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DICTIONARIES/ 1

Dynamic data structures

» A dictionary D is a dynamic data structure with the
following operations (items have key and data part)
» search (D, v): searches for v in D and, eventually, returns
a pointer x such that z.key = v
P delete (D, z): deletes item pointed to by x from D
» insert (D, x): inserts item pointed to by x into D
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1c data structures

A dictionary D is a dynamic data structure with the
following operations (items have key and data part)
» search (D, v): searches for v in D and, eventually, returns
a pointer x such that z.key = v
» delete (D, z): deletes item pointed to by x from D
> insert (D, z): inserts item pointed to by z into D
» Furthermore, one may want to support the following

operations (which require that keys are comparable) {
[} .I" S Q.».JC‘Y >

> minimum (D) and maximum (D)
/' > successor (D, v) ‘and predecessor (D, v) MTMM
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DICTIONARIES/?2
Possible implementations ae,,}b;e th

» Singly linked lists
> Insert and delete: ©(1)
» Search, min, max, succ, and pred: O( n)-
» Ordered lists do not provide a real improvement
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DICTIONARIES/2

Possible implementations

» Singly linked lists
> Insert and delete: ©(1)
> Search, min, max, succ, and pred: G(n)
» Ordered lists do not provide a real improvement

» Binary search trees / “a ({mﬂdl% 6‘( ) 1

» Binary search: O(lgn)
+e 5
> Represent search space as a binary tree DJM&\ cee

» Insert & delete may yield unbalanced search trees



Binary trees Red-black trees
0000000000000 0O00O0O00O000O00000000 0000000000000 0O0000000O00000000000
: :

DICTIONARIES/2

Possible implementations

» Singly linked lists

> Insert and delete: ©(1)

> Search, min, max, succ, and pred: G(n)

» Ordered lists do not provide a real improvement
» Binary search trees

» Binary search: ©(lgn)

> Represent search space as a binary tree

» Insert & delete may yield unbalanced search trees
> Balanced binary trees_ wars g Por o orsh aast

» Cost of operations: ©(Ign) ~(

» Red-black trees as device to keep trees balanced
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BINARY TREES/1

Linked data structure
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BINARY TREES/1

Linked data structure

» For each node z there is (we
assume that a node is accessed
e through a pointer to the node)

» z—key: value of the key
a e (usually an integer value; not
necessarily unique)

@ e a » 2—lft: pointer to left child
» z—rgt: pointer to right child
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BINARY TREES/1

Linked data structure

» For each node z there is (we
assume that a node is accessed
e through a pointer to the node)

» z—key: value of the key
a e (usually an integer value; not
necessarily unique)
G e a » 2—lft: pointer to left child
» z—rgt: pointer to right child

a » root points to the root of the tree
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BINARY TREES/1

Linked data st;ucture

'2( / » For each node x there is (we
assume that a node is accessed
through a pointer to the node)

»(z—key; value of the key
(ustally an integer value; not

n arily unique)
> =l ft: pointer to left child
» (—7dl; pointer to right child

» root points to the root of the tree

» For a leaf node p we have
p—lft = p—rgt = NIL (: &JMLL>
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Inorder tree walk Z—\ beas K

» Divide-and-conquer algorithm that visits all the nodes of a
binary tree
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BINARY TREES/2

Inorder tree walk

» Divide-and-conquer algorithm that visits all the nodes of a
binary tree

» Running time of InorderTreeWalk is linear (©(n))
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BINARY TREES/2 (@1\

Inorder tree walk | '-.|

> Divide—and-conque'iglgori hm thh$visits 21l the nodes of a
binary tree —

» Running time of InorderTreeWalk is linear (©(n))

The algorithm
Algo: InorderTreeWalk(p)

if p#NIL then
i LInorderTreeWalk(p»lft); 1634 ¢ 2 >
[

VisitNode(p);
InorderTreeWalk(p->rgt);

Lw\ (2
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BINARY TREES/3

Example tree walk/1
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BINARY TREES/3

Example tree walk/1

InorderTreeWalk (3)
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BINARY TREES/3

Example tree walk/1

InorderTreeWalk (3)
e InorderTreeWalk (1)
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BINARY TREES/3

Example tree walk/1

InorderTreeWalk (3)
e InorderTreeWalk (1)

InorderTreeWalk (NIL)
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BINARY TREES/3

Example tree walk/1

InorderTreeWalk (3)
e InorderTreeWalk (1)
InorderTreeWalk (NIL)

c e VisitNode (1) — print 1
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BINARY TREES/3

Example tree walk/1
InorderTreeWalk (3)
e InorderTreeWalk (1)
InorderTreeWalk (NIL)
VisitNode (1) — print 1
0 e InorderTreeWalk (4)
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BINARY TREES/3

Example tree walk/1
InorderTreeWalk (3)
e InorderTreeWalk (1)
InorderTreeWalk (NIL)
VisitNode (1) — print 1
0 e InorderTreeWalk (4)

e e e InorderTreeWalk (NIL)
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BINARY TREES/3

Example tree walk/1
InorderTreeWalk (3)
e InorderTreeWalk (1)
InorderTreeWalk (NIL)
VisitNode (1) — print 1
0 e InorderTreeWalk (4)
InorderTreeWalk (NIL)
e e a VisitNode (4) — print 4
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BINARY TREES/3

Example tree walk/1

InorderTreeWalk (3)
InorderTreeWalk (1)

InorderTreeWalk (NIL)

VisitNode (1) — print 1

InorderTreeWalk (4)
InorderTreeWalk (NIL)
VisitNode (4) — print 4
InorderTreeWalk (NIL)
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BINARY TREES/3

Example tree walk/1
InorderTreeWalk (3)
e InorderTreeWalk (1)
InorderTreeWalk (NIL)
VisitNode (1) — print 1
0 e InorderTreeWalk (4T
InorderTreeWalk (NIL)
e e a VisitNode (4) —print4

InorderTreeWalk (NIL)
e VisitNode (3) — print 3
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BINARY TREES/3

Example tree walk/1
InorderTreeWalk (3)
e InorderTreeWalk (1)
InorderTreeWalk (NIL)
VisitNode (1) — print 1
0 G InorderTreeWalk (4)
InorderTreeWalk (NIL)
e e a VisitNode (4) — print 4
InorderTreeWalk (NIL)
e VisitNode (3) — print 3

InorderTreeWalk (6)
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BINARY TREES/3

Example tree walk/1
InorderTreeWalk (3)
e InorderTreeWalk (1)
InorderTreeWalk (NIL)
VisitNode (1) — print 1
0 e InorderTreeWalk (4)
InorderTreeWalk (NIL)
e e a VisitNode (4) — print 4
InorderTreeWalk (NIL)
e VisitNode (3) — print 3

InorderTreeWalk (6)
[walk through right subtree]
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EXERCISE SL06-1/1 e = apodien 15 T~ e aklie

Assume a tree that is used tg represent arithmetic expressions,
such as{(5 +6) « 7= 3/8] " (((5ec)a 29) = (3/8]) —
» Show the tree that.corresponds to this formula.

» Given a tree print the expression in infix notation.
X notatio:

s =k
g‘gj 7238 [ — (x? c«:{o»-fujus]

» Given a tree print chexpression in postfix notation. = < f‘u*‘-"\“’*

S'thu&P “‘-W(‘L (
cWar Sru«} A ll wadary as<

) Sevate ol “'P
gb\cﬁr -.ac:J\-L—’(- {\E'{ v “_J OLIP'
@ /

? gb\e%r mwbﬂ.‘ \ch?
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EXERCISE SL06-1/2

pggowq\‘ cadet p) mﬁg._ Tosﬁ}ax [ ebuct

% (p? NacL ) e
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e (9> 1R):
PR
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BINARY TREES/4

Example tree walk/2 («:How’({’_j — ?; s} "[t,”)
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BINARY TREES/5

» There are alternative ways to walk through a tree
» Preorder: visit node before moving to the children w.
> Postorder: move to the children before visiting node | ¢ .
> Slmply ‘change position of VisitNode (p) in the code
» Inorder tree walk can be seen as a projection of the tree
nodes onto a one-dimensional interval
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BINARY TREES/5

» There are alternative ways to walk through a tree
» Preorder: visit node before moving to the children
» Postorder: move to the children before visiting node
» Simply change position of VisitNode (p) in the code
» Inorder tree walk can be seen as a projection of the tree
nodes onto a one-dimensional interval

> A binary search tree is a binary tree where the nodes are
ordered in a specific way.

» Binary search tree (and its variants) are used heavily since
they allow to quickly find values in a large set of values.
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EXERCISE SL06-2

Write a function that counts the number of leaves in a binary
tree. T

Al e Leaoes [ sbod wlen )
é \1(3, (P::M?L) "R'LUL (tlwwo
Clee 3} (p= U == p=ipd)

f :H-"—’\- l‘{,{;ww /l

condilinn Ror (). lse rebun cobLenes (polp)
P \& = ML cw{ +
P qfﬁ* = AL UL Le“””f}"“ﬁ‘)

( v r\lﬂu ')‘—N‘“r]

Inf I1 2020, S 12/66 M. Béhlen, IfleUZH
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BINARY SEARCH TREES/ 1
L oedinef
Binary search revisited

» Searching for 2in [1,2,3,4,5,6,7]
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BINARY SEARCH TREES/1

Binary search revisited
» Searching for 2in [1,2,3,4,5,6,7]
1 2 3 @4 5 6 7
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BINARY SEARCH TREES/1

Binary search revisited
» Searching for 2in [1,2,3,4,5,6,7]
1 2 3 4 5 6 7 1 2 3 4 5 6 7
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BINARY SEARCH TREES/2

Formalizing the intuition

» Binary search tree property
=~ Let z be anode in a binary tree
——> If y is a node in the left subtree of x then y.key < z—key
» If y is a node in the right subtree of x then z—key < y.key
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BINARY SEARCH TREES/2

Formalizing the intuition

» Binary search tree property
» Let « be anode in a binary tree
» If y is a node in the left subtree of = then y.key < z—key
» If y is a node in the right subtree of « then z—key < y.key
» The keys of a binary search tree are stored such that they
satisfy the above property
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BINARY SEARCH TREES/2

Formalizing the intuition

» Binary search tree property
» Let « be anode in a binary tree
» If y is a node in the left subtree of x then y.key < z—key
» If y is a node in the right subtree of « then z—key < y.key

» The keys of a binary search tree are stored such that they
satisfy the above property
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BINARY SEARCH TREES/2

Formalizing the intuition

» Binary search tree property
» Let « be anode in a binary tree
» If y is a node in the left subtree of = then y.key < z—key
» If y is a node in the right subtree of « then z—key < y.key
» The keys of a binary search tree are stored such that they
satisfy the above property




Binary trees Red-black trees
000000000008000000000000000000 000000000000000000000000000000000
| |

EXERCISE SL06-3

What is the difference between a binary search tree and a min
heap? Which data structure can be used to print the nodes of a
tree with n nodes in sorted order in O(n) time?

BT, W oakes & BT
LCE*—;? [ 1%}— s\me o-)r > ase < {—L,U_,\ e == Leery

=

— e - — -

m\\.x'\_,w_cﬁ-_ \O[ P N \\w ST '\'{{"‘\?

Leg i Qb sl o > e > W, >l
— —_— i'l-]x —— = 2 o

o L —

RST‘- @(\"‘.) - ;‘Hor‘ﬂkk} PLJ‘G\JU(‘Q"

Cab Y n sedid ord
P = 4 A i bl e GLV\LOI U\] — e Livess l\f\{c{’f%“}?
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BINARY SEARCH TREES/3

Searching for an item

» To find an item with key = v in a tree rooted at p
» check whether p == NIL or p—key = v
» if this is not the case then

» if v < p—key, search for v in p—Ift
» otherwise, search for v in p—rgt
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BINARY SEARCH TREES/3

Searching for an item

» To find an item with key = v in a tree rooted at p

» check whether p == NIL or p—key = v
» if this is not the case then

» if v < p—key, search for v in p—Ift

» otherwise, search for v in p—rgt

» Example: search for items with key = 5 and key = 3
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BINARY SEARCH TREES/3

Searching for an item

» To find an item with key = v in a tree rooted at p

» check whether p == NIL or p—key = v
» if this is not the case then

» if v < p—key, search for v in p—Ift

» otherwise, search for v in p—rgt

» Example: search for items with key = 5 and key = 3
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BINARY SEARCH TREES/3

Searching for an item

» To find an item with key = v in a tree rooted at p

» check whether p == NIL or p—key = v
» if this is not the case then

» if v < p—key, search for v in p—Ift

» otherwise, search for v in p—rgt

> Example: search for items with key = 5 and key = 3
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BINARY SEARCH TREES/4

Iterative algorithm |, ol
Algo: TregS_egchg,\_f) @ ot

while t#NIL A p->key#v do
| if v<p->key then p = p->lft else p = p->rgt;

return p;
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BINARY SEARCH TREES/4

{&

Iterative algorithm

Algo: TreeSearch(p,v)

while t#NIL A p->key#v do
Lif v<p->key then p = p->lft else p = p->rgt;

return p;

Recursive algorithm

\ . W
Algo: TreeSearch(p,v) oV ==
C«'Z,Lif p==NIL V p->key==v then return p; / ol 'Lfl—
if v<p->key then return TreeSearch(p->1ft,v) -~ &

else return TreeSearch(p->rgt,v);

6@ f; ﬁ\jt“
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EXERCISE SL06-4 —

'Write a non-recursive version of an inorder tree traversal.
On-recursive versio

S a_=e

2
f\tJ"T-._th!b(?
@4{ L_i] l_J ‘ CkSlactx ()
.__S: :/l NME ( l(gE%(’{}glN{)‘( ))
= po4(];
P Gz ] puaand] 5= TV
s (3 Leey ) i} (Voo (5]

{p:.&\ >

S|P N.’L) FMSL«()( elie

Inf IT 2020, SL06 18/66 M. Béhlen, IfleUZH



Binary trees Red-black trees
000000000000000800000000000000 000000000000000000000000000000000
| |

BINARY SEARCH TREES/5

Analysis of tree search

» Running time on tree of height h is O(h)
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BINARY SEARCH TREES/5

Analysis of tree search

» Running time on tree of height h is O(h)
» In the worst case h is the number of nodes
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BINARY SEARCH TREES/5

Analysis of tree search

» Running time on tree of height h is O(h)
» In the worst case h is the number of nodes

Finding the minimum

» Finds the minimum key in a tree rooted at p
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BINARY SEARCH TREES/5

Analysis of tree search

» Running time on tree of height h is O(h)
» In the worst case h is the number of nodes

Finding the minimum
» Finds the minimum key in a tree rooted at p
Algo: TreeMin(p)

while p->Ift#NIL do p = p->Ift;
return p;
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Analysis of tree search ?\o
» Running time on tree of height h is O(h)

» In the worst case & is the number of nodes = SQ =3
Finding the minimum as P:ss.(?le

» Finds the minimum key in a tree rooted at p
Algo: TreeMin(p)

while p->Ift#NIL do p = p->Ift;
return p; L ¥ L,P.P

» Running time is proportional to height of tree

» We do not have to compare keys.

= ot
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EXERCISE SL06-5
Cp

A function that counts the number of occurrences of an integer
x in a binary search tree. (assu—t Jeplt okes are {53l ]

lor cnrX ((sbed weleapy
e < "

i} (p# e ] lan

L P
mx[ra\rel,,)

else l& (xb?ﬁ)u&l) rebws
b X (p2 i,
)

Y )(
/R—&Q& else rebon <X (paith) |
‘Q)""vv' 5 Ml—x{\l’\ﬂ\ﬂir%ﬁ)ll

20/66
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BINARY SEARCH TREES/6

Finding the successor/1 (assumption: no duplicates)

» Given node p, find the node with the smallest key
> p—key
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BINARY SEARCH TREES/6

Finding the successor/1 (assumption: no duplicates)

» Given node p, find the node with the smallest key
> p—key
» Distinguish two cases, depending on right subtree of p
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BINARY SEARCH TREES/6

Finding the successor/1 (assumption: no duplicates)

» Given node p, find the node with the smallest key
> p—key
:—( » Distinguish two cases, depending on right subtree of p

TreeSuccof4=5

TreeSucc of5=6%/ 5“\4(‘%\' clace) *alowe” ,_g H’QL s
“;LM*:A\KQd‘ Ql-c—ﬂ—*—-u\‘ lu. G“(l]'kl‘ &-‘l)\;@_



Binary trees Red-black trees

0000000000000 0000e000000000000 0000000000000 0000O0000000000000000
: :

BINARY SEARCH TREES/6

Finding the successor/1 (assumption: no duplicates)

» Given node p, find the node with the smallest key
> p—key
» Distinguish two cases, depending on right subtree of p

e » Case 1 (p—rgt # NIL)
P successor of p is left-most
0 a node in right subtree

TreeSuccof5=6
TreeSuccof4=5
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BINARY SEARCH TREES/ 6/ Z o ce ("7 / x lﬁl?l
'

case &
?’
Finding the successor/1 (assumption: no dupl\Zi§\E ____

» Given node p, find the node with the smallest ke
> p—key

- (%

» Distinguish two cases, depending on right subtree of oo {
L~4

@ » Casel (p—rgt #NIL)
4y > successor of p is left-most z
e e node in right s subtree
» Case?2 (p—>rgt = NIL)
0 e G » successor of p is lowest
TreeSuccof5=6 ancestor whose lgfis____ubtree

TreeSuccof4=5 Cg@lﬂsi
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BINARY SEARCH TREES/7

—
v
s

» For (standard) binary trees without a parent pointer we\ 2
need a pointer that lags behind and is only advanced if wg

move left.
-
struct nodex SuccAbove (struct nodex p, f61/
struct node* x) { /
struct nodex succ; (cz;
succ = NULL; v
while (p != x) { ORI s () lo
if (x—>key < p >key) p; P = p—>1 >1ft
else if (x->key > p->key) { p = p-> Srgt; ) |l
i‘eturn succ; \E?
} ! rc»eJ}rQr Al {Q%l ‘\::WQR ==
& W e Ga f"-’i?r
Usage: SuccAbove (root, Search (root,v)) 5”‘01({ 3)
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» Assume that a node p whose left and right children are
NIL is given

Underlying idea
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INSERTING ITEMS/ 1

Underlying idea
» Assume that a node p whose left and right children are
NIL is given

» Insertion is similar to searching
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INSERTING ITEMS/ 1

Underlying idea
» Assume that a node p whose left and right children are
NIL is given
» Insertion is similar to searching

» To insert the node p into a tree rooted at root

» find location in tree where p belongs to ( G35 . O
» then add the new node p there 4 ‘__Iﬂ;oh\kg >
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INSERTING ITEMS/ 1

Underlying idea
» Assume that a node p whose left and right children are
NIL is given
» Insertion is similar to searching

» To insert the node p into a tree rooted at root

» find location in tree where p belongs to
» then add the new node p there

== Makes use of a “one step delayed” pointer
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INSERTING ITEMS/ 1

Underlying idea
» Assume that a node p whose left and right children are
NIL is given
» Insertion is similar to searching

» To insert the node p into a tree rooted at root

» find location in tree where p belongs to
» then add the new node p there

» Makes use of a “one step delayed” pointer
» Running time on tree of height h is O(h)
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INSERTING ITEMS/2

Insertion example
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INSERTING ITEMS/2

Insertion example
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INSERTING ITEMS/2

Insertion example

Problematic instances

» If items are inserted in order, the tree looks like a list
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INSERTING ITEMS/2

Insertion example

Problematic instances
» If items are inserted in order, the tree looks like a list
» That is: height i = n, the number of nodes in the tree
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INSERTING ITEMS/2 - 4\
/{’ S 3
Insertion example o ~

Problematic instances

» If items are inserted in order, the tree looks like a list
» That is: height i = n, the number of nodes in the tree
» Worst case: the running time of the operations is O(n)
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INSERTING ITEMS/3

Have a “one step delay

ok fo La i serteol

return r;

}

\S

5

= P

:%5U17i1; PN ab1¥r¥4q«

z)else if (y->key < p->key) y->rgt = p; il 4o i—eﬁmr
3)else y—>1ft P N N e

oot of Arer
" pointer: /
-
struct nodex Treelnsert ( (
struct nodex p, struct nodef_;)
{
struct nodex y = NULL;
, Struct nodex x =r; _—
| while (x != NULL) ({ JI we seardh Qos plete
| X__:_ X; / wlare [? NS
|I if (X—>key < p—>key) x _"§_ >rgtl/ :«';:Q.)Lwl_ CX) arol 4+l
1 else x = x—>1ft; ' i vocde alove (7)
'.L}_______i_ —
A)if (y == NULL) r = p;

&

aall riai‘ = ﬂeo_f_z_--...k_,-‘} (pl (‘051_)
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Binary trees
000000000000000000000080000000

EXERCISE SL06-6

Use representative trees to illustrate the insertion with a one

step delayed pointer.

