxation per edge, which gives a runtime of
O(V + E) (V times faster than Bellman-Ford)

» Note: in a DAG there is no negative-weight cycle
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where edge weights are nonnegative
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» Uses a priority queue, changes dist instead of &
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» Solves single-source shortest path problem for the case
where edge weights are nonnegative
» Greedy, similar to Prim-Jarnik algorithm for MST
» Uses a priority queue, changes dist instead of k&
» In some respect also similar to breadth-first search

» v.dist does not change further once the vertex v is removed
from the (priority) queue
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» Solves single-source shortest path problem for the case
where edge weights are nonnegative
» Greedy, similar to Prim-Jarnik algorithm for MST
» Uses a priority queue, changes dist instead of k&
» In some respect also similar to breadth-first search

» v.dist does not change further once the vertex v is removed
from the (priority) queue

» The running time of the algorithm is (| E|1g |V])
» Itis thus lower than the running time gf Bellman-Ford
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The algorithm

Algo: Dijkstra(G,w,s)

foreachv € G.V do

s.dist =0;
InitMinPQ(PQ,G.V); -
while PQ # 0 do
v = ExtractMin(PQ);
foreach u € v.adj do
Relax(w,s,w);
LDecreaseKey(PQ,u,u.dist)

Lv.dist = oo; v.pred = NIL; ‘\:,‘,\Z&%'— -
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EXERCISE SLL10-4/1

Arbitrage is the practice of taking advantage of a price
differential between two or more markets. An example of
arbitrage is to use exchange rates to transform one unit of a
currency into more than one unit of the same currency.
Consider the exchange rates in the table below. For example,
with the given exchange rates one can exchange USDs into
Euros, Euros into GBPs and GBPS back into USDs. Indeed, for
100 USD one would get

Bﬂ (0.64-0.79 - 1.98) = 100 - 1.001088 ~ 100.11 USD.

UsD GBP CAD EUR AUD
USD | 1.00 0.50 1.02 0.64 1.04
GBP | 1.98 1.00 202 1.26 2.06
CAD | 098 049 1.00 0.62 1.02
EUR | 1.57 0.79 1.60 1.00 1.64
AUD | 096 048 0.98 0.61 1.00
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EXERCISE SLL10-4/2

Model the above arbitrage problem as a general graph problem.
+ Notice that a - b > 1 can be rewritten as (1/a) - (1/b) < 1, which

in turn can be rewritten as log(1/a) +log(1/b) < 0

Give an efficient algorithm to determine whether or not there is

a sequence of currencies cy, . . ., ¢; such that

zchley, ea] - ... - meh[eg—_1, ¢l - xch[ck, c] > 1.
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SUMMARY

» Minimum Spanning Trees (MST):
» Prim
» vertex-based
» priority queue

» Single Source Shortest Path (SSSP):
» Bellman-Ford

> negative weights

> detection of negative weight cycles
» Dijkstra

> very popular

> greedy

» priority queue
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Correctness and complexity of algorithms
Divide and conquer, recurrences

Sorting

Pointers, lists, sets, abstract data types
Trees, red-black trees

Hash tables

Dynamic programming

Graph algorithms
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Data structures

» Simple data structures

>
>
|
>
>

>

array
linked lists
stacks
queues
trees
heaps

» Dictionaries

>
>
|

hash tables
binary search trees
red-black trees

» Graphs

>
>

memory representation
DAG
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Algorithmic techniques

» Divide and Conquer
> merge sort
» quicksort
» binary search
» Dynamic programming
» matrix chain multiplication
» longest common subsequence
» coin changing
» Search (graph) algorithms
» DFS, BFS
» toplogical sorting
» Prim, Dijkstra, Bellman
» Greedy algorithms
» Prim, Dijkstra
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SYLLABUS

Analyzing algorithms

» Recurrences
» Correctness of algorithms
» pre/post-conditions
> assertions
» invariants
> special case analysis

» Exact runtime

> Asymptotic complexity
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Constructing algorithms

» representative example with input and output

» specification of input and output

» break up into small pieces

» ADT concept (e.g., modification of a parameter of a
function)

» precise definitions of data structures and operations
(signatures of procedures)
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Exam

v

The exam will be written, you will have 90 minutes.

v

There is about half an hour per exercise.

> Auxiliary material: 1 A4 sheet (front and back side) with
handwritten notes.

» In the exam you have to apply things you learned during
the course.

» Try to solve all problems. Do not get lost/stuck in details.
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Exam

Template for solution:

understand and explain problem (often an example is best)
write down plan for solution; reduce to known techniques
come up with algorithms

>
>
>
» check special cases (ideally should not be exceptions)
» analyze algorithms if required

>

make your solutions understandable
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Exam

» Good solution = simple solution
» Being precise is important

» Solve step by step

To prepare for the exam:

» Focus on solving the exercises.

» Use textbook as reference with additional explanations
and examples.

» Go to assistant, TA, tutors if you have questions.
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Viel Erfolg!
Danke.