7 r 7 c iem . == AL
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] NG T s tasedef
2_) y@K fo—kilio - ¥ ;,L.:tLC _“’{f-;f ,,_h> Lf tolo dreg
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R At Ppasent-
Yﬁ_ _ﬁ_ P/ / coses
Ly P
EJ 6 hY /



Binary trees Red-black trees
000000000000000000000008000000 000000000000000000000000000000000
| |

DELETING ITEMS/ 1

General remark

» Deletion depends on how many children a node has



Binary trees Red-black trees

0000000000000 0000000000e000000 0000000000000 0000O0000000000000000
: :

DELETING ITEMS/ 1

General remark

» Deletion depends on how many children a node has

Deletion: case 1

» Node ¢ has no children: remove ¢



Binary trees Red-black trees

0000000000000 0000000000e000000 0000000000000 0000O0000000000000000
: :

DELETING ITEMS/ 1

General remark

» Deletion depends on how many children a node has

Deletion: case 1

» Node ¢ has no children: remove ¢
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DELETING ITEMS/ 1

General remark

» Deletion depends on how many children a node has

Deletion: case 1 (%/

» Node ¢ has no children: remove ¢
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DELETING ITEMS/2

Deletion: case 2

» Node ¢ has one child z: let parent of ¢ point to  and then
remove t
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DELETING ITEMS/2

Deletion: case 2
» Node ¢ has one child z: let parent of ¢ point to  and then

remove t
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DELETING ITEMS/2

=
Deletion: case 2 \J

» Node ¢ has one child z: let parent of ¢ point to z and then
remove ¢ a
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DELETING ITEMS/3

Deletion: case 3

» Node ¢ has two children: find largest (smallest) child s in
left (right) subtree of ¢, then replace p—key with s.key and
remove s
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0000000000000 000000000000e0000 0000000000000 0000O0000000000000000
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DELETING ITEMS/3

Deletion: case 3

» Node ¢ has two children: find largest (smallest) child s in
left (right) subtree of ¢, then replace p—key with s.key and
remove s

eae%@ﬂ
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DELETING ITEMS/3 - ol s s oo
CD 7 gy poilus

. (olees & et
Deletion: case 3 R e comted)

» Node ¢ has two children: find largest (smallest) child s in
left (right) subtree of #, then replace p-+key with s.key and
remove s R

r B
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DELETING ITEMS/ 4

The algorithm

Fol_J\,‘_r da Tt
ool ke Ca_
Aol e

u = root; v = NULL;
while (u != x) {
v = u;
if (x->key < u->key)
else u = u->rgt;

struct nodex deLgpg(struct nodex root,
a struct nodex x)

u

= u->1ft; / /

Loe ‘;GO-HL =< andh
Pt woda above
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Red-black trees
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DELETING ITEMS/5

If@is_ less than 2 _c%n we fix the pointer of parent of x:

—_—

v g K
Lyl / D
if (@=>rgt == NULL) { Iy “ i
4] if (v == NULL) root = u->1ft; 2y 13)
| ) else if (v>lft —= u) v->1ft = u->1ft;
z)else v->rg u—>1ft;
else if (u—>1ft == NULL) {
14)if (v == NULL] root = u->rgt;
‘ ¢) else if (v->1ft == u) v->1ft = u->rgt; o
| §) else v—>rgt = u->rgt; Ul_ (If“ U/u ?\@u
else { Csb : \
o) Sy
(. ) &) ()




Binary trees Red-black trees
0000000000000000000000000000e0 000000000000000000000000000000000
|

DELETING ITEMS /6 p=TrewSeerti () 5)
I@Eﬂ: ';’ dalele C'“s ??
SN Pt
b = %x=—>Ift; q = p;
while (p->rgt != NULL) { g = p; p = p—>rgt; }

i

if (v == NULL) root = pj;
1)|else if (v->1ft == u) v->1ft = p;

else v—>rgt = p; y A
d;&\D 2,
ey A 8
A

2) p->rgt = u->rgt; E ? \/_‘\
if (g !'= p) { BN =
3) g->rgt = p->1ft; | [1

p—>1ft

%)}
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EXERCISE SL06-7

Given a binary tree write a function that determines its height.

o/o}e» h=2 ok Mﬂnjr%-r(s(-rﬂl- ke L“)
P (p== Uur_c_) (e oo~ -1

° L=C reboue HOHKCL’J}/H‘%T<PP“ {H)

o {/L:._\
4 + 1
/

L h=-|
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Red-black trees
000000000000000000000000000000000

Binary trees
000000000000000000000000000000

RED-BLACK TREES/ 1

E le: ’
xample E\f@ﬁs

java.time format
javatime temporal
java.time.zone

java.uti
java.uti.concurrent
java.util.concurrent.atomic
Java.uti.concurrent.locks
java.util function
java.utiljar
java.utillogging

pliterators. AbstractLongspliterator

eeMap class uses red-black trees

Java™ Platform
Standard Ed

OVERVIEW P

PREV CLASS NEXT CLASS
SUMMARY: NESTED | FIELD | CONSTR | METHOD

FRAMES NO FRAMES
DETAIL: FIELD | CONSTR | METHOD

compactl, compact2, compact3
java.util

Class TreeMap<K,V>
java lang.Object

java util AbstractMap<K,V>
java.util TreeMap<K,v>

spliterators.
splittableRandom
Stack
Stringjoiner
StringTokenizer

Vector
WeakHashMap
Enums

Formatter.BigDecimalLayoutForm
Locale Category
Locale filteringMode

Inf IT 2020, SLO6

Type 3
K - the type of keys maintained by this map

V - the type of mapped values

All Implemented Interfaces:
serializable, Cloneable, Map<K,V>, NavigableMap<K,V>, Sortediap<k,V>

public class TreeMap<K,V>
extends AbstractMap<K,V>
implenents NavigableMap<k,V>, Cloneable, Serializable

A Red-Black tree based NavigableMap implementation. The map is sorted according to the natural ordering of its keys, or by a
Comparator provided at map creation time, depending on which constructor is used.

This implementation provides guaranteed log(n) time cost for the containsKey, get, put and remove operations. Algorithms are
adaptations of those in Cormen, Leiserson, and Rivest's Introduction to Algorithms.

35/66

M. Béhlen, IfleUZH
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Balanced binary trees

» Problem: running time of tree operations is O(h), worst
case is O(n)
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Balanced binary trees

» Problem: running time of tree operations is O(h), worst
case is O(n)
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RED-BLACK TREES/2

Balanced binary trees

» Problem: running time of tree operations is O(h), worst
case is O(n)

» Solution: balanced search trees guarantee small height
h=0(lgn)
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RED-BLACK TREES/2

Balanced binary trees

» Problem: running time of tree operations is O(h), worst
case is O(n)

» Solution: balanced search trees guarantee small height
h=O(gn)
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RED-BLACK TREES/3

Y S cry!
—t— -

[/— toe oo faows o oha ‘?ﬁm\»ﬂ--.“'.‘,-
ack tree is a binary search tree with the followmg

d1t1onal)_pr0pert1es t—sarh aned o lale
§ . Every node is either red or black Sy dlen Rar
( . The root is black S N
. Every leaf (NIL)is black

. If anode is red then both its children are black
. For each node, all paths fi fmmtbe—nedetg_desc ndantleaves
contain the same number of black nodes
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RED-BLACK TREES/3

Red-black property

» A red-black tree is a binary search tree with the following
(additional) properties
1. Every node is either red or black
The root is black
Every leaf (NIL) is black
If a node is red then both its children are black
For each node, all paths from the node to descendant leaves
contain the same number of black nodes

» Black-height bh(z) of node z: number of black nodes on
any path from, but not including,  down to a leaf

AN N
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RED-BLACK TREES/3

Red-black property

» A red-black tree is a binary search tree with the following
(additional) properties

1. Every node is either red or black

The root is black

Every leaf (NIL) is black

If a node is red then both its children are black

For each node, all paths from the node to descendant leaves
contain the same number of black nodes

» Black-height bh(z) of node z: number of black nodes on
any path from, but not including,  down to a leaf

» Black-height bh of tree: bh(root), black-height of root

AN N
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Basic consequences/1
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Basic consequences/1

» Some measures
» n internal nodes
» © - height of tree
» bh - black height
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Basic consequences/1

» Some measures

» n internal nodes
» © - height of tree
» bh - black height

> /2 < bh
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Basic consequences/1

» Some measures

» n internal nodes
» © - height of tree
» bh - black height

> h/2 < bh
> obh _1<np
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RED-BLACK TREES/4

Basic consequences/1

» Some measures

» n internal nodes
» © - height of tree
» bh - black height

> h/2 < bh
> obh _1<np
> 2h/2 <4
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RED-BLACK TREES/4

Basic consequences/1

» Some measures

» n internal nodes
» h - height of tree
» bh - black height

™ B2 bR e o vl
yp obh 1 <p odey Redoele o des
> 2h/2 <1
> h/2 <lg(n+1)
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RED-BLACK TREES/4

Basic consequences/1

» Some measures

» n internal nodes
» h - height of tree
» bh - black height

> h/2 <bh

> 2 _1<n

> 2h/2 < p41

> h/2§1&"i1l

- —- - — — — — -

AL
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Basic consequences /2

» Operations on a binary search tree (search, insert, delete,
etc.) are accomplished in O(h) time
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RED-BLACK TREES/5

Basic consequences /2

» Operations on a binary search tree (search, insert, delete,
etc.) are accomplished in O(h) time

» A RB-tree is a binary search tree whose height is bound by
2lg(n+1)
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RED-BLACK TREES/5

Basic consequences /2
» Operations on a binary search tree (search, insert, delete,
etc.) are accomplished in O(h) time

» A RB-tree is a binary search tree whose height is bound by
2lg(n+1)
» Thus, operations are accomplished in O(lgn) time



Binary trees Red-black trees
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RED-BLACK TREES/5

Basic consequences /2

» Operations on a binary search tree (search, insert, delete,
etc.) are accomplished in O(h) time

» A RB-tree is a binary search tree whose height is bound by
2lg(n+1)

» Thus, operations are accomplished in O(lgn) time

» Note that there is the following constraint

» Insertions and deletions may destroy RB-property —
> So, cost for restormg it cannot be more than O( )
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Left & right rotations/1

—_—
» To change pointer structure of tree
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RED-BLACK TREES/6

ointer structure of tree

fc’.kGJ nghtRotate (1) =
= LeftRota;e(
O/ O{;_s /2 + X 1 ®

"(—D(/

o gl et 3 oy
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RED-BLACK TREES/6

Left & right rotations/1

» To change pointer structure of tree

RightRotate(t) =
< LeftRotate(s)

a B g
» Applies to BSTs and maintains key ordering

> Yacabe fB,ceny:
a—key < s—key < b—key < t—key < c—key
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RED-BLACK TREES/6

Left & right rotations/1

» To change pointer structure of tree

RightRotate(t) =
< LeftRotate(s)

. «

o B g

e I

» Applies to BSTs and maintains key ordering
> Yacabe fB,ceny:
a—key < s—key < b—key < t—key < c—key

» Rotations decrease/increase depth of a, v (but not j3)
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RED-BLACK TREES/7
Left & right rotations/2

» Algorithm for right rotation (left rotation is equivalent)
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Red-black trees
000000080000000000000000000000000

RED-BLACK TREES/7
Left & right rotations/2

» Algorithm for right rotation (left rotation is equivalent)

Algo: RightRotate(t)

s = t->lft;
t->1ft = s->rgt; s->pnt = t->pnt;
if s->rgt#NIL then (s->rgt)->pnt = t;
if t->pnt==NIL then
| root =s
else
if t==(t->pnt)->rgt then
| (t->pnt)->rgt=s
else
| (t->pnt)->lft=s

s->rgt=1t; t->pnt =s;
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Red-black trees
000000080000000000000000000000000

RED-BLACK TREES/7 T

Left & right rotations/2

?M—QAL pS-dat (gl

|eA~.M_H¢.L_.—-\ Se— 15 st C\Lﬂ-laL s

?\QS‘ T\—J\

o~ e blia ~/
L

» Algorithm for right rotation (left rotation is equivalent)

Algo: RightRotate(t)

12

1 s=t>lft z
t->1£tJ— s->1gt;&->pnt = t- zp_t
| i s >rgt#NIL then(s- >rgt) >pn =t
if t->pnt==NIL then
| root =s

else

if t==(t->pnt)->rgt then

| df;‘Ent) >rgt=s
else ¢

((t>pnt)->lft = s

— kg
(5

»d/ ¥

5 \E>rgt= @ s;
%

» Running time is O(1)
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Red-black trees

0O0000000®000000000000000000000000

INSERTING ITEMS/ 1

‘|-‘_9R,I"1M"~J lﬂLU =Y

R g sesnch b

The algorithm
Algo: RBTInsert(t) / + set cater o s
" | s =NIL; wede 4o e/
X = root; { Aoes =l
while x#NIL do 1 1}
= % el | Hg
s=X; ) .
if t->key<x->key then x = x->Ift else x = x->rgt; Dlads .Ak\lr H

t->pnt = s; t->col = red;
if s==NIL then
| root=t

kelse
[if t>key<s->key then s->1ft = t else s->rgt = t;

InsertFixup(t)

Do ¢

| 0
— .‘ﬂ_% o D\'Wk'\ﬁmg
\
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Insertion: case 0
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Insertion: case 0

» Assumption
» pis left child of g
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INSERTING ITEMS/2

Insertion: case 0

» Assumption

» pis left child of g
» Conventions

» ¢t —new node

» p—parent of t

» g — grandfather of ¢
» u—uncle of ¢
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INSERTING ITEMS/2

Insertion: _C_q_g_g__p_ <

» Assumption
e » pis left child of g
» Conventions
> _{—new node

> p—parentoft
» g — grandfather of ¢

o 5 . > u—uncleoft
+Q
40 2 = > Color of pis black
B v » No property violated
E » Hence nothing to do
1 )

Olode wade>
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INSERTING ITEMS/3

Insertion: case 1

» t’s uncle w is red
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INSERTING ITEMS/3

Insertion: case 1
» t’s uncle w is red

» Action: p—col = u—col = black, g—col = red, sett =g
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INSERTING ITEMS/3

Insertion: case 1
» t’s uncle w is red

» Action: p—col = u—col = black, g—col = red, sett =g
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INSERTING ITEMS/3

Insertion: case 1
» t’s uncle w is red

» Action: p—col = u—col = black, g—col = red, sett =g
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INSERTING ITEMS/3

Insertion: case 1
» t’s uncle w is red

» Action: p—col = u—col = black, g—col = red, sett =g

» Note that the tree rooted at g is now balanced
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INSERTING ITEMS/3

APy
Insertion: case 1 (Gl “f

co—hk-» t’s uncle u is red ‘i 7

<40 +0
» Note that the tree rooted at g is now balanced

» g is now red, so the RB-property may We violated
(propagate upwards with t = g) calisfies 1 ?%"{U‘*{U’G 3
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EXERCISE SL06-8

Analyze case 1 wrt the properties of red black trees.

»r) (e ek Blak —ehes ody: O (Leivilly o)

E') oot Y Qloulx - ey fe J-J‘LQA \lt s &“‘-S == qt” {-\4‘ wv?'
(:E ool ¢ ek c;;_,lf? caler W 'e_l[q[&:: Taasgasey Qlock Lalvt\l,.

a% n-h. Tq-\&ﬂ:]
"») leeues eus< @l . OL{} coler 9‘. DUl (esves 1y Qleds e}' ./(..Q?-... -
L}) o q.ﬁio.u,A teh edey [Lrai\ad..\,}._ Q:;w,; H_;:g ecu-.,-g},_g[y

:f) Qo wnadar o%, Oledr ol y o a.l( feo\.--'teavc_ r“‘uﬁfj
OU L adle~ Hoch st "-\"’"‘K j('l.u-l &* Q‘E_ Oletx \—cnﬂ.ﬂ
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INSERTING ITEMS/4

Insertion: case 2
» t’s uncle u is black and ¢ is a right child
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: :

INSERTING ITEMS/4

Insertion: case 2
» t’s uncle u is black and ¢ is a right child
» Action: LeftRotate (p), sett =p
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INSERTING ITEMS/4

Insertion: case 2
» t’s uncle u is black and ¢ is a right child
» Action: LeftRotate (p), sett =p
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INSERTING ITEMS/4

Insertion: case 2
» t’s uncle u is black and ¢ is a right child
» Action: LeftRotate (p), sett =p
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INSERTING ITEMS/4

Insertion: case 2
e~ B #’s uncle u is black and t is a right child
» Action: LeftRotate (p), sett =

%\

» Note that in thls way one gets case 3 (see below)
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INSERTING ITEMS/5

Insertion: case 3
» t’s uncle u is black and t is a left child
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INSERTING ITEMS/5

Insertion: case 3
» t’s uncle u is black and ¢ is a left child
» Action: p—col = black, g—col = red, RightRotate (g)
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INSERTING ITEMS/5

Insertion: case 3
» t’s uncle u is black and ¢ is a left child
» Action: p—col = black, g—col = red, RightRotate (g)
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INSERTING ITEMS/5

Insertion: case 3
» t’s uncle u is black and ¢ is a left child
» Action: p—col = black, g—col = red, RightRotate (g)
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: :

INSERTING ITEMS/5

Insertion: case 3
» t’s uncle u is black and t i_s_aleﬁ_g_&ild
» Action: p—col = black, g—col =red, RightRotate (g)

a B

) &
» Note that the tree rooted at p is now balanced
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: :

INSERTING ITEMS/6

The mirror cases
» In case that Mild, all the above cases are
handled similarly (simply exchange “left” and “right”)
( ceve Am = case 4 e Mase & e {"Q} ,i‘:}h})
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: :

INSERTING ITEMS/ 6

The mirror cases

» In case that p is a right child, all the above cases are
handled similarly (simply exchange “left” and “right”)

Final observations
» If two red nodes are adjacent, one does either

» restructure (with one or two rotations) and stop, or
» propagate adjacent red nodes upwards in the tree
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INSERTING ITEMS/ 6

The mirror cases

» In case that p is a right child, all the above cases are
handled similarly (simply exchange “left” and “right”)

Final observations
» If two red nodes are adjacent, one does either
P restructure (with one or two rotations) and stop, or
> propagate adjacent red nodes upwards in the tree
> A restr(uc urlng takes constant time and is done at most
once (it reorganizes an off-balanced part of the tree)
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INSERTING ITEMS/ 6

The mirror cases

» In case that p is a right child, all the above cases are
handled similarly (simply exchange “left” and “right”)

Final observations
» If two red nodes are adjacent, one does either

» restructure (with one or two rotations) and stop, or
» propagate adjacent red nodes upwards in the tree

» A restructuring takes constant time and is done at most
once (it reorganizes an off-balanced part of the tree)

» The number of propagations is bound by O(lgn)



Binary trees Red-black trees
0000000000000 0O00O0O00O000O00000000 0000000000000 0e000000000OO0O000000
: :

INSERTING ITEMS/ 6

The mirror cases

» In case that p is a right child, all the above cases are
handled similarly (simply exchange “left” and “right”)

Final observations
» If two red nodes are adjacent, one does either

» restructure (with one or two rotations) and stop, or
» propagate adjacent red nodes upwards in the tree

» A restructuring takes constant time and is done at most
once (it reorganizes an off-balanced part of the tree)

» The number of propagations is bound by O(lgn)
» The running time of insertion is thus O(lgn)
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: :

INSERTION EXAMPLE /1 — p s Ol

Inserting C:
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INSERTION EXAMPLE /2

Inserting U:

-1 NaL &aled rf

W is et Rl
~ Caie Cuw: K'R(fla)} rf-_-F
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INSERTION EXAMPLE/3

Inserting B:

-7 lgl A
- 1S H‘\J'{’ W} ebdek

SR 3 s,y Co ek, 7R()
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EXERCISE SL06-9/1
Insert 36 into the following red black tree:




Binary trees Red-black trees

| 0000000000000 0O00O0O00O000O00000000 0000000000000 000000e0000000000000 |
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Binary trees Red-black trees

0000000000000 000000O00000000000 0000000000000 0000000e000000000000
:

DELETING ITEMS/ 1 = b daenpiny S

- colers TR~

» We first apply binary gearch tree deletion:
» We can easily delete a node u that has at least one NIL child.
» If the key to be d¢leted is stored at a node u with two
children we replace the key of u with the key of the largest
node v of the Teft subtree of u and delete v instead.
.y 1(’ e 2 b

i‘z-tl*‘“**—"& e § 2 QAden

rijwed
onf
» Deletion of node s (s is either u or »)
» Delete s and replace it by it’s child z
» If color of s was red we are done.

» If color of s was black we proceed according to the cases
described below




Binary trees Red-black trees

0000000000000 000000O00000000000 0000000000000 00000000e00000000000
: :

DELETING ITEMS/2

Deletion: case 0




Binary trees Red-black trees
0000000000000 0O00O0O00O000O00000000 0000000000000 00000000e00000000000
: :

DELETING ITEMS/2

» Assumptions
» 2 is a left child
Deletion: case 0 > =z replaces the deleted
node s




Binary trees Red-black trees
0000000000000 0O00O0O00O000O00000000 0000000000000 00000000e00000000000
: :

DELETING ITEMS/2

» Assumptions
> zis a left child
Deletion: case 0 > =z replaces the deleted
node s
» Conventions

» p—parentof x
» b — brother of =
» m,n — children of b




Binary trees Red-black trees

0000000000000 000000O00000000000 0000000000000 00000000e00000000000
: :

DELETING ITEMS/2

» Assumptions
> zis a left child
Deletion: case 0 > =z replaces the deleted
node s
» Conventions

» p—parent of x
» b — brother of =
» m,n — children of b

» Color of deleted node was
red

» There is nothing to do




Binary trees Red-black trees
0000000000000 0O00O0O00O000O00000000 0000000000000 00000000e00000000000
: :

DELETING ITEMS/2

» Assumptions
> 1z is a left child
Deletion: case 0 > .z replaces the deleted
node s
» Conventions

17— children of b
» Color of deleted node was
o | red
» There is nothing to do

» Color of deleted node was

0 ) black

» If color of x is red then
simply set it to black



Binary trees Red-black trees

0000000000000 000000O00000000000 0000000000000 0O00000000e0000000000
: :

DELETING ITEMS/3

Deletion: case 1
» 2’s brother b is red



Binary trees Red-black trees
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: :

DELETING ITEMS/3

Deletion: case 1
» 2’s brother b is red

» Action: b—col = black, p—col = red, LeftRotate (p), set
b=m
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0000000000000 0O00O0O00O000O00000000 0000000000000 0O00000000e0000000000
: :

DELETING ITEMS/3

Deletion: case 1
» 2’s brother b is red
» Action: b—col = black, p—col = red, LeftRotate (p), set

b=m
no () ()

T2 T3
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: :

DELETING ITEMS/3

Deletion: case 1
» 2’s brother b is red

» Action: b—col = black, p—col = red, LeftRotate (p), set
b=m

T1
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0000000000000 0O00O0O00O000O00000000 0000000000000 0O00000000e0000000000
: :

DELETING ITEMS/ 3 s (faddek cote] 5 @l > s @

—= Ces= ’(”'_‘f'

Deletion: case 1
—=» z’s brother b is red
» Action: _b—)col = black, p—col = red, LeftRotate (p), set

T2 73 1 T2

<o e} =1 o
» Note that one gets either case 2, 3, or 4 (see below)

4 of =D
Blek o
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DELETING ITEMS/ 4

Deletion: case 2
» 2’s brother b is black and both m and n are black
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DELETING ITEMS /4

Deletion: case 2
» 2’s brother b is black and both m and n are black
» Action: b—col = red,setx =p



Binary trees Red-black trees
0000000000000 0O00O0O00O000O00000000 0000000000000 000000O0000e000000000
: :

DELETING ITEMS /4

Deletion: case 2
» 2’s brother b is black and both m and n are black
» Action: b—col = red,setx =p

noom @

T2 T3
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: :

DELETING ITEMS /4

Deletion: case 2
» 2’s brother b is black and both m and n are black
» Action: b—col = red,setx =p

OB OGO

T2 T3 T2 3
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DELETING ITEMS/ 4

Deletion: case 2
» 2’s brother b is black and both m and n are black
» Action: b—col = red,setx =p

(= OO,

2 73 2 T3
» Note that bh of both subtrees of p is reduced by one



Binary trees Red-black trees
0000000000000 0O00O0O00O000O00000000 0000000000000 000000O0000e000000000

DELETING ITEMS/ 4

Deletion: case 2
===» z’s brother b is black and both m and n are black
» Action: b—col = red, setz =p 7

OGO OB

- =1
T2 T3 T2 T3

» Note that bh of b%th subtrees of pis reduced by one "
» Stop deletion if color of p is red and set p—col = black

m [EPRTE ~/k

lelg,\.( oo § S~
caick ik ee-Q\ ,i "i\“‘



Binary trees Red-black trees
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DELETING ITEMS/5

Deletion: case 3
» 2’s brother b is black, m is red, and n is black
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0000000000000 0O00O0O00O000O00000000 0000000000000 0O00000O00000e00000000
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DELETING ITEMS/5

Deletion: case 3
» 2’s brother b is black, m is red, and n is black

» Action: m—col = black, b—col = red, RightRotate (b),
setb=m



Binary trees Red-black trees
0000000000000 0O00O0O00O000O00000000 0000000000000 0O00000O00000e00000000
: :

DELETING ITEMS/5

Deletion: case 3
» 2’s brother b is black, m is red, and n is black

» Action: m—col = black, b—col = red, RightRotate (b),
setb=m

oo m] M

T2 73
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: :

DELETING ITEMS/5

Deletion: case 3
» 2’s brother b is black, m is red, and n is black

» Action: m—col = black, b—col = red, RightRotate (b),
setb=m

1




Binary trees Red-black trees
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DELETING ITEMS/5

Deletion: case 3
» 2’s brother b is black, m is red, and n is black

» Action: m—col = black, b—col = red, Righi_:Botat_e__(b),
setb=m o

» Note that in this way one gets case 4 (see below) S
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DELETING ITEMS/ 6

Deletion: case 4
» z’s brother b is black and b’s right child n is red
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DELETING ITEMS/ 6

Deletion: case 4
» z’s brother b is black and b’s right child n is red

» Action: b—col = p—col, p—col = n—col = black,
LeftRotate (p)



Binary trees Red-black trees
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: :

DELETING ITEMS/ 6

Deletion: case 4
» z’s brother b is black and b’s right child n is red

» Action: b—col = p—col, p—col = n—col = black,
LeftRotate (p)
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DELETING ITEMS/ 6

Deletion: case 4
» z’s brother b is black and b’s right child n is red

» Action: b—col = p—col, p—col = n—col = black,
LeftRotate (p)




Binary trees Red-black trees
0000000000000 0O00O0O00O000O00000000 0000000000000 0O00000O000000e0000000
: :

DELETING ITEMS/ 6

Deletion: case 4
» z’s brother b is black and b’s right child n is red
—_—— R ——
» Action: b—col = p—col, p—col = n—col = black,

LeftRotate (p)

O\

T2 T3 Tl p)
o] =
» Note that the tree rooted at b is ngw balanced
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DELETING ITEMS/7

The mirror cases

» In case that x is a right child, all the above cases are
handled s1m11arly (simply exchange “left” and “right”)



Binary trees Red-black trees

0000000000000 000000O00000000000 0000000000000 0O000O000000000e000000
: :

DELETING ITEMS/7

The mirror cases

» In case that z is a right child, all the above cases are
handled similarly (simply exchange “left” and “right”)

Final observations
» Intuitive idea is to perform a color compensation
» Find a red node nearby and change its color into black



Binary trees Red-black trees
0000000000000 0O00O0O00O000O00000000 0000000000000 0O00000O0000000e000000
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DELETING ITEMS/7

The mirror cases

» In case that z is a right child, all the above cases are
handled similarly (simply exchange “left” and “right”)

Final observations
» Intuitive idea is to perform a color compensation
» Find a red node nearby and change its color into black
» There are two cases: (a) restructuring, (b) recoloring
» (a) resolves problem locally, (b) propagates it upwards



Binary trees Red-black trees
0000000000000 0O00O0O00O000O00000000 0000000000000 0O00000O0000000e000000
: :

DELETING ITEMS/7

The mirror cases

» In case that z is a right child, all the above cases are
handled similarly (simply exchange “left” and “right”)

Final observations
» Intuitive idea is to perform a color compensation
» Find a red node nearby and change its color into black
» There are two cases: (a) restructuring, (b) recoloring
» (a) resolves problem locally, (b) propagates it upwards

» The number of recolorings is bound by O(lg n)



Binary trees Red-black trees
0000000000000 0O00O0O00O000O00000000 0000000000000 0O00000O0000000e000000
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DELETING ITEMS/7

The mirror cases

» In case that z is a right child, all the above cases are
handled similarly (simply exchange “left” and “right”)

Final observations
» Intuitive idea is to perform a color compensation
» Find a red node nearby and change its color into black
» There are two cases: (a) restructuring, (b) recoloring
» (a) resolves problem locally, (b) propagates it upwards
» The number of recolorings is bound by O(lgn)

» The running time of deletion is thus O(lg n)
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0000000000000 000000O00000000000 0000000000000 00000000000000e00000
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DELETION EXAMPLE/1

Deleting 9:

- r;lculck
- QJ s G"‘;H:‘,GI;U\\LS 8‘.

- cete2e: Q@Q.C= rc‘lfx:.? \'_i[/ — case O ><f_:%]
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DELETION EXAMPLE /2

Deleting 7:

Vi

— > r&\'cm
-4 '|SQ1'lI_.L'.sn:J\
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EXERCISE SL06-10/1
Consider the following red-black tree.

el ey el

@ bees 1u?s+
et W sl

Delete the node with key 32 and draw the resulting tree.
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0000000000000 00000000000000000e00

EXERCISE SL06-10/2
:'3 Eﬂ - Q.I' Q\-:{"L

/ -‘Q,?‘i 8]',»-\.36‘&4}“%%{":[&
° 44,0
1l

Lan

- > (BL Ll

o/_ @3« - &% Q\;‘.«T‘s ce
e vi

— case & @.C:T‘C}f-c:@hu.(‘_f%\; LZ(?)

Inf IT 2020, SLO6 64/66
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SUMMARY/1

Binary trees

» In a binary tree each node has up to two children.
> A binary search tree is a binary tree where
> in the left subtree of a node «x all nodes have keys less or
equal to the key of node z
» in the right subtree of a node z all nodes have keys larger or
equal to the key of node =
» Binary search trees offer log(n) performance for search,
insertion and deletion if the tree is balanced.

» In the worst case bmary trees degenerate to lists with
linear performance.



Binary trees Red-black trees
0000000000000 0O00O0O00O000O00000000 0000000000000 0O000000000000000000e
: :

SUMMARY /2

Red-black trees
» Red-black trees are binary search trees that are balanced.

> Red -black trees provide log(n) worst case guarantees for
search Jinsertion and deletlon

> Red-black trees are very popular in practice because of the
worst-case guarantee.
» There are alternative balanced trees (sometimes very close
to red-black trees):
> AA trees
> 2-3 trees
» 2-3-4 tree (also called a 2—4 tree)
> AVL trees
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— SL07 —

Prof. Dr. Michael Bohlen

boehlen@ifi.uzh.ch



Hash tables Hash functions Collision resolution

®000000000000 0000000 000000000000 00000000000
: :

TABLE OF CONTENTS — SL0O7

1. Hash tables
Dictionaries
Hash tables
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: :

DICTIONARIES/ 1 w e
P

([’;“g; valve )
» Dictionaries store elements so that they can be located
quickly using keys.
» A dictionary may organize and manage bank accounts.
» Each account is an object that is identified by an account
number.
» Each account stores a lot of additional information.
» An application wishing to operate on an account would
have to provide the account number as a search key.
P Accesses without the search key (e.g., account number,
personnel number) are poorly supported.
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DICTIONARIES/2

gCTu-:m e

/ omf!.r\wj

» If order (methods such as:rp_in, max, Successotr,
ngcigg_essor) is not required it is enough to check for
equality.

» Operations that require ordering are still possible (e.g.,

scanning the entire database) but cannot use the dictionary
access structure.

» Usually all elements must be compared, which is slow.
» Can be OK if it is rare enough.



Hash tables Hash functions Collision resolution

siee |} e Somem
DICTIONARIES/3 (= mtr & gV

' ’1‘;\,&@._.4‘ OUSRN KVS )
> ( AT&i is a large phone company, and/they want to provide
caller ID capability: ¢
> given a phone number, return the caller’s name
» phone numbers range from 0 to r =10 — 1
» want to do this as efficiently as possible
» Examples where usually no ordering is required:
— » ApplelD
— P Versicherungsnummer (Ysrenc mutor l
> Residential addresses
» Examples where ordering could be relevant:
— P IP addresses
= P ISBN number
—— P S5-Number
— » Names
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DICTIONARIES/4

Dictionaries revisited
» BST: insert, search, and delete in O(h) time
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DICTIONARIES/4

Dictionaries revisited
» BST: insert, search, and delete iniOé h) time
> RBT: insert, search, and delete in O(lgn) time
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DICTIONARIES /4 BT ese —ah
Gm‘-& R

Dictionaries revisited
» BST: insert, search, and delete in O(h) time

» RBT: insert, search, and delete in O(lgn) time
» Hashing: insert, search, and delete in O(1) time

( » Other dictionary operations (min, succ, ...) are not
supported
l » Hash table is expensive and difficult to grow and shrink:
» Application: symbol table for identifiers in a compiler,

customer IDs, ...

\rﬁb; e&-{m-lt
P_A\J:‘ra'-&-‘"}
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DICTIONARIES/4

Dictionaries revisited
» BST: insert, search, and delete in O(h) time
» RBT: insert, search, and delete in O(lgn) time

» Hashing: insert, search, and delete in O(1) time

» Other dictionary operations (min, suc, ...) are not
supported

» Hash table is expensive and difficult to grow and shrink.

» Application: symbol table for identifiers in a compiler,
customer IDs, ...

Hash tables vs arrays

» Hash tables are a generalization of arrays
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DICTIONARIES/4

Dictionaries revisited
» BST: insert, search, and delete in O(h) time

» RBT: insert, search, and delete in O(lgn) time
» Hashing: insert, search, and delete in O(1) time

» Other dictionary operations (min, suc, ...) are not
supported

» Hash table is expensive and difficult to grow and shrink.

» Application: symbol table for identifiers in a compiler,
customer IDs, ...

Hash tables vs arrays

» Hash tables are a generalization of arrays
» Big advantage of arrays consists in direct addressing
> Ability to access arbitrary array position in O(1) time

als?123]
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0000080000000

Hash functions
0000000

Collision resolution
000000000000 00000000000

DICTIONARIES/5

» InJava: java.util Map interface defines dictionary ADT

» Different data structures to realize dictionaries:
— >

>

vvyyvyy

arrays
linked lists

Hash tables
Binary search trees
Red/Black trees
B-trees )
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000000@000000 0000000

Collision resolution
000000000000 00000000000

DICTIONARIES/6

Two suboptimal ways to design this dictionary

» direct addressing: an array indexed by key

\ (nuil) \ (null) \\ Jens

\ (null) \

0000-0000  0000-0001 ...  9635-8904

> RequiresO(1)time, — jeoh

=

9999-9999

> RequiresO(r),space - huge amount of wasted space

N Qe Q\m??.m.l]— uw? L‘V oeay

» a linked list:
_—

Jens Ole
9635-8904 9635-9999
QP‘R ) (=13 -A
> Require@ime and O(n) space
Gerda <
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HASH TABLES/ 1

» We use a hash table of size m to avoid wasting space.

» A hash table is like an array, but with a function to map the
] large range into one that we can manage efficiently.

» For instance take the original key, modulo the size of the
relatively small hash table, and use that as an index.

» Example: insert (9635-8904, Jens) into a hash table with five
slots (m = 5)

> 06358004 frod 5 4.
\ (null) \ (null) \ (null) \ (null) \ Jens \
0 1 2 3 4
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HASH TABLES/2

Use of hash function
» Put a record with key £ in slot i (k) instead of slot k
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HASH TABLES/2

Use of hash function
» Put a record with key k in slot h(k) instead of slot &

» Thus, a hash function h is used to compute the slot
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0000000080000 0000000 000000000000 00000000000
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HASH TABLES/2

o

Use of hash function H_TLE"_bi]

» Put a record with key k in slot h(k) instead of slot &
» Thus, a hash function h is used to compute the slot )
> Maps universe U into the slots of hash table HT'[1...m|
AU (1,2, 0m)
item with key & hashes to h@,_h(k) is hash value of k£
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HASH TABLES/2

Use of hash function
» Put a record with key k in slot h(k) instead of slot &
» Thus, a hash function h is used to compute the slot
» Maps universe U into the slots of hash table HT'[1...m]
h:U —{1,2,...,m}
item with key k hashes to h(k), h(k) is hash value of k

» Hash function reduces range of array indices that need to
be handled, i.e., m values instead of |U| values

—_—
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HASH TABLES/2

Use of hash function
» Put a record with key k in slot h(k) instead of slot &
» Thus, a hash function h is used to compute the slot
» Maps universe U into the slots of hash table HT'[1...m]
h:U —{1,2,...,m}
item with key k hashes to h(k), h(k) is hash value of k

» Hash function reduces range of array indices that need to
be handled, i.e., m values instead of |U| values

» There is a hitch: two keys may hash to the same slot
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HASH TABLES/2

Use of hash function
» Put a record with key k in slot h(k) instead of slot &
» Thus, a hash function h is used to compute the slot
» Maps universe U into the slots of hash table HT'[1...m]
h:U —{1,2,...,m}
item with key k hashes to h(k), h(k) is hash value of k

» Hash function reduces range of array indices that need to
be handled, i.e., m values instead of |U| values
» There is a hitch: two keys may hash to the same slot
» Need a technique to resolve such collision conflicts
» Various options: c@, probing, double hashing
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HASH TABLES/3

Collision resolution with chaining;: 2 <le—edy -
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HASH TABLES/3

Collision resolution with chaining;:

uC K
vC K >

at
U1

wC K——[ o] wi | e

» Chaining: put items that hash to same slot in linked list




Hash tables Hash functions

0000000008000 0000000
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Collision resolution
000000000000 00000000000

HASH TABLES/3

Collision resolution with chaining;:

[ ]

uC K

at

vC K >~ (41

o—
o—

wC K——[ o] wi | e

» Chaining: put items that hash to same slot in linked list

» Each slot contains either NIL or a pointer to head of a list



Hash tables Hash functions
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Collision resolution
000000000000 00000000000

HASH TABLES/3

Collision resolution with chaining;:

[ ]

uC K

at

vC K >~ (41

o—
o—

wC K——[ o] wi | e

» Chaining: put items that hash to same slot in linked list

» Each slot contains either NIL or a pointer to head of a list

» Search, insert, and delete: relatively easy to implement

——— —
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EXERCISE SL07-1

Define a hash table with chaining for collision resolution in C
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! I' '?T?
7! 9,{ Z Z- 1 & Qﬁ‘k ( L“’u {.Q‘
ahouch wonte. HrecWislle L%‘aa@-j) \ Ll E.»—it‘{ <ldls ]

2] sk aele §
cler w»_e_f_ébjj
g]-r-cjr oo ‘*Q)‘k',

1 e @40

@ oy
Shruck woske s RaslTede{ IS a0 ) ! ‘ JA‘ \7
—_— ) —_— ‘7 slalg
ug C‘.[‘? o

Inf IT 2020, SLO7 12/44 M. Béhlen, Ifl@eUZH



Hash tables Hash functions Collision resolution
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HASH TABLES/4

Analysis of hashing

» Given a hash table HT with m slots that stores n items,
define the load factor a of HT as n/m )

» o corresponds to average number of items in a list
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0000000000080 0000000 000000000000 00000000000
: :

HASH TABLES/4

Analysis of hashing
» Given a hash table HT with m slots that stores n items,
define the load factor o of HT as n/m
» o corresponds to average number of items in a list

» Assumption 1: any given item is equally likely to hash into
any of the m slots of the hash table

» This assumption is called uniform simple hashing
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0000000000080 0000000 000000000000 00000000000
: :

HASH TABLES/4

Analysis of hashing
» Given a hash table HT with m slots that stores n items,
define the load factor o of HT as n/m
» o corresponds to average number of items in a list

» Assumption 1: any given item is equally likely to hash into
any of the m slots of the hash table

» This assumption is called uniform simple hashing
» Assumption 2: h(k) can be computed in constant time

TG e gl o
& oy ety
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HASH TABLES/4 Comdostims, elir vpom
L-‘--'s'\'\ '{‘trQI‘Q. {6~3,L
2asgW Y
Analysis of hashing

» Given a hash table HT with m slots that stores n items,
define the load factor « of HT as n/m

» o corresponds to average number of items in a list

» Assumption 1: any given item is equally likely to hash into
any of the m slots of the hash table

» This assumption is called uniform simple hashing

» Assumption 2: h(k) can be computed in constant time

> Need probability theory to prove these two results
JQQE—\- Case n:’l‘, w:”tn ) 6()1] COS%E&
[ g
worsh cesen V\=‘“"l}m=’1 = o= AW//] = n, ‘@:___(_:_2 I
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Collision resolution
0000000000008 0000000 000000000000 00000000000
:

EXERCISE SL07-2

What benefits do you expect by using a binary search tree
instead of a linked list to handle hash table overflows?
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TABLE OF CONTENTS — SL0O7

§

2. Hash functions
Goals and design
Division method —
Multiplication method —
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HASH FUNCTIONS/ 1

Design of hash functions

» Hash function 4 must be computed in constant time
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0000000000000 0@00000 000000000000 00000000000
: :

HASH FUNCTIONS/ 1

Design of hash functions

» Hash function 4 must be computed in constant time
» Must satisfy the assumption of simple uniform hashing
» Each key is equally likely to hash to any of the m slots



Hash tables Hash functions Collision resolution

0000000000000 0@00000 000000000000 00000000000
: :

HASH FUNCTIONS/ 1

Design of hash functions

» Hash function 4 must be computed in constant time
» Must satisfy the assumption of simple uniform hashing
» Each key is equally likely to hash to any of the m slots

Hashing non-integer keys

» Consider set N of natural numbers as universe of keys
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0000000000000 0@00000 000000000000 00000000000
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HASH FUNCTIONS/ 1

Design of hash functions

» Hash function 4 must be computed in constant time
» Must satisfy the assumption of simple uniform hashing
» Each key is equally likely to hash to any of the m slots

Hashing non-integer keys

» Consider set N of natural numbers as universe of keys

» If the keys are not natural number then a way is found to
interpret them as such

> Example: encoding of strings via ASCII character set
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0000000000000 00®0000 000000000000 00000000000
: :

EXERCISE SL07-3

Give different options for mapping a string to an integer for the
purpose of hashing. Discuss :gldvan;ctages and disadvantages.
o

exoger eed” ascii(wA] = 82 63 68
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HASH FUNCTIONS /2

——Division method
» Hash function takes the remainder of £ divided by m
> h(k) = (kmod m)+1
> m=12Fk=100=T(k) =5 Aos ~Kk 12 = ¢
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0000000000000 000e000 000000000000 00000000000
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HASH FUNCTIONS /2

Division method
» Hash function takes the remainder of k divided by m
» h(k) = (k mod m) +1
> m=12k=100= h(k) =5
» Generally, one tries to avoid certain choices for m

> Form = 27, h(k) gives the p least significant bits of £ and all
keys with the same ending go to the same slot
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0000000000000 000e000 000000000000 00000000000
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HASH FUNCTIONS /2

Division method
» Hash function takes the remainder of k divided by m
» h(k) = (k mod m) +1
> m=12k=100= h(k) =5
» Generally, one tries to avoid certain choices for m

» For m = 2P, h(k) gives the p least significant bits of k and all
keys with the same ending go to the same slot

» Good choice for m: prime number notffose to 2P _

» Hash table HT for roughly n = 2000 ¢ Character strings
» One may choose m = 701 because it is a prime near 202
(= 3 items per list) but not near any power of 2




Collision resolution

Hash functions
00000000000000000000000

Hash tables
0000800

0000000000000
:

EXERCISE SL07-4
4

Let ﬁ(kz__:_k mod w here k is a string interpreted in
radix 2P. Prove thats rings a and b hash to the same value if a is

a permutation of b. i )
U ;
/
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EXERCISE SL07-4 \ B
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HASH FUNCTIONS/ 3

Multiplication method

» Multiply key k by A and extract fractional part of kA
» h(k)=|m(kA mod 1)] +1
> A constantsuchthat0 < A <k
» kA mod 1: fractional part of kA, i.e. kA — |kA] 21723 —k A=
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0000000000000 000000e 000000000000 00000000000
: :

HASH FUNCTIONS/ 3

Multiplication method

» Multiply key k£ by A and extract fractional part of kA
» h(k)=|m(kA mod 1)] +1
> A constantsuchthat0 < A <k
» kA mod 1: fractional part of kA4, ie. kA — |kA|

» Advantage: value of m is not critical, typically use 27 -
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HASH FUNCTIONS/ 3

Multiplication method
» Multiply key k£ by A and extract fractional part of kA
» h(k)=|m(kA mod 1)] +1
> Aconstantsuchthat0 < A <k
» kA mod 1: fractional part of kA4, ie. kA — |kA|

» Advantage: value of m is not critical, typically use 27
» Optimal choice for A depends on data characteristics
> Knuth suggests that A ~ f L ~ 0.618 works well
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0000000000000 0000000 000000000000 00000000000

HASH FUNCTIONS/ 3

Multiplication method

» Multiply key k£ by A and extract fractional part of kA
> h(k) = [m(kA mod 1)| +1
> Aconstantsuchthat0 < A <k
» kA mod 1: fractional part of kA4, ie. kA — |kA|

» Advantage: value of m is not critical, typically use 27

» Optimal choice for A depends on data characteristics
» Knuth suggests that A ~ @ ~ 0.618 works well
» Example: assume that A = 0. 618 and m =12 ,
> k& =/102)h(k) = [12-0.036] + 1 = [0.432] + 1 =/1-
> k103 h(k) = [12-0.654] + 1= [7.848] +1 £ 8
> k(=104 h(k) = [12-0.272] + 1 = [3.264] + 1
/

o
clod bg ot 6.6(8 —uk 4 por -THJ‘-(J:%W,:\‘
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0000000000000 0000000 ®0000000000000000000000
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TABLE OF CONTENTS — SL0O7

3. Collision resolution
—— Chaining
— Open addressing —— T,Lc.qv, Al elaady
- Linear probing C et W=
- Double hashing et svelos Kad—s

V=
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CHAINING

» The simplest approach is chaining.

» Chaining maintains a table of links, indexed by the keys, to
lists of items with the same key.

> Pros: easy, flexible, hash table never gets full

» Cons: stores elements outside hash table, addltlonal al space

for pointers .

BB Bl
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0000000000000 0000000 00000000000 00000000000
: :

OPEN ADDRESSING

» The idea is to store all items in the hash table itself

» Each table entry contains either an item or is empty
» No lists and no items are stored outside the table
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0000000000000 0000000 00000000000 00000000000
: :

OPEN ADDRESSING

» The idea is to store all items in the hash table itself
» Each table entry contains either an item or is empty
» No lists and no items are stored outside the table
> A drawback is that the table can fill up: load factor a never
exceeds 1 °
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0000000000000 0000000 00000000000 00000000000
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OPEN ADDRESSING

» The idea is to store all items in the hash table itself
» Each table entry contains either an item or is empty
» No lists and no items are stored outside the table
» A drawback is that the table can fill up: load factor a never
exceeds 1
» Advantage of open addressing: avoid pointers

» No need to follow pointers when accessing items
» Simply compute sequence of slots to be examined
» Larger number of slots for same amount of memory
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0000000000000 0000000 000®0000000000000000000
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OPEN ADDRESSING
o5\ -
vﬂi‘ ‘léf' iud____.,-lﬁ;

» Open addressing uses an extended hash function that
includes the probe numbér:

—
h'Ux{l 2,....m} = {1,2,...,m}

k: (h(k,1),. l h(k, ?n)> is permutation of (1,...,m)
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OPEN ADDRESSING

» Open addressing uses an extended hash function that
includes the probe number:

h:U x{1,2,...,m} = {1,2,...,m}
Vk: (h(k,1),...,h(k,m)) is permutation of (1,...,m)
» All dictionary operations systematically probe table slots

» Sequence of positions probed depends on given key
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LINEAR PROBING/1

Lkﬁ SR

» Uses a hash function/of the form

> 7l 3) = (1 (k) + i) mod ml

» where /’ is a hash function

Linear probing
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LINEAR PROBING/1

Linear probing

» Uses a hash function of the form
» h(k,i) = (K (k) 4 ci) mod m
» where /' is a hash function

» We try out (probe) a number of positions:
NextLoc = (Prev1ousLoc + StepSize) mod m

» The step size should be chosen such that all locations are
probed.

» Often a step size of one (c=1) is chosen. This guarantees
that all locations are probed. fud Aecs b LA

e Ada Loy well
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LINEAR PROBING/2

» If the current location is used, try the next table location:

Algo: LinearProbingInsert(k)

—— if table is full then return error;
—1 probe = h(k);

while HT[probe] is used do
| probe = (Drobe+1) mod m

table[probe] =

» Lookups walk along the table until the key or an empty
slot is found

» Uses less memory than chaining: one does not have to
store the links

» Slower than chaining: one might have to probe the table
for a long time



Hash functions Collision resolution
00000080000000000000000

Hash tables
0000000
:

0000000000000

EXERCISE SL07-5

Insert the keys 18, 41, 22, 44, 59, 32, 31, 73 into a hash table with
13 slots where linear probing with a step size of 1 is used as a
collision resolution strategy. Show the final hash table.

(k)= (Wei) ek 13, ol wdar 12 Oy, ooy 12

-h”ﬁj)m—”;_ 6 (2 395 ¢28 7600
= wr=[ [ 711 (lvbklbh |
_ L\(qz{r’g} = S_, b\(‘f‘f,’[)_“‘é
- (510l
,{A{gé,a)';f]b\( W(32,2)=8

(o

~W(3le)= 5 %-, 6;‘1
-L(Rpe)= S\,

oo m“}w RO&"‘; ’E

call Er(nph-\f?

1



Hash tables Hash functions Collision resolution

0000000000000 0000000 0000000®000000000000000
: :

EXERCISE SL07-6

Consider the following open addressing scheme:
2
i=h(k);j=0;
if HT[i]==empty © HT[i]==k then stop search; A
j = (j+1) mod m; i = (i+j) mod m; goto 2; \

WD ON =

mod m.

Show that this schema is a quadratic probing scheme of the
forrrﬁ h(k,i) = (h(k) + c1i + cﬂ?)f

£
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0000000000000 0000000 0000000080 0000000000000
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DOUBLE HASHING /1

3. h(k,i) = (h1(k) 4 i * ho(k) mod
» Initial probe is to position HT[h;(k)], successive probe
positions are offset by ha (k).
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0000000000000 0000000 000000000e0000000000000
:

DOUBLE HASHING /2

Search:

Algo: DoubleHashingInsert(HT, k)
i=0;

repeat

probe = (h1(k) + i*h2(k)) @
i=i+l;

until (HT[probe] is free VV i>my);

if i>m then Error: hash table overflow;
else HT[probe] = k;
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WG B G e ~4 1w “(t..r‘q.n.\:{c-—.
DOUBLE HASHING /3 / s R

15=3:5; w=8=2:2:2 =>
< o5 on ity i
' » hy(k) must be Eﬁ‘lﬁ__'_\_/gly_pr_'@to hash table size m

» m a power of 2, hy always produces an odd number
» m prime, ho always produces a positive integer < m
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0000000000000 0000000 0000000000 e000000000000
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DOUBLE HASHING /3

» ho(k) must be relatively prime to hash table size m

» m a power of 2, hy always produces an odd number

» m prime, hy always produces a positive integer < m A---
» Example: m prime and hy(k) positive integer <m 0. ~~-1
> Let by (k) = (k mod m)& 1,ha(k) = (k mod m') & L
Choose m' to be’'s than m (say m’ = m — 1)
> Given k = 123456, m = 701, m’ = 700: hy (k) = 81, 0

ho(k) = 257 (ﬁrst probe to 81, then eve every 257th slot)

LigordeS )
oS LMKL
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Hash tables

0000000000000 0000000

Hash functions Collision resolution
00000000008000000000000

DOUBLE HASHING /3

» ho(k) must be relatively prime to hash table size m
» m a power of 2, hy always produces an odd number
» m prime, ho always produces a positive integer < m
» Example: m prime and ho (k) positive integer < m
» Let hi(k) = (k mod m) + 1, ho(k) = (k mod m') + 1
» Choose m’ to be slightly less than m (say m' = m — 1)
» Given k = 123456, m = 701, m’ = 700: hy (k) = 81,
ha(k) = 257 (first probe to 81, then every 257th slot)
» Cost of searching in open-address hash table with

a=n/m<1 oA=TFe% = 2
» unsuccessful: 1/(1 — a) /oﬁ =37 => o
> successful: In(1/(1 — a))/«a

- \____, DC‘: Sbcé u-z‘) ’(-V

o = Yo =2 2-£
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EXERCISE SL07-7
Insert the keys 18, 41, 22, 44, 59, 32, 31, 73into a hash table with

double hashing where
hl(k) =k mod13 ~ o A-. &
h2(k) =8~k mods) " o)

U8, = (206 + - h20) o 13
W(tg)= ¢ 18 vl 13+ O .o

Wel] =

W (22)= 1

L (94) = 57 950 (sct = = 8 - (¢ 3]
W(s9) =7

W(3R)=6 .

L(31) = ;;{}?}3 (-@9?";( )

L(B)78,2,1; ¢ (Quev=?)
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0000000000000 0000000 000000000000 e0000000000
: :

DOUBLE HASHING /4

Dictionary operations

» Inserting and searching are relatively straightforward
> At least if one assumes that there are no deletions



Hash tables Hash functions Collision resolution

0000000000000 0000000 000000000000 e0000000000
: :

DOUBLE HASHING /4

Dictionary operations

» Inserting and searching are relatively straightforward
» At least if one assumes that there are no deletions
» Deletion is difficult: cannot mark deleted slot asempty

» Solution: use special Valﬁtuneﬂa,f
» This affects all hash table functions (e.g., the simple

procedures for insertion must be extended)
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EXERCISE SL0O7-8

Consider hashing with open addressing. Give an example that
illustrates a possible problem when deleting an element rather
than marking it as deleted. Can it 1t make sense to attemp to (

is it

delete elements instead of ing them 2 ? When

possible to remove E]EL»E’;?-L lded

j——@m——@—*‘”
ek
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Hash tables Hash functions

Collision resolution
0000000000000 0000000

0000000000000 0e00000000

HASHING WITH OPEN ADDRESSING/ 1

Assume hashing with open addressing as a collision resolution

strategy.

1. Define the hash table and give a procedure to initialize it.

2. Give a procedure to insert, search and delete an element

— ‘I"‘"— &n_;\nfl\ ﬁ.sh Jﬁhe-ﬂ"\v- wese S E-_g 0“-\‘-""-\ (‘:-C‘; “H.A!c_cug —a
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Hash tables Hash functions Collision resolution

0000000000000 0000000 000000000000 000e0000000
: :

HASHING WITH OPEN ADDRESSING /2
definition of hash table:

struct elem {

int key;

(igt_status;

- /% 0: OCCupied, -1: EMPty, -2: DELeted +/
}i

—= struct elem _P_Ii [7000];

Algo: HTinit(HT)
for i = 0 to m-1 do HT[i] status = EMP;
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00000000000000008000000

0000000000000 0000000

HASHING WITH OPEN ADDRESSING/3

) fa) | [ ye—= o A
Algo: HTinsert(HT k) wo e cloT qu:j.\'agkr;é] N F‘f\
i=-1;
repeat YEL o EVR <lst
| i++; prebe = h(k,i); <
untili>m)v HT[probe]@;
—rifi>m then return -1 ;
—| HT[probe].status = 0; (occuﬂ[:"i )
HT[probe] key = k;
| return pr-(%_a\'_\ .
N s e — \-.:\-\N :}. oSyt *‘sé’lﬂ\‘ﬁc\u—#{:ﬁli

i




Hash tables Hash functions Collision resolution

0000000000000 0000000

000000000000 00000e00000

HASHING WITH OPEN ADDRESSING /4

Algo: HTsearch(HT,k)

[probel status==0CC A HT[probe].key==k»
T?@‘E@—:ﬁv@——/J
if i>m v HT[probe].statlis==EMP then return -1;
return probe

Ty ow ek —sueeas Py

repeat ~ ,__._,A
it “h(k); dew v §

untiti>m, - ____/
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0000000000000 0000000 000000000000 000000e0000
: :

HASHING WITH OPEN ADDRESSING/5

Algo: HTdelete(HT,k) ook e Slols cothent (R

i=-1; /
repeat V.
| i++; probe=h(k,i); onk f < <l

untilfi>mv A
HTTprobe].status==EMP v el %m’

HTlprobe].status==OCC A HT[probe] Ey/jk

_Lifi>myV HT[probe] status==EMP then return-1;
—— HT[probe].status = DEL; .
_——rreturn probe




Hash tables Hash functions Collision resolution

0000000000000 0000000 000000000000 0000000e000
: :

COMPARISON OF HASHING TECHNIQUES

Expected number of probes for uniform hashing

» Chaining (a: 1 + )
» 0:1,05:1.5,1:2,n:n+1



Hash tables Hash functions Collision resolution

0000000000000 0000000 000000000000 0000000e000
: :

COMPARISON OF HASHING TECHNIQUES
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Final remarks
» Hashing is very efficient (not obvious, probability)
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0000000000000 0000000 000000000000 0000000e000
: :

COMPARISON OF HASHING TECHNIQUES

Expected number of probes for uniform hashing
» Chaining (a: 1 + )
» 0:1,05:1.5,1:2,n:n+1
» Probing, unsuccessful (o : 1/(1 — «))
» 0.2:1.25,05:2,0.8:5,0.9:10
» Probing, successful (o : (In(1/(1 — a))/a)
» (0.2:0.28,0.5:1.39,0.8:2.01,0.9: 2.56

Final remarks
» Hashing is very efficient (not obvious, probability)
» May not be easy to determine parameters (e.g. m).

» Worst case exists and cannot be avoided in general.
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EXERCISE SL07-9
Consider quadratic probing of the form
h(k,i) = (h(k) +14/2+4%/2) mod 2P

Prove that with this scheme every table position is exammed in
the worst case. SRR e
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SUMMARY

v

Hashing is simple to implement.

v

Hash table give constant access time.

» Hashing requires some difficult to choose parameters (e.g.,
size of hash table).

» Hash table reorganization (enlarging or shrinking) are

expensive (not constant anymore).

» Analysis of hashing requires probability theory.
» In general hashing must deal with collisions.
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DESIGN TECHNIQUES/ 1

Design of algorithms

» Design techniques used so far
> Iterative (brute-force) algorithms
> Lingammn sort, insertion sort, etc
» Data structure based algorithms
> Heap sort, PQ sort, BST sort, RBT sort, etc
» Divide-and-conquer algorithms
» Binary search, merge sort, quick sort, etc
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DESIGN TECHNIQUES/ 1

Design of algorithms

» Design techniques used so far
> Iterative (brute-force) algorithms
» Linear search, selection sort, insertion sort, etc
» Data structure based algorithms
» Heap sort, PQ sort, BST sort, RBT sort, etc
» Divide-and-conquer algorithms
» Binary search, merge sort, quick sort, etc
» But there exist other techniques
» Dynamic programming (remember solutions)
> Matrix multiplication, longest common subsequence

> Gree _dLa_lggmhms (choose local optimum in each step)

> ‘Graph based: minimum spanning tree, shortest path

o rﬂﬂ,ldum
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DESIGN TECHNIQUES/ 2

Divide-and-conquer

» Principle: if problem size is small enough to be solved
trivially then solve it; else
1. Divide: problem into a number of subproblems
2. Conquer: subproblems by solving them recursively
3. Combine: solutions of the subproblem into solution for the
original problem
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DESIGN TECHNIQUES/ 2

Divide-and-conquer
» Principle: if problem size is small enough to be solved
trivially then solve it; else

1. Divide: problem into a number of subproblems

2. Conquer: subproblems by solving them recursively

3. Combine: solutions of the subproblem into solution for the
original problem

» Subproblems are independent and non-overlapping
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DESIGN TECHNIQUES/ 2

Divide-and-conquer
» Principle: if problem size is small enough to be solved
trivially then solve it; else

1. Divide: problem into a number of subproblems

2. Conquer: subproblems by solving them recursively

3. Combine: solutions of the subproblem into solution for the
original problem

» Subproblems are independent and non-overlapping

Dynamic programming

» Solve problem by combining solutions of subproblems
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DESIGN TECHNIQUES/ 2

Divide-and-conquer

» Principle: if problem size is small enough to be solved
trivially then solve it; else

1. Divide: problem into a number of subproblems

2. Conquer: subproblems by solving them recursively

3. Combine: solutions of the subproblem into solution for the
original problem

» Subproblems are independent and non-overlapping

Dynamic programming
» Solve problem by combining solutions of subproblems

» Subproblems are not independent and overlapping



Design techniques Matrix multiplication Dynamic programming LCS, coin changing

000@00000 000000000000 0000000 0000 0000000000000 0000
: :

FIBONACCI NUMBERS/1

Recursive definition

0 ifn=0
Fibonacci M) — ifn=1

1
fib(n —2)
+ fib(n—1) ifn>1
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FIBONACCI NUMBERS/1

Recursive definition

0 ifn=0
Fibonacci  fib(n) = _;‘me— ” ifn=1

+ fib(n —1) ifn>1

Recursive algorithm
Algo: Fib1(n) ‘

if n<2 then return n;
return Fib1(n-2) + Fib1(n-1);
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FIBONACCI NUMBERS/ 2

Analysis of algorithm

» Keep calculating the same values over and over again
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EXERCISE SL08-1
Determine the asymptotic runtime complexity of the recursive
Fibonacci numbers algorithm.

T(s) = Tla-t) + 7 (w-2) + 1
7(w)

27(w-2) + 1
2(27T(«~4) 1) =+ 1

W

"

t7(u-4) + 3
§ Tla6) + 7

N

1l

s = e

1]

> T(w-2i) + 25 -1
= 3“?11-(0) 4 o Tlo) =
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FIBONACCI NUMBERS/ 3

2 3 9
12

Bottom-up approach o] I__?i] S8 \sle |

L1

» Keep remembering solutions of solved subproblems
Algo: Fib2(n)

f11=0;
f[l2] =1;
fori=3ton+1do

LAl = i-2] + ff-1
return f(n+1);
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FIBONACCI NUMBERS/ 3

Bottom-up approach

» Keep remembering solutions of solved subproblems

Algo: Fib2(n)

fl1]=0;

f[l2] =1;

for i = 3 to n+1 do cadn slews) o
CHET = fi-2] + fli-1]— ey 5 compied

return f(n+1); .w_i

» Can compute value of fib(n) in linear time (i.e., ©(n))
—
» Algorithm computes the solution in bottom-up fashion.

» The bottom-up approach trades space for time.
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FIBONACCI NUMBERS/ 4

Optimized bottom-up algorffhxﬁ 5o

» Can do without remembering all the previous results

Algo: Fib3(n)

return t;
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FIBONACCI NUMBERS/ 4

Optimized bottom-up algorithm

» Can do without remembering all the previous results
Algo: Fib3(n)

s=0;

t=1;

fori=1tondo
r=t;
t=t+s;
s=r

return t;

» Thus, space complexity is constant rather than linear
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OBSERVATIONS

» An inefficient algorithm does not imply that no efficient
solution for the problem at hand exists.
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OBSERVATIONS

» An inefficient algorithm does not imply that no efficient
solution for the problem at hand exists.

» If the same problem is computed over and over again we
can improve the performance by remembering previously
computed solutions.
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OBSERVATIONS

» An inefficient algorithm does not imply that no efficient
solution for the problem at hand exists.

» If the same problem is computed over and over again we
can improve the performance by remembering previously
computed solutions.

» Such an approach trades space for time.
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OBSERVATIONS

» An inefficient algorithm does not imply that no efficient
solution for the problem at hand exists.

» If the same problem is computed over and over again we
can improve the performance by remembering previously
computed solutions.

v

Such an approach trades space for time.

» The sequence of computation must be organized in such a
way that later computed solutions can use earlier
computed solutions.

D([") wseh T %(@"‘.-\\; OEC. ?f—*o-«..*a&'\-0< H-t‘r&""kg
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2. Matrix multiplication
Basics of dynamic programming
Matrix-chain multiplication
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OVERVIEW OF DYNAMIC PROGRAMMING

» Invented in the 1950s by Richard Bellman as a general
method for optimizing multistage decision procedures
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OVERVIEW OF DYNAMIC PROGRAMMING

» Invented in the 1950s by Richard Bellman as a general
method for optimizing multistage decision procedures

» The term dynamic programming (DP) refers to a tabular
method (fgu-—ﬁ-JfU‘ 2V Ao~y = = e
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OVERVIEW OF DYNAMIC PROGRAMMING

» Invented in the 1950s by Richard Bellman as a general
method for optimizing multistage decision procedures

» The term dynamic programming (DP) refers to a tabular
method
» DP is typically applied to optimization problems
» Have to choose one solution out of many —
» Want the solution with the optimal value
» Characterize the structure of a solution

» Consists of a sequence of choices that can be made
» What choices have to be made for an optimal solution?

» Algorithm computes an optimal value
(plus, if needed, an optimal solution)



Design techniques Matrix multiplication Dynamic programming LCS, coin changing
000000000 000000000000 0000000 Q000 0000000000000 0000
: :

MATRIX-CHAIN MULTIPLICATION/ 1

Problem definition

» Matrices A(n x m) and B(m x k) can be multiplied to get
matrix C(n x k) using nmk scalar multiplications

S b S——

= o~
air a2 b b c11 ci2 i3
ag agy | {| B C21 C22 €23

bor loo  bos
a3y a3 c31 (C3y €33

L
— — n_

Cigz_le:1 a_z'l_‘_bgj (e.g. co2 = ag1 - b1z + azg - ba2)
el L ed§as R <4
& ! Dl % PREAN
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MATRIX-CHAIN MULTIPLICATION /1

Problem definition

» Matrices A(n x m) and B(m x k) can be multiplied to get
matrix C(n x k) using nmk scalar multiplications

air a2 bii b b c11 ci2 i3

ag agy | | B = e con cos
bo1 baa  bos

az; as2 C31 €32 (33

ARC Cij = Yot ai - by (e.g. ca2 = ag1 - bia + aga - bao)
» Matrix multiplication is associative, i.e., A(BC) = (AB)C
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MATRIX-CHAIN MULTIPLICATION /1

Problem definition

» Matrices A(n x m) and B(m x k) can be multiplied to get
matrix C(n x k) using nmk scalar multiplications

air a2 bii b b c11 ci2 i3

ag agy | | B = e con cos
bo1 baa  bos

az; as2 C31 €32 (33

cij =Yt ai by (eg.co2=az bz +a
» Matrix multiplication is associative, i.e.,

» Problem: compute product of many matrices efficiently
(i.e., determine the best sequence of muitiplications)

L*,L:.\L\ o —_ ‘tS ?q)\JU-



Design techniques Matrix multiplication Dynamic programming LCS, coin changing
000000000 000000000000 0000000 Q000 0000000000000 0000
: :

MATRIX-CHAIN MULTIPLICATION /2
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Problem definition

» It matters how the product A4; - - - A,, is parenthesized
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MATRIX-CHAIN MULTIPLICATION /2

Problem definition
» It matters how the product A4; - - - A,, is parenthesized
» Consider for instance the product of four matrices

> A;(30 x 1), Ag(1 x 40), A3(40 x 10), A4(10 x 25)

» The costs for computing some products are as follows
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MATRIX-CHAIN MULTIPLICATION /2

Problem definition
» It matters how the product A4; - - - A,, is parenthesized

» Consider for instance the product of four matrices

> A1(30 x 1), As(1 x 40), A5(40 x 10), A4(10 x 25)
» The costs for computing some products are as follows
> (A1 A)(AsA4) has cost 1200 + 10000 + 30000 = 41200
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MATRIX-CHAIN MULTIPLICATION /2

Problem definition
» It matters how the product A4; - - - A,, is parenthesized

» Consider for instance the product of four matrices
> A;(30 x 1), As(1 x 40), A5(40 x 10), A4(10 x 25)
» The costs for computing some products are as follows
> (A1 A)(AsA4) has cost 1200 + 10000 + 30000 = 41200

- A1z = A1 Az is a (30 x 40) matrix
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MATRIX-CHAIN MULTIPLICATION /2

Problem definition
» It matters how the product A4; - - - A,, is parenthesized

» Consider for instance the product of four matrices
> A;(30 x 1), Ag(1 x 40), A3(40 x 10), A4(10 x 25)
» The costs for computing some products are as follows
> (A1 A)(AsA4) has cost 1200 + 10000 + 30000 = 41200
- A1z = A1 Az is a (30 x 40) matrix
- computation cost of Ay is 30 * 1 * 40 = 1200
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MATRIX-CHAIN MULTIPLICATION /2

Problem definition
» It matters how the product A4; - - - A,, is parenthesized
» Consider for instance the product of four matrices
> A;(30 x 1), Ay(1 x 40), A3(40 x 10), A4(10 x 25)
» The costs for computing some products are as follows
> (A1A2)(A3A4) has cost 1200 + 10000 + 30000 = 41200
- A1z = A1 Az is a (30 x 40) matrix
- computation cost of A12 is 30 * 1 % 40 = 1200

- A1234 = A12A34 isa (3_0 ><_2_5) matrix
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MATRIX-CHAIN MULTIPLICATION /2 Ax s

Problem definition

> A;(30 x 1), Ax(1 x 40), A3(40
» The costs for computing som¢ products’are agfollows
> (A Az)(AsA4) has cost 1200 + 10000 + 30000 = 41200
- A1z = A1 Az is a (30 x 40) matrix
- computation cost of A12 is 30 * 1 % 40 = 1200
-Ai34 = A12Asz4is @ (3_0 ><2§) matrix
- computation cost of A1234 is 30 * 40 * 25 = 30'000
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MATRIX-CHAIN MULTIPLICATION /2

Problem definition
» It matters how the product A4; - - - A,, is parenthesized
» Consider for instance the product of four matrices
> A1(30 x 1), As(1 x 40), A5(40 x 10), A4(10 x 25)
» The costs for computing some products are as follows
> (A1 A)(AsA4) has cost 1200 + 10000 + 30000 = 41200
- A1z = A1 Az is a (30 x 40) matrix
- computation cost of A12 is 30 * 1 % 40 = 1200
-Ai34 = A12Asz4is @ (30 X 25) matrix
- computation cost of A1234 is 30 * 40 * 25 = 30’000
> ((A145)A3) A4 has cost 1200 + 12000 + 7500 = 20700



Design techniques Matrix multiplication Dynamic programming LCS, coin changing

000000000 000@000000000000000 0000 0000000000000 0000
:

MATRIX-CHAIN MULTIPLICATION /2

Problem definition
» It matters how the product A4; - - - A,, is parenthesized
» Consider for instance the product of four matrices
> A;(30 x 1), Ay(1 x 40), A3(40 x 10), A4(10 x 25)
» The costs for computing some products are as follows
> (A1A42)(A3A4) has cost 1200 + 10000 + 30000 :@
- A1z = A1 Az is a (30 x 40) matrix
- computation cost of A12 is 30 * 1 % 40 = 1200

- A1234 = A12A34 isa (30 X 25) matrix
- computation cost of A1234 is 30 * 40 * 25 = 30’000

> ((A1A5)A3) A4 has cost 1200 + 12000 + 7500 =(20700
== A,((AyA3)A4) has cost 400 + 250 + 750 = 1400
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MATRIX-CHAIN MULTIPLICATION /2

Problem definition

» It matters how the product A4; - - - A,, is parenthesized
» Consider for instance the product of four matrices
> A;(30 x 1), Ay(1 x 40), A3(40 x 10), A4(10 x 25)
» The costs for computing some products are as follows
> (A1 A2)(A3A4) has cost 1200 + 10000 + 30000 = 41200
- A1z = A1 Az is a (30 x 40) matrix
- computation cost of A12 is 30 * 1 % 40 = 1200
-Ai34 = A12Asz4is @ (30 X 25) matrix
- computation cost of A1234 is 30 * 40 * 25 = 30’000
> ((A1A2)As3)A4 has cost 1200 + 12000 + 7500 = 20700
> A ((A2As3)As) has cost 400 + 250 + 750 = 1400
» In other words, it is necessary to optimally parenthesize
A Ay -—

—
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EXERCISE SL08-2 A Ay Ay oo A

( Propose an appropriate problem representation for solving the
matrix multiplication problem.
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MATRIX-CHAIN MULTIPLICATION /3

Optimal substructure

» Let M(i,7) (i < j)be the minimum number of scalar
multiplications necessary to compute A; ; = A;--- A;
» Key observations

» Outermost parenthesis partitions the chain of matrices (4, j)
atsome k (i <k < j): (Ai- - Ap)(Akg1 -+ 45)

» Optimal parenthesization of matrices (7, j) has optimal
parenthesization on either side of %, i.e. for matrices (4, k)
and (k + 1, )

» Example (i = 1,5 =n, k = 3):

let this be opt paranthesis
e

opt paranthesis here opt parantheses here
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MATRIX-CHAIN MULTIPLICATION /4

’tc"'va RN h:--‘\-_--l "L (| l]‘mt‘.’»l\:h-q
or e
Recursive problem formulation

» One can try out fll possible £ and take the one with the
smallest cost:

M(i,j) =@{M(i,k) Mk 1) + dadid ) |

M14) + T(24%) A tﬂl,qm,] k=1

— U] = wis Cpa) m3y) QAN IAA) k=2
/ . _
Ay Ay Ay M43 T0N) (AeA 4T Ay be3
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MATRIX-CHAIN MULTIPLICATION /4

Recursive problem formulation
» One can try out all possible £ and take the one with the
smallest cost:
M (i, j) = mini<p; {M (i, k) + M(k +1,j) + di—1drd;} l
» The base case is M (i,i) =0

» A direct recursive implementation is exponential (there is a
lot of duplicated work)
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MATRIX-CHAIN MULTIPLICATION /4

Recursive problem formulation

» One can try out all possible £ and take the one with the
smallest cost:

M(i,7) = minj<p; {M (i, k) + M(k+1,7) + di_1dpd;}

> The base case is M(i,i) =0

» A direct recursive implementation is exponential (there is a
lot of duplicated work)

» But there are only few different subproblems (i, j) (one
solution for each i and 7, i < j)



Design techniques Matrix multiplication
000000000 0000000800000000000 0000

Dynamic programming LCS, coin changing
0000000000000 0000

MATRIX-CHAIN MULTIPLICATION/5 V%

—= n (
Recursive solution

JJ Lkﬁl

———

» Direct implementation of the recursive problem

< {nlad» 7l g) oo ey

l

formulation % '5
Algo: MatrixRec(i,j) Wz (il adsen,
——if i==j then return 0; f

fork i+1 to j-1 do
MatrixRec(i,k) + MatrixRec(k+1,j) + d;_1dpd;; — ———
‘[qf g<min then min = g;

return min; \

} min = MatrixRec(i,i) + MatrixRec(i+1,j) + di_1d;d;;” - —
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MATRIX-CHAIN MULTIPLICATION/ 6

DP solution

» Idea for dynamic programming solution: store the optimal
cost M (i, j) for each subproblem in a two- d1mens1ona1_
array M[1. .. n,1...n]

» Tr1v1ally, M(i,i) =0for1 <i<mn

» To compute M (4, j) one needs only values of M for
subproblems of length less than ! = j — 4

» So, one has to solve subproblems according to their length:
first subproblems of length 1, then the ones of length 2, and
so on
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MATRIX-CHAIN MULTIPLICATION/ 6

DP solution

» Idea for dynamic programming solution: store the optimal
cost M (i, j) for each subproblem in a two-dimensional
array M[1...n,1...n]

» Trivially, M(i,i) =0for1 <i<n

» To compute M (4, j) one needs only values of M for
subproblems of length less than ! = j — 4

» So, one has to solve subproblems according to their length:
first subproblems of length 1, then the ones of length 2, and
so on

» To reconstruct an optimal solution: for every (i, j), one
records in c[i, j] the optimal split into (i, k) and (k + 1, j)
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EXERCISE SL08-3

Ilustrate the data structure that is used to compute the optimal
parentheses for a series of matrix multiplications. Illustrate the
sequence in which the computation steps are performed.

A'I..'-r" ofl Ca-i. Qel’ A«ﬂgﬂg AT
AB...‘{ . o?.\- otk ?‘r ﬂ} A‘f
fly.g-ob eosh fer Py {

{: mu»-,..u u% \--.q.L?;x »-‘.\-u«:?‘l."n(t{'o-'.
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MATRIX-CHAIN MULTIPLICATION /7

A simple example

» Run the algorithm on the chain (A1, Az, A3, Ay)
> Ai(3x2), A3(2 x 4), A3(4 x 5), /M

ok i ey
> > M[1,2]=3-2-4=24 ﬂ(“]\umzrep,dg.,ul

1,2
> M[2,3]=2-4-5
> M[3,4=4-5-1=20
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MATRIX-CHAIN MULTIPLICATION /7

A simple example

» Run the algorithm on the chain (A1, Az, A3, Ay)

>

vVvyyvyvy

A1(3 X 2), A2(2 X 4), A3(4 X 5), A4(5 X 1)
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MATRIX-CHAIN MULTIPLICATION /7

A simple example

» Run the algorithm on the chain (A1, Az, A3, Ay)
> A1(3 X 2), A2(2 X 4), A3(4 X 5), A4(5 X 1)

> > M[1,2]=3-2-4=24
> M[2,3] =2-4-5=40
> M[3,4]=4-5-1=20
>, > M[L3] = M[L2]+M3,3] +3-4-5=84(A.A) A3
=2 > M[1,3] = M[1,1] + M[2,3] +3-2-5 =70 A (A.45]
> > M[2,4] = M[2,3] + M[4,4] +2-5-1=50
G 02,4 = M[2,2) + M[3,4] +2-4-1 =28
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MATRIX-CHAIN MULTIPLICATION /7

A simple example

» Run the algorithm on the chain (A1, Az, A3, Ay)
A1(3 X 2), A2(2 X 4), A3(4 X 5), A4(5 X 1)

>

VVV VY VVYVYVYY

M[1,2] =3-2-4=24 |

M2, 3] :2-4-5:40[P
M[3,4]=4-5-1=20

M[1,3] = M[1,2] + M[3,3] + 3
M[1,3] = M[1,1] + M[2,3] + 3
MI[2,4] = M[2,3] + M[4,4] +2
MI[2,4] = M[2,2] + M([3,4] +2
M][1,4] =MJ1,3] + M[4,4] +3
M[1,4) = M[1,2) + M]3,4] + 3
M([1,4] = M[1,1] + M[2,4] + 3

MR OU R TN

-5=84
5=104 -
-1=50
1=28 .

1 =850A.0.0,) Ay
+1=56 (A.4) (A3 A)
1=34 0, (A0, 4y )s



Design techniques

000000000

Matrix multiplication

00000000000 e0000000

Dynamic programming

0000

LCS, coin changing
0000000000000 0000

EXERCISE SL08-4

Determine the optimal parentheses for computing the matrix
product A;(3 x 2) x A2(2 x 4) x A3(4 x 5) x Ag(5 x 1).

1 2 3 4 1 2 3 4
1| o 1| o | 2%
2 o 2 C | %
3 e 3 e | &
4 \YJ 4 S
1 2 3 4 1 2 3 4 /
1o |[2F |2 1 o [2¢ |3 OF )
2 < | % |28 | 2 o | % )
3 o} 2o 3 C e
4 < 4 C




Design techniques Matrix multiplication Dynamic programming LCS, coin changing
000000000 000000000000 e000000 Q000 0000000000000 0000

EXERCISE SL0O8-5

M]i, j] is used to determine the cost of the optimal parentheses.
Where to actually put the parentheses is not stored. We need an
additional data structure for this that is similar to M. Extract
this information from the previously computed M and fill the
following matrix c. recamdidr ?fh'

C 1 2 3 4 e
Gl e i 2 2 Zl\f Ay = C
= e to 3 2 U
( cf(-;.ul, "C‘R—& . 4 Q”: (3
Pa.n...-\uds-f‘» ) R“;FH

A A(85:45)

A=t Lw: 2
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MATRIX-CHAIN MULTIPLICATION/ 8

r\\\“ {=3
_DP solution \‘\_ N (=2

T

Algo: MatrixDP(d) ~ 0=/
for!=1ton do M[i,i] =0;
—forl=Ttonddo_ le-pln —|]
fori=1ton-ldo — <
+—t j=i+];
M[ij] = oo; v
fork=itoj-1do

q =MIiK] + M[k+1j] + di_1dpd;;

if g<Ml[i,j] then M[ij] = q; c[ij] = k;

re:turn (MIC); / Qrp,{ [Ty nl

I LI
(53\ ? u’ﬁ-\\aa €4
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MATRIX-CHAIN MULTIPLICATION /9

Analysis of the DP algorithm

» After the execution of the algorithm it holds that

> A@tontains the value of the optimal solution
P@stores the optimal subdivisions (choices of k)
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MATRIX-CHAIN MULTIPLICATION /9

Analysis of the DP algorithm

» After the execution of the algorithm it holds that
» M[1,n] contains the value of the optimal solution
> ¢ stores the optimal subdivisions (choices of k)

» It is easy to see that the running time is O(n?3)

» Note that the algorithm has three nested loops
> Reduction from exponential to polynomial time \/

[«
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MATRIX-CHAIN MULTIPLICATION /10

(Memoizaé’ on/1

» Memoization is a technique for DP problems that
preserves the recursive structure but does not do
redundant computation.

» During the recursive calls newly computed solutions are
stored in the DP data structure.

» The recursive procedure first checks if the solution has
already been computed. If so it return the stored result.

» An advantage is that the exact computation sequence must
not be programmed explicitly.
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MATRIX-CHAIN MULTIPLICATION /11

Memoization/?2
» Can structure solution also as a recursive algorithm
Algo: MatrixMemo(d,i,j)

if i==j then return 0;
if M[i,jl< oo then return M[i,j];
fork=itoj-1do
q = d;—1did; + MatrixMemo(d,...,dn i,k) +
MatrixMemo(dy,...,dn k+1,j);
if g<Ml[i,j] then M[ij] = q;

return M;
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MATRIX-CHAIN MULTIPLICATION /11

X . (K14 '\Jqq{ <o u\t\t/t i’\-k
Memoization/2 / Sl lvesdy —=>

» Can structure solution also as a recugsive algorithm <2< d

Algo: MatrixMemo(d,i,j) /

if i==j then return 0; /
~——if M[ij]< oo then return M[ij];

———+tfork=itoj-1do

Je< ,_,.;\‘w(_

q = d;—1did; + MatrixMemo(dggdifly, i k) + / M{ﬂ
MatrixMemo(dfsgin, k+1,); Qer—dbue~
if g<Mli j] then M[ij] = q;
return M; L et bedlr solle—

» Initialize all items to oo and run program (i = 1, j = n)



Design techniques Matrix multiplication Dynamic programming LCS, coin changing
000000000 000000000000 00000e0 Q000 0000000000000 0000
: :

EXERCISE SLO08-6/1

Use recursion and memoization to determine the number of
moves that is required to solve the tower of Hanoi: moving all
disks from peg 1 to peg 2 one disk at a time and never placing a
larger disk on a smaller disk.

A s c

TOWER 1 TOWER 2 TOWER 3
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EXERCISE SL08-6/2 Tl)= & Tact) > A
A]SS Hm‘-,’zlt (L»L,F\,%;C-) exin--—hb‘)\ P @._?\.c_\‘].’ ("! 9‘&)
e
T (w==1) Hiy cdwn A

b Henotlac Ll A C,B ) + 4+ Honolle (L-1, ¢, B 8 ]

—

Al Moot Clevn (0, A8, C)

§ L) so e b L]

Flnmmt) P ot

] = HeoiTlema (ar, AGR ]+ 1+ Mot Tl (o1, G B A)
rebam o L)

LY

J(::.ﬁ—»ﬁ‘l_t l}“{ad‘ ( (."-‘"‘T"‘\& wo iZ)‘Q\-—-»—lQ v
an n.:r--!'
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3. Dynamic programming
Dynamic programming in detail
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DYNAMIC PROGRAMMING/ 1

» We typically apply dynamic programming to optimization
problems.

» The goal is to find a solution with the optimal (minimum
or maximum) value.

» Dynamic programming is used frequently in
bioinformatics (sequence alignment) and economics
(macroeconomic models).

» Dynamic programming solves problems by combining the
solutions to subproblems.

» Dynamic programming applies when subproblems
overlap.
» A dynamic-programming algorithm solves each
( subproblem just once.
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DYNAMIC PROGRAMMING/2

» Step 1: Show optimal substructure — an optimal solution to
a problem contains optimal solutions to subproblems
» Solution to a problem

» Making a choice out of a number of possibilities (look what
possible choices there can be)

» Solving one or more subproblems that are the result of such
a choice (characterize the space of subproblems)

» Show that solutions to subproblems must themselves be
optimal for the whole solution to be optimal
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DYNAMIC PROGRAMMING/2

» Step 1: Show optimal substructure — an optimal solution to
a problem contains optimal solutions to subproblems
» Solution to a problem
» Making a choice out of a number of possibilities (look what
possible choices there can be)
» Solving one or more subproblems that are the result of such
a choice (characterize the space of subproblems)
» Show that solutions to subproblems must themselves be
optimal for the whole solution to be optimal

» Step 2: Give a recursive problem formulation for getting
the optimal value =

\i » M,pt = ming{(combination of M, V,pt of all subproblems

resulting from the choice k) + (cost associated with making
the choice k)}
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DYNAMIC PROGRAMMING /3
cfc.s‘p('rJL UP (u\‘sf‘) ﬂ'?LI—A < "{-«UC Ja\iae

o pe—ader atulin; Wy e
O Jenn b ST AR

> Step 3Compute the value of an optimal solutionina o mﬁ?\}._)
bottom-up fashion (or use memoization) .
- T L eSS

(e =on)=it

-‘E (‘u—?‘\..\:‘-—\-)
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DYNAMIC PROGRAMMING /3

» Step 3: Compute the value of an optimal solution in a
bottom-up fashion (or use memoization)

» Show that the number of different instances of
subproblems is bounded by a polynomial

» Check whether it is possible to reduce the space

requirements (forget no longer needed solutions)
( o, M=<ATT w—elin S Q‘?‘?ﬁ\\‘cuc} AMNx 2 & o~ Ck»lo?-u—)
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DYNAMIC PROGRAMMING /3

» Step 3: Compute the value of an optimal solution in a
bottom-up fashion (or use memoization)

» Show that the number of different instances of
subproblems is bounded by a polynomial

» Check whether it is possible to reduce the space
requirements (forget no longer needed solutions)

» Step 4: If required construct an optimal solution from the
computed information (sequence of choices made)
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DYNAMIC PROGRAMMING /3

» Step 3: Compute the value of an optimal solution in a
bottom-up fashion (or use memoization)

» Show that the number of different instances of
subproblems is bounded by a polynomial

» Check whether it is possible to reduce the space
requirements (forget no longer needed solutions)

» Step 4: If required construct an optimal solution from the
computed information (sequence of choices made)
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4. Longest common subsequence, coin changing
Longest common subsequence (LCS)
Coin changes
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LONGEST COMMON SUBSEQUENCE/ 1

Problem definition
» Two text strings are given: X and YV’



Design techniques Matrix multiplication Dynamic programming LCS, coin changing
000000000 000000000000 0000000 Q000 0®000000000000000
: :

LONGEST COMMON SUBSEQUENCE/ 1

Problem definition

> Two text strings are given: X and Y
» Want to quantify how similar they are
> Sp_gll_chec_kgrs, DNA sequences
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LONGEST COMMON SUBSEQUENCE/ 1

Problem definition
» Two text strings are given: X and YV’
» Want to quantify how similar they are
» Spell checkers, DNA sequences
» One of the measures of similarity is the length of a longest
common subsequence (LCS)
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LONGEST COMMON SUBSEQUENCE/ 1

Problem definition

» Two text strings are given: X and YV’
» Want to quantify how similar they are
» Spell checkers, DNA sequences
» One of the measures of similarity is the length of a longest
common subsequence (LCS)
» Z is a subsequence of X if it is possible to generate Z by
skipping some (possibly none) characters from X
> LCS (“4CGZHFTA”, “CGTAZ") = “CGTA” or “CGTT”
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LONGEST COMMON SUBSEQUENCE/ 1

Problem definition

» Two text strings are given: X and YV’
» Want to quantify how similar they are
» Spell checkers, DNA sequences
» One of the measures of similarity is the length of a longest
common subsequence (LCS)
» Z is a subsequence of X if it is possible to generate Z by
skipping some (possibly none) characters from X
> LCS (“ACGZZTA”, “CGTA}") = “CGTA” or “CGTT”
» To solve the LCS problem one has to find

» “skips” that generate LCS (X, Y') from X
» “skips” that generate LCS (X, Y) from Y
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LONGEST COMMON SUBSEQUENCE/ 2

Optimal substructure

» Start with empty Z and proceed from the ends of
X, = T1T ... T and Yy, = y1¥2 - - - Ym.
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LONGEST COMMON SUBSEQUENCE/ 2

= o

» Oneé needs to consider two cases:
» If z,, = ym, append this symbol to the beginning of Z and
find an optimal solution for LCS (X,,_1, Yi,—1)
» If x,, # yn, either skip a letter from X, or skip a letter from
(l Y., and decide about the choice by comparing LCS (X,,—1,
Y,n) and LCS (X,,, Y —1)

&
, Les (xiy) =
it O, ' '
w-;,;(L‘ES (x J}.)) Les (k,}a_D

N =

(a4 6)
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LONGEST COMMON SUBSEQUENCE/ 2

Optimal substructure

» Start with empty Z and proceed from the ends of
Xn=x129...20and Y, = 192 ... Ym
» One needs to consider two cases:

» If z,, = yn, append this symbol to the beginning of Z and
find an optimal solution for LCS (X,,_1, Yi,—1)

» If x,, # yn, either skip a letter from X, or skip a letter from
Y., and decide about the choice by comparing LCS (X,,—1,
Y,n) and LCS (X,,, Y —1)

» The algorithm can be extended to allow more editing
operations (e.g. changing a letter)
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LONGEST COMMON SUBSEQUENCE/3 C’?'E“«a

Recursive problem formulation x * o
[ Shay
> Let c[i, j] = LCS (X, Y;) with ¢[0...n,0. .. m] e
;O.m if 1=0V _ii()
C[laj]: 0[7’_]—27_1]j;-l 1fZ,j>0/\ng:y J

maX{c.&:iL]LC[ZaJ__ H} if 27.7 >0 A x; 7é Yj
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LONGEST COMMON SUBSEQUENCE /3 _C: 2= =7*
3G

Recursive problem formulation
_—
» Let c[i, jl="LCS (X;, Y;) with ¢[0...n,0...m)]
/ 0 ifi=0Vvj=0
clijl={cli—1,j—1+1 ifi,j > 0A2; =y,
max{cli — 1, j],cli,j — 1]} ifd,j > 0Nz #y;

» The conditions in the problem restrict the subproblems
» If x;, = y;, one considers the subproblem of finding the LCS
of X;_jand Y;_;
» If z; # y;, one considers the subproblems of finding the
LCSof X;_1 and Y; and of X; and Y,
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EXERCISE SL08-7

CG”‘. b = LC«S (H;L—.’]

Give a recursive solution for solving the LCS problem.

frp teseel i)
¥ (oo 170 fom o @

ek< b (x[)== 7‘[‘]]) o L8 (1,51 )+ ]

R A Y, teSes(S, ™))
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e (fdus o=l )
EXERCISE SLO8-8 o
Fro=l te —
(& -J"’j——_ -
Give a memoization solution for solving the LCS problem.

] c 4
ﬂ[(}: chkﬁ-ﬂs--a(iig
D (=== 0 j==0) Han dom @
—_ e}
else § (<Li== (T Ha
U] = LCSHL_,M—f ¥

(L0 # 1) e oS SN

= el cLILT;

EKSQ C’T_:“ﬂ = W“?‘(LCS —t—n ((‘-I;:} )/ l'.s.S i —0 (,_):1.-’] }‘]

—

—ieln U] ]
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EXERCISE SL08-9 Y bk X

Determine the length of LCS (“"GGTTCAT”, “GTATCT”). N

O b » @ ECa

"o
Q 6?‘_\ v' *'*Q =
G G L 14 —- A A A 1
G| G s ﬁﬁai} A | = 4] 4
@l |4 Maen 2| 2| =
Q c | — 2| 2 3 3 3
a0 | |2 | 2|29y
Al G ~ 2 3 3 Ly( K7
o x(Ty 0 [ a2 |3y | yNGD
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LONGEST COMMON SUBSEQUENCE /4 = ‘1
DP algorith -/“"}WC’MX \J
algorithm: o len\\’w &L 3\;.,\ i "
Algo: LCden(H)@ ﬁ-&b)
fori=1tondoc[i01=0; st bl —
forj = =0 to m do o c[0] = 0 st row
fori=1tondo

forj=1tomdo 2 J/
if 2; == y, then \& A -

| c[1,]] = c[1 i-1,-1] +
else /
if c[i-1,j]>c[i,j-1] then :
| clij] = c[i-1,] Jz sleq X

else

[lijfl=clif1]  —= depY

return c;
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EXERCISE SL08-10
Print the longest common subsequence of two given text

strings. el 6T T T

Ae:  piies (i,
,‘? (:::G 0 :l;‘ o ) "i'\,a.-.‘ Q’C‘L‘-—-“"‘

2 L) i ] 4 cly1> el YL
dees (-1, 4-1)
PRC%C, =)
-1,y ] e

3>

3
>y
T eles ‘\i L el ;:Fl ==

£ Cc—w

3 “q s
N, L"?
\1{ o fres( &)
3
I eloe pad el (¢ 3-")
M. Bohlen, Ifl@eUZH
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COIN CHANGES/1

Problem illustration

» Assume you have coins of different denominations, e.g., 5,
15,20, 50.

» Assume that of each denomination you have an unlimited
number of coins.

» Given an amount A and m denominations the goal is to
change A with as few coins as possible.

» Example:

» Denominations: 1,2, 5,10
> A =27, change = 2*10 + 1*5 + 1*2
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COIN CHANGES/2

Problem definition

Given are coins of different denominations (e.g., 1, 5, 15, 20, 50,
etc). The goal is to pay out amount A with the smallest possible
numbers of coins. Develop a solution.

Three cases:
1. No solution: e.g., A=3 and the only available coin is 2.

2. Greedy solution (i.e., in each step use the highest possible
coin) gives the optimal solution. Typically, denominations
are designed in such a way.

3. DP solution if the optimal solution cannot be found by
choosing the largest possible coin in each step (e.g., A=12,
coins = (10, 6, 1)) I

N e e 4¢

b ol



Design techniques Matrix multiplication Dynamic programming LCS, coin changing
000000000 0000000000000000000 0000 00000000000800000
| |

EXERCISE SL08-11/1

Optimal substructure:
b lfina os\i-.s\ n«-,l-f\f\;?w I A A by
ko{ Hel e==- ¢ S %...r- A X ek ales @.Q.otl\:m‘.

ex: .=1L2_.J\ o (:Jz":3 e st QL,,\,Q_
(s ofS=47
Problem representation:
WA aveldr Moo i— g

Ci-ar-:7 |
OL[C':--\-\.-‘IP]': [.4;61140‘_! "&:(}_m
o 1 =2
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EXERCISE SL08-11/2

[ Recursive problem formulation:

o g =9
c,(z); e S e i A1) p e

6eu==-1
Example: change of am?Znt A :__gg_with coins 10, 6, 1

L
c(e=4)+4, o0 kK=o
c(&)" c(2%-6) +1 ,ar =1
c,(.?g lo) + 1 =

01(256

[0||{f—'|2-] Z-/I /l 'IQMC-M

Inf IT U 0, SI U\ 4( 50 M. Béhlen, IfleUZH
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000000000

EXERCISE SL08-11/3

Give a recursive solution for solving the coin changing
problem.

A (e (A)

§ (pmo) flm e O

klﬁ ( ﬁcg ) 'H,,u-s. M‘r‘-“"“ - ]~ ? e p{.u\”\_‘ sa ?q.-l“‘
et~ =~ ’1 }
?g =g Lo ~~-1 che (% ol du—

wc= CrelA-Al ] \
‘\\ﬁ. (u\_r:ﬁ—“l 22’ (@ll 3 wr < - )) \-Z_S__ﬂj_b\;

Inf IT 2020, SLO8 M. Bohlen, Ifl@eUZH



Design techniques Matrix multiplication Dynamic programming LCS, coin changing
000000000 0000000000000000000 0000 00000000000000800
| |

EXERCISE SL08-11/4

Give a recursive solution with memoizationfor solving the coin
changing problem.
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Give a dynamic programming solution for solving the coin
changing problem.
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SUMMARY

» Dynamic programming (DP) is an important algorithmic
design technique.
DP is used to solve optimization problems.

v

» DP applies to problems that can be subdivided into
optimal subproblems.

» First, come up with a recursive problem formulation. (?—%ﬂt%

-y

—  » Organize computation in a bottom-up fashion.

= P Precisely specify meanings of cells in the DP table

o =<
th\-‘ G
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DEFINITION AND TERMINOLOGY /1

» A graph G ='(V, E) consists of
> a finite set of vertices V (o~ W""’)

> asetofedges ECV xV
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DEFINITION AND TERMINOLOGY /1

» A graph G = (V, E) consists of
> a finite set of vertices
> asetofedges ECV xV

» An edge e = (u,v) is a pair of vertices
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DEFINITION AND TERMINOLOGY /1 @9@

» A graph G = (V, E) consists of swhoed > @A o -

> a finite set of vertices V/ Ao v
> asetofedges £ C V x -

> Anedgee = g U, v ﬁs a pair of vertices

» Generally assume directed graphs where edges are

directed (go from one node to another node)

» Undirected graphs: el

> edges are unordered pa1rs
—PV = {a,b, c.d} & E = {{a.b}.{a.ct,{b.c}.{c.d}}

iated
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DEFINITION AND TERMINOLOGY /2

» Vertex v is adjacent to vertex v iff (u,v) € E
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DEFINITION AND TERMINOLOGY /2

» Vertex v is adjacent to vertex v iff (u,v) € E
» The degree of a vertex is defined as follows

» number of adjacent vertices (undirected graph)

» number of incoming and outgoing edges (directed graph)
> in-degree: number of incoming edges
> Gﬂigge: number of outgoing edges

B e
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DEFINITION AND TERMINOLOGY /2

» Vertex v is adjacent to vertex v iff (u,v) € E
» The degree of a vertex is defined as follows

» number of adjacent vertices (undirected graph)
» number of incoming and outgoing edges (directed graph)

> in-degree: number of incoming edges
> out-degree: number of outgoing edges

O {2) v (D {2)

» A path of length k is a sequence (v, . .. ,v) of vertices
such that, forall i € {1,...,k}, v; is adjacent to v;_;
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DEFINITION AND TERMINOLOGY /3

» Simple path: path (v, ..., v;) with v; # v; for i # j
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DEFINITION AND TERMINOLOGY /3

» Simple path: path (v, ..., v;) with v; # v; for i # j
» Cycle: a simple path (v, ..., vg), except that vy, = vy
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DEFINITION AND TERMINOLOGY /3

» Simple path: path (v, ..., v;) with v; # v; for i # j
» Cycle: a simple path (v, ..., vg), except that vy, = vy

» Connected graph: every pair of vertices is connected by a
path
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DEFINITION AND TERMINOLOGY /3

» Simple path: path (v, ..., v;) with v; # v; for i # j
» Cycle: a simple path (v, ..., vg), except that vy, = vy

» Connected graph: every pair of vertices is connected by a
path

» Subgraph: subset of vertices and edges that forms a graph
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DEFINITION AND TERMINOLOGY /3

» Simple path: path (v, ..., v;) with v; # v; for i # j
» Cycle: a simple path (v, ..., vg), except that vy, = vy

» Connected graph: every pair of vertices is connected by a
path

» Subgraph: subset of vertices and edges that forms a graph

» Connected component: maximal connected subgraph
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DEFINITION AND TERMINOLOGY /3

v

Simple path: path (vo, ..., v) with v; # v; fori # j

v

Cycle: a simple path (vy, ..., vg), except that v, = vg

v

Connected graph: every pair of vertices is connected by a
path

v

Subgraph: subset of vertices and edges that forms a graph
» Connected component: maximal connected subgraph

» Tree: connected graph with n vertices and n — 1 edges
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DEFINITION AND TERMINOLOGY /3

» Simple path: path (v, ..., v;) with v; # v; for i # j

v

Cycle: a simple path (vy, ..., vg), except that v, = vg

v

Connected graph: every pair of vertices is connected by a
path

Subgraph: subset of vertices and edges that forms a graph

Connected component: maximal connected subgraph

Tree: connected graph with n vertices and n — 1 edges
— —_

vV vyVvYyy
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» Adjacency lists
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GRAPH REPRESENTATION/ 1

» Adjacency lists
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GRAPH REPRESENTATION/ 1

» Adjacency lists

0 o ale c| o
ble a| e+
@ c|e brﬂd‘%’—ﬂ
O, die

» Adjacency list of v: sequence of vertices adjacent to it



Graphs Breadth-first search (BFS)
0000e00000 0000000000

Depth-first search (DES)
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Topological sorting
00000000

GRAPH REPRESENTATION/ 1

» Adjacency lists

(F—{a) e

C| e+
ble a| e+
cle—{b]ef—{d]

>

» Adjacency list of v: sequence of vertices adjacent to it

> Represent graph by the adjacency lists of its vertices
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GRAPH REPRESENTATION/ 1
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EXERCISE SL09-1

Give an adjacency list representation of a nearly complete

binary tree with 4 nodes. W s .
NC Ri: (N—slosol, ') . G)._'

/ - @“@—@) ®—'§G)
@/ 2 C/—“*‘ @ @ _g)G)

G
— |GH G=E
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GRAPH REPRESENTATION/ 2

» Adjacency matrix
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000000000 0000000000 0000000000000 000 00000000

GRAPH REPRESENTATION /2

> Adjacency matrix

O = O O
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Topological sorting
00000000

GRAPH REPRESENTATION /2

» Adjacency matrix

(o—F)
dOO

a b ¢ d
al0 0 1 O
b|1 0 0 0
c|0 1 0 1

0 0

» Represent graph by an adjacency matrix M (|V| x |V])

» Mz,y] = 1if there is an edge e = (z,y) in the graph
> Mz, y| = 0 if there is no edge e = (z,y) in the graph
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Depth-first search (DFS)
0000000000000 000

Topological sorting
00000000

GRAPH REPRESENTATION /2

» Adjacency matrix

o o Re

(F—)

a b ¢ d
0 01 0
1 0 0 O
01 0 1
0 0 0 O

» Represent graph by an adjacency matrix M (|V| x |V])

» M[z,y] = 1if there is an edge e = (z,y) in the graph
» Mz,y] = 0if there is no edge e = (z, y) in the graph

» Space requirements: O(|V|?)

/m( V- £ 1E)
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EXERCISE SL09-2 ﬂ PNV

Consider an adjacency list representation of a directed graph.
How long does it take to compute the in- and out-degree of a

vertex?
ot.uﬁ“hk L\ -
:-_G:—ﬁi:rl:ﬂ-/‘_ E/\( G~ dwuc'—}/& 2 C)(U) e wen A qui'-a-—-.q_T {,ﬂ-

— - Rypen goen all ok Sy = & = o (\®)

nokueeh @j\«‘,
_OMY) e G ceses Stea dnohpe = A
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GRAPH SEARCH/1

Graph search algorithms

» Systematic search of every edge and vertex of a graph
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GRAPH SEARCH/1

Graph search algorithms

» Systematic search of every edge and vertex of a graph

» Applications: compilers, maze solving, neMork routing
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GRAPH SEARCH/1

Graph search algorithms
> Syster_natic search of every edge and vertex of a graph

» Applications: compilers, maze solving, network routing

Pseudocode conventions
» Each node has certain properties (fields of a record)

» _adj: list of adjacent nodes

» col: color of the node (B, G, W) \

» pred: predecessor node in traversal oM ,elﬂ:l)
» dist: distance from the start node (BFS)

> stime: time when a node is first visited (DFS)
Q‘_z'mz time when a node is last visited (DFS)
... (more fields as required by application)

>
>
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GRAPH SEARCH/2

Coloring is used to color vertices during a traversal. The colors
allow to infer properties about the graph.

» Color changes during traversal
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GRAPH SEARCH/2

Coloring is used to color vertices during a traversal. The colors
allow to infer properties about the graph.
» Color changes during traversal
» Vertex v islwhite (i.e., v.col = W)
» Means that v is undiscovered
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GRAPH SEARCH/2

Coloring is used to color vertices during a traversal. The colors
allow to infer properties about the graph.
» Color changes during traversal
» Vertex v is white (i.e., v.col = W)
» Means that v is undiscovered

» Vertex v is@i.e., v.col = G)
» Means that v has been discovered but not all adjacent

vertices have been explored
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GRAPH SEARCH/2

Coloring is used to color vertices during a traversal. The colors
allow to infer properties about the graph.

» Color changes during traversal

» Vertex v is '@i.e., v.col = W)
» Means that v is undiscovered

» Vertex v is(gray (Le., v.col = G)

» Means that v has been discovered but not all adjacent
vertices have been explored
» Vertex v i§ black/i.e., v.col = B)
» Means that v has been discovered and all the adjacent
vertices have been explored

» In other words, the adjacency list of v was examined
completely
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2. Breadth-first search (BFS)
BFS algorithm
BFS example
BFS properties
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BFS ALGORITHM/ 1

» A breadth-first search (BFS) starts at vertex s and visits all
vertices reachable from s -

» In doing so BFS defines a spanning tree (a tree that
includes all vertices).  ~



Graphs Breadth-first search (BFS) Depth-first search (DES) Topological sorting

0000000000 0@®00000000 0000000000000 000 00000000
:

BFS ALGORITHM/ 1

» A breadth-first search (BFS) starts at vertex s and visits all
vertices reachable from s

» In doing so BFS defines a spanning tree (a tree that
includes all vertices).
» BES is like walking in a labyrinth with a string and 60 -l
exploring the entire neighborhood first Sevedlie—3
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BFS ALGORITHM/ 1

» A breadth-first search (BFS) starts at vertex s and visits all
vertices reachable from s

» In doing so BFS defines a spanning tree (a tree that
includes all vertices).

» BES is like walking in a labyrinth with a string and
exploring the entire neighborhood first

» The starting vertex s is assigned distance 0
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BFS ALGORITHM/ 1

» A breadth-first search (BFS) starts at vertex s and visits all
vertices reachable from s

» In doing so BFS defines a spanning tree (a tree that
includes all vertices).
» BES is like walking in a labyrinth with a string and
exploring the entire neighborhood first
» The starting vertex s is assigned distance 0
» In the first round the string is unrolled 1 unit

» All vertices that are one edge away from the starting vertex
s are visited and assigned distance 1
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BFS ALGORITHM /2

» In the second round the string is unrolled 2 units

» All vertices that are two edges away from the starting
vertex s are visited and assigned distance 2

» Thus, all the vertices that can be reached by unrolling the
string 2 units are assigned distance 2
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BFS ALGORITHM /2

» In the second round the string is unrolled 2 units

» All vertices that are two edges away from the starting
vertex s are visited and assigned distance 2

» Thus, all the vertices that can be reached by unrolling the
string 2 units are assigned distance 2

» This continues until every reachable vertex has been
assigned a distance
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BFS ALGORITHM /2

» In the second round the string is unrolled 2 units

» All vertices that are two edges away from the starting
vertex s are visited and assigned distance 2

» Thus, all the vertices that can be reached by unrolling the
string 2 units are assigned distance 2

» This continues until every reachable vertex has been
assigned a distance

» The label of any vertex v corresponds to the length of the

_———
shortest path from s to v
[=—=
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BFS ALGORITHM /3 lew & =ss tos <)

Al ~ades are w0k

Algo:BFSGs) /s g

foreachv € G.V dok (W Larel~
% |_v.col = W; v.dist = oo; v.pred = NIL Tt Q e = \Q\\/\S

Mg are =1 L"“‘I—-J‘
s.col = G; SdlSt—O 1

=‘IrthueutE(Q), e gleca clla
iQuese@; (e e, )

=777

whlle Q #0do

& v = Dequeue(Q); — =23 (’}m\ L——- a Sweks)

] 2t

oreach u € v.adj do
if u.col==W then
Lu col = G; u.dist = v.dist+1; u. pred v; Enqueue(Q u)

v.col =1 col =
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Topological sorting
0000000000000000

00000000
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Show the distances and predecessors Egll.at result from a BFS
starting at node 3. wok2 2 /O/ At Q =
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BFS EXAMPLE/ 1

BFS example/1
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BFS EXAMPLE/ 1

BFS example/1
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BFS EXAMPLE/ 1

BFS example/1
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BFS EXAMPLE/ 1

BFS example/1
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BFS EXAMPLE /2

BFS example/2
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BFS EXAMPLE /2

BFS example/2
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BFS EXAMPLE /2

BFS example/2
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EXERCISE SL09-4

Does the ordering of adjacency lists affect
1. the distances from the starting node computed by BFS?
e i
2. the BFS tree?

e
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BFS PROPERTIES/ 1

BFS running time
» Givenagraph G = (V, E)

» Initializing the vertices takes time O(|V|)
P Vertices are enqueued if their color is white
> Assuming that en- and dequeueing takes time O(1), the total
cost of this operation is O(|V])
» The adjacency list of a vertex is scanned when the vertex is
dequeued
» Since the sum of the lengths of all the adjacency lists is
O(|E)), the cost of scanning is O(| E|)
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BFS PROPERTIES/ 1 pﬁw
= idark ai\‘ te\
i i — Jadel _%ﬁ
BFS running time
& LescA

» Givenagraph G = (V, E)
—> Initializing the vertices takes time O(|V])
P Vertices are enqueued if their color is white
> Assuming that en- and dequeueing takes tirrEe O(1), the total
cost of this operation is O(|V])

1 » The adjacency list of a vertex is scanned when the vertex is
dequeued

» Since the sum of the lengths of all the adjacency lists is
O(|E)), the cost of scanning is O(| E|)
_—

» Total running time: O(|V| + |E|) (linear in the size of the
adjacency list representation of G)
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BFS PROPERTIES /2

Assume a graph G = (V, E):
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BFS PROPERTIES /2

Assume a graph G = (V, E):

» BFS discovers all vertices reachable from a source vertex s.
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BFS PROPERTIES /2

Assume a graph G = (V, E):
» BFS discovers all vertices reachable from a source vertex s.

» BFS computes the shortest distance to all reachable
vertices. — sl Gor olvoh all clades) fMes Mhﬂ
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BFS PROPERTIES /2

Assume a graph G = (V, E):
» BFS discovers all vertices reachable from a source vertex s.

» BFS computes the shortest distance to all reachable
vertices.

» BFS computes a breadth-first tree that contains every
reachable vertex.
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BFS PROPERTIES /2

Assume a graph G = (V, E):
» BFS discovers all vertices reachable from a source vertex s.

» BFS computes the shortest distance to all reachable
vertices.

» BFS computes a breadth-first tree that contains every
reachable vertex.

» For any vertex v reachable from s, the path from s to v in
the breadth-first tree corresponds to a shortest path in G.
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3. Depth-first search (DFS)
DFS algorithm
DFS example
DFS properties
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DFS ALGORITHM/ 1 o - o

c/{::(&p—-

» A depth-first search (DFS) is like walking in a labyrinth
with a string and following one path to the end:

> Start at vertex v, tie the end of the string to v and paint v
gray.

P Set v as the current vertex and consider an arbitrary edge
(v, u). . t

> If the chosen edge leads to a non-white vertex u then return
to . T Trer =

» Otherwise, unroll the string, move to u, paint u gray, set u
as current vertex, and repeat the previous steps.
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DFS ALGORITHM /2

» Eventually, one will get to a point where all edges from u
lead to non-white vertices.
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DFS ALGORITHM /2

» Eventually, one will get to a point where all edges from u
lead to non-white vertices.

» Then, one backtracks by rolling up the string until one gets
back to a previously visited vertex v.
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DFS ALGORITHM /2

» Eventually, one will get to a point where all edges from u
lead to non-white vertices.

» Then, one backtracks by rolling up the string until one gets
back to a previously visited vertex v.

» o thus becomes the new current vertex and one can repeat
the previous steps.
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DFS annotations
» A DFS can be used to annotate vertices and edges with
additional information:
P start time stime (wWhen the vertex was visited first)
> end time etime (When the vertex was visited last)
> edge classification (tree, forward, back, or cross edge)
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DFS ALGORITHM /2

DFS annotations
» A DFS can be used to annotate vertices and edges with
additional information:
P start time stime (when the vertex was visited first)
P end time etime (wWhen the vertex was visited last)
> edge classification (tree, forward, back, or cross edge)
» Such annotations reveal useful information about the
graph that can be used by advanced algorithms.
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DFS ALGORITHM /2

DFS annotations

» A DFS can be used to annotate vertices and edges with
additional information:

P start time stime (when the vertex was visited first)
P end time etime (wWhen the vertex was visited last)
> edge classification (tree, forward, back, or cross edge)

» Such annotations reveal useful information about the
graph that can be used by advanced algorithms.

DFS time stamping

» Vertex v is white before v.stime, gray between v.stime and
v.etime, and black after v.etime.
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DFS ALGORITHM /2

DFS annotations

» A DFS can be used to annotate vertices and edges with
additional information:

P start time stime (when the vertex was visited first)
P end time etime (wWhen the vertex was visited last)
> edge classification (tree, forward, back, or cross edge)
» Such annotations reveal useful information about the
graph that can be used by advanced algorithms.

DFS time stamping

» Vertex v is white before v.stime, gray between v.stime and
v.etime, and black after v.etime.

» Gray vertices form a linear chain and the traversal of the
nodes works like a stack (LIFO).
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DFS ALGORITHM/ 3 CoverpAs t= BES
(codas < sedadle shs s
esyda SRAnR 0 JQ’J‘-»&‘ )

L s o Adsude e T

Algo: DFS-Tree(G,sf—
| s.col=G; time = time+1; s.time = time;

foreach v € s.adj do

1fuco =W then - e v "{—\_m_.\\«
u. pred ‘ o
DFS- Tree(G u) JE e S S

s.col = B; time = time+1; s.etime = time;
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DFS ALGORITHM /4 prossses R =Aur
P Fi»
Algo/DFS(G)  /c

foreac =&V do
| v.col =W; v.pred = NIL

time = 0;

——foreachv € G.V do T
| if ncol==W th@—’free(y.;
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DFS ALGORITHM /4

Algo: DFS(G)
foreachv € G.V do
| v.col =W; v.pred = NIL
time = 0;
foreachv € G.V do
| if v.col==W then DFS-Tree(G,v);

Some observations
» DFS guarantees that every vertex is visited
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DFS ALGORITHM /4

Algo: DFS(G)
foreachv € G.V do
| v.col =W; v.pred = NIL
time = 0;
foreachv € G.V do
| if v.col==W then DFS-Tree(G,v);

Some observations
» DFS guarantees that every vertex is visited
» Each call of DFS-Tree adds a new tree to depth-first forest
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DFS ALGORITHM /4

Algo: DFS(G)
foreachv € G.V do
| v.col =W; v.pred = NIL
time = 0;
foreachv € G.V do
| if v.col==W then DFS-Tree(G,v);

Some observations
» DFS guarantees that every vertex is visited
» Each call of DFS-Tree adds a new tree to depth-first forest

» After termination, every vertex has a start and end time
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DFS search with start and end times:
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DFS EXAMPLE/ 1

DFS search with start and end times:

start) (1" () )
O
L
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DFS EXAMPLE/ 1

DFS search with start and end times:

start) (1,) () D) 1) Q=2 ()
' O O
Tk Lk
2) (=2 O'

e
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DFS EXAMPLE/ 1

DFS search with start and end times:

start) Q 1) (=) 0'

Z;
"
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DFS EXAMPLE/ 1

DFS search with start and end times:

start) Q 1)

1

7

0

o
£

0
ege
‘9



Graphs Breadth-first search (BFS) Depth-first search (DFS) Topological sorting
0000000000 0000000000 000000@000000000 00000000
:

DFS EXAMPLE/ 1

DFS search with start and end times:

start) (L)—=D (D D0 =) )
V7 Vg Vs

i
®
P
i
®
P

0
L
‘9
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DFS EXAMPLE /2
(1L5==36)
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DFS EXAMPLE /2
(1L5==36) (15==36)
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DFS EXAMPLE /2
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DFS EXAMPLE /2
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DFS EXAMPLE /2
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DFS EXAMPLE /2

6) ﬁ? O' 7) Qﬁ@ 0'
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DFS EXAMPLE /2

6) ﬁ? O' 7) Qﬁ@ 0'
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DFS EXAMPLE /2

o e 2




Graphs Breadth-first search (BFS) Depth-first search (DFS) Topological sorting
0000000000 0000000000 00000000 e0000000 00000000
:

DFS PROPERTIES/ 1

DFS running time

» Givenagraph G = (V, E)
» Each loop in DF'S takes time O(|V]), excluding the time to

execute DFS—-Tree
» DFS-Tree is called once for every vertex

al| —ahs » Itis only invoked on white vertices
' » It paints the vertex gray immediately

[‘/ » Each time, DFS—-Tree explores an adjacency list
0:1‘;’1{&’ » Hence, the overall cost of DFS-Tree is O(|E|)
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DFS PROPERTIES/ 1

DFS running time

» Givenagraph G = (V, E)
» Each loop in DF'S takes time O(|V]), excluding the time to

execute DFS—-Tree
» DFS-Tree is called once for every vertex

» Itis only invoked on white vertices
» It paints the vertex gray immediately

» Each time, DFS—-Tree explores an adjacency list
» Hence, the overall cost of DFS-Tree is O(|E|)

» Total running time: O(|V| + |E|) (linear in the size of the
adjacency list representation of G)
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EXERCISE SL09-5

[lustrate DFS on the following graph (start at ¢). Vertices are
considered alphabetically. Adjacency lists are ordered
alphabetically. Show the times computed by DFS. In which

sequence are the nodes visited?
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DFS PROPERTIES /2
DFS versus BFS/1

» BFS visits all vertices that are reiclible from s

> returns a single search tree ); et A58 (ol wsmelhy
might not visit all nodes frce—sk BES > e}qr_vaue }

considers all directions (paths)

finds optimal (shortest) path

expensive (chess) — N

is used selectively (on small subproblems)

O(V+E)

VVVYyVYYVYY



Graphs
0000000000

Breadth-first search (BFS)
0000000000

Depth-first search (DFS)
0000000000800000

Topological sorting
00000000

DFS PROPERTIES /2
DFS versus BFS/1

» BFS visits all vertices that are reachable from s

>

\ A A A {

-

returns a single search tree

might not visit all nodes

considers all directions (paths)
finds optimal (shortest) path

expensive (chess)

is used selectively (on small subproblems)

OV+E)

> DFS visits all vertices in the given graph G

-

>

>
>
>
>
>

may return several search trees

visits all nodes

pursues one direction (path)

can get “lost” (maze)
cheap and practical ——

O(V+E)

Cousm s A ?«-‘;‘2\;6‘\\\:\\17
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DFS PROPERTIES/ 3

DFS versus BFS/2

» The difference (visiting all nodes versus visiting reachable
nodes) comes from the applications that make use of BES
and DFS
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DFS PROPERTIES/ 3

DFS versus BFS/2

» The difference (visiting all nodes versus visiting reachable
nodes) comes from the applications that make use of BFS
and DFS

» Note: the behavior of the graph search algorithms (i.e., to
search the entire graph or only part of it) could easily be
changed
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DFS PROPERTIES /4

Parenthesis theorem
» Start and end times have parenthesis structure
> Represent start time of v with left parenthesis “(v”
» Represent end time of v with right parenthesis “v)”
> History of start and end times yields a well-formed
expression (i.e. parethesis are properly nested)



Graphs Breadth-first search (BFS) Depth-first search (DFS) Topological sorting
0000000000 0000000000 000000000000 e000 00000000
:

sheb <t o
DFS PROPERTIES /4 (Cﬁ\@) @(6e)<) (<)
6 S\k okt
Parenthesis theorem (c(a@6)a)a)
» Start and end times have parenthesis structure

> Represent start time of v with left parenthesis “(v”

» Represent end time of v with right parenthesis “v)”

> History of start and end times yields a well-formed
expression (i.e. parethesis are properly nested)

» Intuition for the proof of the parenthesis theorem
» Any two intervals are either disjoint or enclosed
» Overlapping intervals would correspond to one of the
following situations

» Finishing the ancestor before finishing the descendant
> Starting the descendant before starting the ancestor
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DFS PROPERTIES /5

Edge classification/1

» Tree edge (gray node to white node)
» Edges in depth-first (DF) forest
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DFS PROPERTIES /5

Edge classification/1

» Tree edge (gray node to white node)
» Edges in depth-first (DF) forest
» Back edge (gray node to gray node)

» Edges from descendant to ancestor in DF tree
» Self-loops are a special case of back edges
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DFS PROPERTIES /5

Edge classification/1

» Tree edge (gray node to white node)
» Edges in depth-first (DF) forest
» Back edge (gray node to gray node)

» Edges from descendant to ancestor in DF tree
» Self-loops are a special case of back edges

» Forward edge (gray node to black node)
» Non-tree edges from ancestor to descendant in DF tree
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DFS PROPERTIES /5 L s Apevermed by e senrds
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> Tree édge (gray node to white node)
> Eclgss in depth-first (DF) forest

> Back edge (gray node to gray node) IR e,
- » Edges from descendant to ancestor in DF tree ——
o » Self-loops are a special case of back edges

» Korward edge (gray node to black node)
» Non-tree edges from ancestor to descendant in DF tree

» Cross g?js_ie (gray node to black node)

» Remaining edges of graph, i.e., edges between trees or
subtrees
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EXERCISE SL09-6

Draw the DFS forest with edge types. Choose an alphabetical
ordering when you can choose between nodes.
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DFS PROPERTIES/ 6 G—= W b= 2
G A Ol e

@ - 3. E-uu—m)\ el ﬁ&
Edge classification/2 ~ ross

» In DFS, the color of the vertex decides the type of the edge




Graphs Breadth-first search (BFS) Depth-first search (DFS) Topological sorting
0000000000 0000000000 0000000000000 00e 00000000
:

DFS PROPERTIES/ 6

Edge classification/2
» In DFS, the color of the vertex decides the type of the edge

» It is thus impossible to distinguish forward and cross edges
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DFS PROPERTIES/ 6

Edge classification/2
» In DFS, the color of the vertex decides the type of the edge

» It is thus impossible to distinguish forward and cross edges

» Most algorithms do not distinguish between these two
types
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DFS PROPERTIES/ 6

Edge classification/2
» In DFS, the color of the vertex decides the type of the edge

» It is thus impossible to distinguish forward and cross edges
» Most algorithms do not distinguish between these two

types
> Tree and back edges are important (e.g., to detect loops)
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| 4. Topological sorting
Directed acyclic graph (DAG)
Topological sorting
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DAG/1 A0 N ARBCD
[

a “ ?)
A &Qd‘ S N / A C 3 i)
Definition of DAG D)

» A directed acyclic graph (DAG) is a directed graph
without cycles
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Definition of DAG

» A directed acyclic graph (DAG) is a directed graph
without cycles

» DAGs are used to indicate precedence among events (z
must happen before y)

> An example would be a parallel execution of code
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Definition of DAG

» A directed acyclic graph (DAG) is a directed graph
without cycles

» DAGs are used to indicate precedence among events (z
must happen before y)

> An example would be a parallel execution of code

» One gets a total order using topological sorting
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Definition of DAG

» A directed acyclic graph (DAG) is a directed graph
without cycles

» DAGs are used to indicate precedence among events (z
must happen before y)

> An example would be a parallel execution of code

» One gets a total order using topological sorting

DAG theorem

f:>
> Angurfcted M iff DFS of G has no baﬂ
g

s



Graphs Breadth-first search (BFS) Depth-first search (DFS) Topological sorting
0000000000 0000000000 0000000000000000 0@000000
|

DAG/1

Definition of DAG
» A directed acyclic graph (DAG) is a directed graph
without cycles

» DAGs are used to indicate precedence among events (z
must happen before y)

> An example would be a parallel execution of code

» One gets a total order using topological sorting

DAG theorem

» A directed graph G is acyclic iff DFS of G has no back
edges

» Thus, DFS can be used to check if a graph is a DAG
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DAG/2

Proof of theorem
» Suppose there is a back edge (u, v)

» Then v is an ancestor of v in depth-first forest
» Hence, there is a path from v to v in the graph
» Such a path together with (u, v) yields a cycle
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Proof of theorem
—#=Suppose there is a back edge (u,v)
» Then v is an ancestor of v in depth-first forest
» Hence, there is a path from v to v in the graph
» Such a path together with (u, v) yields a cycle
~®-Suppose thereisacyclecin G
» Let v be the first vertex in c to be discovered
Let u be a predecessor of vertex v in cycle ¢
Upon discovering v the path from v to u is white
Visiting this path makes « become a descendant of v
It follows that edge (u, v) is a back edge

vvyvyy
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EXERCISE SLO9-7 _ ika. rn OFS and repert TALE

Fowe Boh & Bele <A
—— Give an algorithm that checks if a graph G is a DAG.
aps Yhle)
Vel = =7 CoqTs VAG = TRUE
bt a0 e T = Cog TG DAL
ols< T%WF;igt}) Yone (,._?‘Is"\)m: FALSE

V.aoler = Blede
(oo co__?fsﬁ%)

call, s Ve GV adg  wv.toler = \-».rL.\\i@_’/
waaT\E-sﬂﬁG\ = TRUE;
Ftr Je GV do ~ rl)ﬂG‘
| .Coler == '*J\:iq\ “i'L-—- s -
|£ (U < ) G‘ﬂ!j wg/
Inf 11 2020, SLO9 41/45 Dﬂﬁ‘i"&f ( V)

M. Bohlen, Ifl@eUZH
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TOPOLOGICAL SORTING/ 1

Sorting of DAGs

» Topological sorting is used to sort DAGs
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TOPOLOGICAL SORTING/1 ey T
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Sorting of DAGs :Ji Coh orler)

» Topological SOI‘tEIg is used to sort DAGs

> A topological sort of a DAG is a linear ordering of all its
vertices s.t., for any edge (u,v) i the DAG, u appears

before v in the ordering [u..g-'»\@‘\‘ VES tree

;i __C
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TOPOLOGICAL SORTING/ 1

Sorting of DAGs

» Topological sorting is used to sort DAGs

» A topological sort of a DAG is a linear ordering of all its
vertices s.t., for any edge (u,v) in the DAG, u appears
before v in the ordering

—Algo: TopologicalSort(G)

—— Call DFS(G) to compute v.etime for each v;
As each vertex v is finished:

[ insert v at the beginning of a linked list;

__IReturn the linked list of vertices

—

= —oALy e € ‘bﬂ—"\"-ck e7' ﬂ/‘-ﬂ‘;u:a}?.) ,e_,\.,A 4-.\.._.___ ()

= .
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TOPOLOGICAL SORTING /2

Correctness
» DAG and (u,v) € E imply u.etime > v.etime
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TOPOLOGICAL SORTING /2

Correctness
» DAG and (u,v) € E imply u.etime > v.etime
» When the edge (u,v) is explored, u is gray
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Topological sorting
0000000000000000

00000000

TOPOLOGICAL SORTING /2

Correctness

» DAG and (u,v) € E imply u.etime > v.etime
» When the edge (u,v) is explored, u is gray
» So, one can distinguish the following cases

» v.col = G: (u,v) is a back edge (cycle, contradiction)
» v.col = B: v is already finished, so v.etime < u.etime

» v.col = W: v becomes a descendant of u, so v will be
finished before u and v.etime < u.etime
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TOPOLOGICAL SORTING /2

Correctness
» DAG and (u,v) € E imply u.etime > v.etime
» When the edge (u,v) is explored, u is gray
» So, one can distinguish the following cases
» v.col = G: (u,v) is a back edge (cycle, contradiction)
» v.col = B: v is already finished, so v.etime < u.etime

» v.col = W: v becomes a descendant of u, so v will be
finished before u and v.etime < u.etime

» The definition of topological sort is satisfied
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TOPOLOGICAL SORTING /2

Correctness

> DAG and\(’u_v@lmply[u etime > v.etime \

—> When the edge (u, v) is explored, u is gray
» So, one can distinguish the following cases
— » v.col = G: (u,v) is a back edge (cycle, contradiction)
—» wv.col = B:vis already finished, so v.etime < u.etime
» v.col = W': v becomes a descendant of u, so v will be
finished before u and v.etime < u.etime

» The definition of topological sort is satisfied

Running time

» Total running time of topological sort is O(|V| + |E|)
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TOPOLOGICAL SORTING /2

Correctness
» DAG and (u,v) € E imply u.etime > v.etime
» When the edge (u,v) is explored, u is gray
» So, one can distinguish the following cases
» v.col = G: (u,v) is a back edge (cycle, contradiction)
» v.col = B: v is already finished, so v.etime < u.etime

» v.col = W: v becomes a descendant of u, so v will be
finished before u and v.etime < u.etime

» The definition of topological sort is satisfied

Running time
» Total running time of topological sort is O(|V| + |E|)

» Running time of DFS plus |V| insertions into linked list
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EXERCISE SL09-8

Run topological sort on the following directed acyclic graph.

a” EAF) %unﬂ t!-q.\l‘ "‘%1- d‘:y{ﬁ_}'

A AN SRS

3.
Gaxemss —> t.jn — g hetS w%&,_ %L:r\‘ — L& fre— jt&:

a;[l‘y
sy
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SUMMARY

» Graph algorithms

» Definition (simple path, cycle, subg_ra_ph, CQEIECE_d,

directed, etc) ~ o

> Status fields of nodes (with possible additional fields)
» Breadth-first search

» BES algorithms and properties —

» Application of BFS (e.g., Erdos number@
» Depth-first search

» DFS algorithm and properties
» Application of DFS (e.g., cyicle detecti

» Topological sort: DAG, sorting
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1. Weighted graphs
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spec1fy1ng its cost (or 1ength)

» In other words, G is endowed with a weight function
w: I/ —{ R that assigns real numbers to its edges

> Note: welghted graphs can be directed or undirected
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WEIGHTED GRAPHS

» Weighted graph
» Graph G = (V, E) where each edge (u,v) € E has a weight
w(u, v) specifying its cost (or length)
» In other words, G is endowed with a weight function
w: I/ — R that assigns real numbers to its edges
> Note: weighted graphs can be directed or undirected
» Weighted algorithms
» Minimum spanning tree
> Apply to undirected graphs
> Prim-Jarnik
» Single-source shortest path

» Apply to directed graphs
> Bell_m_ag—fggi, Dijkstra
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2. Minimum spanning tree (MST)
Prim-Jarnik algorithm
Prim-Jarnik example
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MINIMUM SPANNING TREE/1

T~ e TISTC
3t
S . # Qi e‘JXj— o (QC‘——-“M
panning trees | ~ V]~ ey,
» A spanning tree 7" of (7 is a subgraph that contains all the

vertices of G and that is a tree (thus, acyclic)
piaiets
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MINIMUM SPANNING TREE/1

Spanning trees
> A spanning tree T of G is a subgraph that contains all the
vertices of G and that is a tree (thus, acyclic)
> A minimum spanning tree of (G, w) is a spanning tree T of
G that minimizes w(T') = 3, v)er w(u,v)
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MINIMUM SPANNING TREE/1

Spanning trees
» A spanning tree 7" of GG is a subgraph that contains all the
vertices of G and that is a tree (thus, acyclic)

» A minimum spanning tree of (G, w) is a spanning tree 1" of
G that minimizes w(7T') = 3=, ,yer w(u, v)
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MINIMUM SPANNING TREE/2

Generic algorithm

» Have to
make |V| -1 choices (edges of the MST) to arrive at solution
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MINIMUM SPANNING TREE/2

Generic algorithm

» Have to
make |V |—1 choices (edges of the MST) to arrive at solution

A=10;
while A does not form a spanning tree do
LFind edge e that is safe for A;
A=AU{e}
return A;
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MINIMUM SPANNING TREE/2

Generic algorithm

» Have to
make |V |—1 choices (edges of the MST) to arrive at solution

A=
while A does not form a spanning tree do
LFind edge e that is safe for A;
A=AU{e}
return A;

» After each choice, get a subproblem that is one vertex
smaller than the original problem
> At each step, want to determine cheaply a save edge (i.e.,
that definitely belongs to an MST)
> Greedy choice property: locally optimal (i.e., greedy) choice
yields a globally optimal solution
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MINIMUM SPANNING TREE/3

Greedy choice/1
» LetG = (V,E)and S C V bea cutof G
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MINIMUM SPANNING TREE/3

Greedy choice/1
> LetG = (V,E)and S C V beacutof G

» That is, G is split into partsC!mc@
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MINIMUM SPANNING TREE/3

Greedy choice/1
» LetG = (V,E)and S C V beacutof G AN

» That is, G is split into parts S and V' 7 o« VST
/ '
OF
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MINIMUM SPANNING TREE/3

Greedy choice/1

» LetG = (V,E)and S C V bea cutof G
» Thatis, G is split into parts Sand V' — S

» (u,v)is alight edge if it is a min-weight edge of G that
connects S and V' — S (e.g. (c, d) is such a light edge)
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MINIMUM SPANNING TREE/4

Greedy choice/2

» In the above situation, if (u, v) is a light edge then it
belongs to an MST of G
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MINIMUM SPANNING TREE/4

Greedy choice/2

» In the above situation, if (u, v) is a light edge then it
belongs to an MST of G

» Proof sketch

| > Assume that (u,v) is light but does not belong to any MST
| of G
» Look at a path from v to v in some minimum spanning tree
TofG
» Let (z,y) be the first edge on this path that crosses from S
toV -5
> If the edge (z,y) of T is replaced by the edge (u, v), w(T)
decreases
» This contradicts the assumption that 7" is a minimum
spanning tree
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EXERCISE SL10-1
Let (u,v) be a minimum weight edge in graph G. Show that
(u, v) belongs to some MST of G. Hint: Show that from any
MST without (u, v) you can construct a MST with (u, v).

—
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PRIM-JARNIK ALGORITHM /1

> Vertex-based algorithm
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PRIM-JARNIK ALGORITHM /1

» Vertex-based algorithm

» Grows a single minimum spanning tree 7'
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PRIM-JARNIK ALGORITHM /1

» Vertex-based algorithm
» Grows a single minimum spanning tree 7'

» Set A covers part of T that is already computed
> Uses a pred field to indicate the predecessor
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PRIM-JARNIK ALGORITHM /1

» Vertex-based algorithm

» Grows a single minimum spanning tree 7'

» Set A covers part of T that is already computed
» Uses a pred field to indicate the predecessor

» Annotates all the vertices v outside of the set A

» v.k: minimum weight of an edge that connects vertex v
with a vertex in A (v.k = oo if no such edge exists)
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PRIM-JARNIK ALGORITHM /1

» Vertex-based algorithm
» Grows a single minimum spanning tree 7'
» Set A covers part of T that is already computed
» Uses a pred field to indicate the predecessor
» Annotates all the vertices v outside of the set A
» v.k: minimum weight of an edge that connects vertex v
with a vertex in A (v.k = oo if no such edge exists)
» The algorithm relies on a min-priority queue

> init_ﬂi_n_pq, min_exl:ract, and decrease_key
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PRIM-JARNIK ALGORITHM /1

v

Vertex-based algorithm

» Grows a single minimum spanning tree 7'

» Set A covers part of T that is already computed
» Uses a pred field to indicate the predecessor

» Annotates all the vertices v outside of the set A

» v.k: minimum weight of an edge that connects vertex v
with a vertex in A (v.k = oo if no such edge exists)

» The algorithm relies on a min-priority queue

» init_min_pqg, min_extract,and decrease_key

» The running time of the algorithm is ©(E log V)
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PRIM-JARNIK ALGORITHM /2
The algorithm e —

| Algo: PrimJarnik(G,w,s)
foreachv € G.V do
v.key = oo;
vpred = NIL; all &> =< ((¢igRa)
_Si(f! — O, - ST 1Q
|| InitMinPriorityQueue(PQ.G.V),—
——while PQ # () do ST A A
1 v = ExtractMin(PQ); (E1 Ae—ss =
foreach u € v.adj do ( %r P PO rpui||
ifu e PQ ANw(v,u) < u.key then o] oAl
ukey = w(v,u); ¥s adjeesnl st
u.pred = v; = al\l e«N{(s
DecreaseKey(PQ,u,w(u,v)) = —
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PRIM-JARNIK EXAMPLE /2

Q= {Q“L/_@ P"L/j‘, o{"c,/?_, L\—‘R/éhfw/ob, G—'A/'/c?"€
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PRIM-JARNIK ALGORITHM /5
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EXERCISE SL10-3

Assume a computer network. each computer is directly
connected to a small number of other computers. Each direct
connection has a bandwidth. Determine an efficient network
that ensures any two computers are connected, minimizes the
number of direct connectlons, and max1rmzes the bandw1dth
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PRIM-JARNIK RUNNING TIME

> Time =V ; T(ExtractMin) —i—@* T'(DecreaseKey)

» Depends on the implementation of the priority queue:

Q T(ExtractMin) [E(DecreaseKey) | Total
——1 array o(V) O(1) o2
binary heap | O(log V) O(logV) O(ElogV)

» E>V-1,E<V? E=0(V?
» Binary heap implement.
Time = O(VlogV ¥ FElogV)=0V?logV) = O(ElogV)

) / E bws
o l\"-? P ETAONTY VR;

(i)
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'h3.§i_ngle_—§ource_ shortest path (SSSP)
Single-source shortest path
Bellman-Ford algorithm —
Dijkstra’s algorithm —
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SINGLE-SOURCE SHORTEST PATH/ 1

Shortest paths
» Generalize directed graphs to weighted setting
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SINGLE-SOURCE SHORTEST PATH/ 1

Shortest paths

» Generalize directed graphs to weighted setting
> Directed graph (V, E), weight function w: £ — R
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SINGLE-SOURCE SHORTEST PATH/ 1

Shortest paths

» Generalize directed graphs to weighted setting
» Directed graph (V, E), weight function w: £ — R
» Definition of weight of a path p = (vg, v1, ... ,%)

w(p) = ;:01 w(vi, Vig1)
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SINGLE-SOURCE SHORTEST PATH/ 1

Shortest paths

» Generalize directed graphs to weighted setting

» Directed graph (V, E), weight function w: £ — R

» Definition of weight of a path p = (vg, v1, ..., vg)
w(p) = X2y w(vi, vit1)

» Shortest path = a path of minimum weight (cost)
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SINGLE-SOURCE SHORTEST PATH/ 1

Shortest paths

» Generalize directed graphs to weighted setting
» Directed graph (V, E), weight function w: £ — R

» Definition of weight of a path p = (vg, v1, ..., vg)
w(p) = ic 0 w(vi, vit1)
» Shortest path = a path of minimum weight (cost)

» Single-source shortest path (SSSP) problem e sechas

e

» Shortest path from source Vertex s to any other vi other vertex
» Other problems: smglei_‘lr all pairs, unwelg_ed (BFS)

L— —alg e>«—TL"\.\1'\|{

7
Gamen =t

(as 7 s 2y )
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SINGLE-SOURCE SHORTEST PATH/ 1

Shortest paths

» Generalize directed graphs to weighted setting
» Directed graph (V, E), weight function w: £ — R

» Definition of weight of a path p = (vg, v1, ..., vg)

w(p) = ;:01 w(vi, Vig1)

» Shortest path = a path of minimum weight (cost)
» Single-source shortest path (SSSP) problem

» Shortest path from source vertex s to any other vertex
» Other problems: single pair, all pairs, unweighted (BFS)

Optimal substructure

> The subpaths of shortest paths are shortest paths
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SINGLE-SOURCE SHORTEST PATH /2

Negative weights
» Negative weights are OK, as long as there are no
negative-weight cycles
> Otherwise, could get paths of arbitrary small “length”
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SINGLE-SOURCE SHORTEST PATH /2

Negative weights

» Negative weights are OK, as long as there are no
negative-weight cycles
» Otherwise, could get paths of arbitrary small “length”

Paths and cycles

» Shortest paths cannot have cycles

» Otherwise, improve shortest path by removing cycles
> No shortest path can have length greater than [V| — 1
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SINGLE-SOURCE SHORTEST PATH /2

Negative weights
» Negative weights are OK, as long as there are no
negative-weight cycles
» Otherwise, could get paths of arbitrary small “length”

Paths and cycles

» Shortest paths cannot have cycles

» Otherwise, improve shortest path by removing cycles
» No shortest path can have length greater than |V| — 1

Relaxation/1

» For each vertex v in the graph, maintain v.dist, the estimate
of the shortest path from s

» At the start, v.dist is initialized to oo and s.dist to 0
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SINGLE-SOURCE SHORTEST PATH/ 3

Relaxation/2

» Relaxing an edge (u,v) means testing whether one can im-
prove the shortest path to v found so far by going through u
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SINGLE-SOURCE SHORTEST PATH/ 3

Relaxation/2

» Relaxing an edge (u, v) means testing whether one can im-
prove the shortest path to v found so far by going through u

Algo: Relax(u,v,w)

if v.dist > u.dist + w(u,v) then
v.dist = u.dist + w(u,v);
v.pred =u
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SINGLE-SOURCE SHORTEST PATH/ 3

Relaxation/2

» Relaxing an edge (u, v) means testing whether one can im-
prove the shortest path to v found so far by going through u

Algo: Relax(u,v,w)

if v.dist > u.dist + w(u,v) then
v.dist = u.dist + w(u,v);
v.pred =u
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BELLMAN-FORD ALGORITHM/ 1

» Solves single-source shortest path problem for the case
where edge weights may be negative



Weighted graphs Minimum spanning tree (MST) Single-source shortest path (SSSP)
[e]e] 0000000000000 000 0000@00000000000000

BELLMAN-FORD ALGORITHM/ 1

» Solves single-source shortest path problem for the case
where edge weights may be negative

1 » Returns boolean value indicating whether there is a
negative-weight cycle reachable from source vertex s.

» If there is such a cycle then no solution exists
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BELLMAN-FORD ALGORITHM/ 1

» Solves single-source shortest path problem for the case
where edge weights may be negative

» Returns boolean value indicating whether there is a
negative-weight cycle reachable from source vertex s.

» If there is such a cycle then no solution exists

» Employs relaxation, progressively decreasing v.dist
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BELLMAN-FORD ALGORITHM/ 1

» Solves single-source shortest path problem for the case
where edge weights may be negative

» Returns boolean value indicating whether there is a
negative-weight cycle reachable from source vertex s.

» If there is such a cycle then no solution exists
» Employs relaxation, progressively decreasing v.dist
» The running time of the algorithm is ©(|E| - |V|)
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Jarse W\S



Weighted graphs Minimum spanning tree (MST)
00

0000000000000 000

Single-source shortest path (SSSP)
00000®0000000000000

BELLMAN-FORD ALGORITHM /2
RO

The algorithm

Algo: BellmanFord(G,w,s) /

foreachv € G.V do
v.dist = oo; v.pred = NIL;
fori=1to|G.V]-1do
‘ foreach (u,v) € G.E
LRHax_(u,v,w),‘

y,

— \
_.fﬁrefach_(u, v)EG Edo——

if v.dist > u.dist + w(u,v) then
Lreturn FALSE;

return TRUE;
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BELLMAN-FORD ALGORITHM /3

An example/1

» Consider the following weighted graph Pu‘.,fl;,q mi(u\
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BELLMAN-FORD ALGORITHM /3

An example/1
» Consider the following weighted graph

» Relax the edges in the following order

LA *‘
L(ta) 2.(hy) 3 (hz) 4 (z1) 5 o) T

6.(y,z) 7.(z,z) 8.(z,8) 9.(s,t) 10.(s,y) 3@-1 ;j
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BELLMAN-FORD ALGORITHM /3

An example/1
» Consider the following weighted graph

» Relax the edges in the following order

1.(t,x) 2.(t,y) 3.(t,z) 4.(x,t) 5.(y,z)
6. (y,2) 7.(z,x) 8.(z,5) 9.(s,t) 10.(s,y)
» Negative-weight cycle: let w(z,z) =4
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BELLMAN-FORD ALGORITHM/4
An example/2
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BELLMAN-FORD ALGORITHM /5
An example/3
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An example/3
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BELLMAN-FORD ALGORITHM/ 6

An example/4
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SSSP IN DAGS

» Finding shortest paths in a DAG is much easier
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SSSP IN DAGS

» Finding shortest paths in a DAG is much easier
» Topological sort determines order of relaxations

» Algorithm:

1. sort G topologically
2. consider each vertex in topological sort order
3. relax each edge leaving the vertex

» We have one relaxation per edge, which gives a runtime of
O(V + E) (V times faster than Bellman-Ford)
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SSSP IN DAGS o

» Finding shortest paths in a DAG is much easier
— » Topological sort determines order of relaxations

» Algorithm: T o
——1. sort G topologically

—— 2. consider each vertex in topological sort order
— 3. relax each edge leaving the vertex

» We have one relaxation per edge, which gives a runtime of
O(V + E) (V times faster than Bellman-Ford)

» Note: in a DAG there is no negative-weight cycle
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» Solves single-source shortest path problem for the case
where edge weights are nonnegative
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DIJKSTRA’S ALGORITHM /1

» Solves single-source shortest path problem for the case
where edge weights are nonnegative
» Greedy, similar to Prim-Jarnik algorithm for MST
» Uses a priority queue, changes dist instead of
» In some respect also similar to breadth-first search

» v.dist does not change further once the vertex v is removed
from the (priority) queue
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» Solves single-source shortest path problem for t e case
where edge weights are nonnegative
» Greedy, similar to Prim-Jarnik algorithm for MST
» Uses a priority queue, changes dist instead of
» In some respect also similar to breadth-first search

» v.dist does not change further once the vertex v is removed
from the (priority) queue

» The running time of the algorithm is O(|E|1g [V|)-
» It is thus lower than the running time of Bellman-Ford — @( M?)
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DIJKSTRA’S ALGORITHM /2
e
The algorithm /
Algo: Dijkstra(G,w,s) /
foreach v € G.V do
nglgtj_go, v.pred = NIL;
s.dist = 0;
TnitMinPQ(PQ,G.V);
while PQ # () do .
| v = ExtractMin(PQ); —__ cosk . o ({UJ) (k—ﬂ*}‘*uﬂ?)
foreach u € v.adj do
LRelax(u,v,w),'

DecreaseKey(PQ,u,u.dist) ~__ cosk s l°j ( () ’) (L.T:: L,j

1\)‘\ elQn....n-—-‘U :" ?G(
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DIJKSTRA’S ALGORITHM /3 TQ={s~0, 4o, > —=*)
V=2, F‘:"’j
An example/1




Weighted graphs Minimum spanning tree (MST) Single-source shortest path (SSSP)
[e]e] 0000000000000 000 0000000000000 e00000
:

DIJKSTRA’S ALGORITHM /3

An example/1




Weighted graphs Minimum spanning tree (MST) Single-source shortest path (SSSP)
[e]e] 0000000000000 000 0000000000000 0e0000
:

DIJKSTRA’S ALGORITHM / 4
Q= {2-F +-8, =~ "f]
An example/2
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An example/2
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An example/3
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An example/3
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EXERCISE SLL10-4/1

Arbitrage is the practice of taking advantage of a price
differential between two or more markets. An example of
arbitrage is to use exchange rates to transform one unit of a
currency into more than one unit of the same currency.
Consider the exchange rates in the table below. For example,
with the given exchange rates one can exchange USDs into
Euros, Euros into GBPs and GBPs back into USDs. Indeed, for
100 USD one would get

100 - (0.64 - 0.79 - 1.98) = 100 - 1.001088 ~ 100.11 USD.

USD GBP CAD EUR AUD
UsD | 1.00 0.50 1.02 064 1.04
GBP | 1.98 1.00 202 1.26 2.06
CAD | 098 049 1.00 0.62 1.02
EUR | 157 0.79 1.60 1.00 1.64

AUD | 096 048 0.98 0.61 1.00
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EXERCISE SL.10-4/2

Model the above arbitrage problem as a general graph problem. ;
Notice that a - b > 1 can be rewritten as (1/a) - (1/b) < 1, which
in turn can be rewritten as log(1/a) + log(1/b) < 0.

1 Give an efficient algorithm to determine whether or not there is
a sequence of currencies c, .

., ¢, such that call:  fen
zchler, ca] - ... - weh[eg—1, ¢k - xchleg, e1] > 1. C_;Tﬁua.ﬂn—e. (é.)
T | | Gt (6,3 o
s I.r? q gﬂ_ OV o kil oo g.a,r al\ (MJ\]
Lsh = ) —oks S
A/.i.'g,-’c_.b"l («:5) —= . ’
_J(ij{fl ?G-f(:—f +o IGVI*’{ Ao
-~ £ < gd‘ (u,u] GGE Ae
Ly 5e) <1 _ Rl (u,v, M5t )
hﬁ,+l v\ Lo R TV G_GE Q{O
)= Vo e =™ — 3 () A4 ﬂ _J(Lw\
NS ey (v > s+ (LT
= Rellman-Fsh
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SUMMARY

» Minimum Spanning Trees (MST):
» Prim
> vertex-based
» priority queue

» Single Source Shortest Path (SSSP):
» Bellman-Ford

> negative weights

» detection of negative weight cycles
» Dijkstra

> very popular

> greedy

» priority queue
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