Introduction Algorithms Sorting Recursion

0000000000000 000 000000000000 00000000000 0000000000000 00 0000000000000 0O00000000
: :

Informatics 11

Introduction, Sorting, Recursion
— SL01 —

Prof. Dr. Michael Bohlen

boehlen@ifi.uzh.ch



Introduction Algorithms Sorting Recursion

®000000000000000 000000000000 00000000000 0000000000000 00 0000000000000 0O00000000
: :

TABLE OF CONTENTS — SLO1

1. Introduction
Introduction



Introduction Algorithms Sorting Recursion

LITERATURE

» T. Cormen, C. Leiserson, R. L
Rivest and C. Stein (CLRS), - ronate Lt
Introduction to Algorithms, o N\
Third Edition, MIT Press, N \
2009. e ——

. . . "Y\) N\ |

» Available in IfI library (two "N
books on display; 6 books for TR =T
borrowing) ALGO

» Available as ebook from inside
the UZH network:
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GOALS OF THIS COURSE

The main things we will learn in this course:
» To think algorithmically and get the spirit of how
algorithms are designed.
» To get to know a toolbox of classical algorithms.

» To learn a number of algorithm design techniques (such
as divide-and-conquer).

» To reason in a precise way about the efficiency and the
correctness of algorithms.
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SYLLABUS
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Introduction, basic sorting, recursion (chap 1 in CLRS)
Complexity and correctness (chap 2, 3 in CLRS) | %Q\L
Divide and conquer, recurrences (chap 4 in CLRS) | . testem
Heap sort, quick sort (chap 6,7 in CLRS) — _ | &6 o
Pointers, lists, sets, abstract data types (chap 10 in CLRS) — C
Trees, red-black trees (chap 12, 13 in CLRS) O/lc&a o H{l

Hash tables (chap 11 in CLRS) -

Dynamic programming (chap 15 in CLRS) | Be‘:‘n\\}\uaS
Graph algorithms (chap 22, 23, 24 in CLRS)
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ADMINISTRATION/ 1

Home page
— P http://www.ifi.uzh.ch/dbtg

BP https://Ilms.uzh.ch/url/RepositoryEntry/
16718364817

» Check OLAT frequently

Course book
» Introduction to Algorithms, 3rd edition, Cormen et al.

Assistant
» Muhammad Saad, saad@ifi.uzh.ch
» Qing Chen, ging@ifi.uzh.ch

TA:
» Abhinav Aggarwal, abhinav.aggarwal@uzh.ch
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ADMINISTRATION /2

Lectures
» Tuesday 14:00 - 15:45 in HAH-E-11 (Héaldeliweg 2)

» Fridays 12:15 - 13:45 in Y15-G-60 (Irchel)
» First lecture: Tuesday 18.2.2020

» Last lecture: Friday 22.5.2020

» Exceptions are the following dates:

> FR 10.4.2020 12:15 - 13:45 no lecture (Spring break)
> TU 14.4.2019 14:00 - 15:45 no lecture (Spring break)
> FR 17.4.2019 12:15 - 13:45 no lecture (Spring break)
» FR 1.4.2019 14:00 - 15:45 no lecture (labor day)
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ADMINISTRATION /3
Exercises:

» There are 12 weekly exercises

» An exercise is published one week before it is being
discussed in the exercise classes.

» There is no hand in of exercises.
» Attending exercises is not mandatory.

» It is strongly recommended that you solve the exercise
before the exercise class.

Toolel QJ&QMQ Be\) C+ ( Cee Gﬁ@7>
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ADMINISTRATION /3

Exercise classes: -
» Monday 16:15 - 17:45, BIN-2.A.10
» Monday 16:15 - 17:45, BIN-0.K.11/12/13
» Wednesday 14:15 - 15:45, BIN-0.K.02
» Wednesday 16:15 - 17:45, BIN-0.B.06
» Friday 14:15 - 15:45, Y35-F-32 (Irchel)

» Exceptions: (same time slot, different room)
» Lab 2, 23.03.2020, 16:15 - 17:45, AND-3-02/06
» Lab 2,20.04.2020, 16:15 - 17:45, AND-3-02/06
» Lab 2,11.05.2020, 16:15 - 17:45, AND-3-02/06
» Lab 4, 25.03.2020, 16.15 - 17.45 , BIN-0.K.02
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ADMINISTRATION /4

Tutors:
» Adam Klebus, adam.klebus@uzh.ch
» Anton Crazzolara, anton.crazzolara@uzh.ch
» Christoph Vogel, christoph.vogelQuzh.ch
» Johann Schwabe, johann.schwabe@uzh.ch

» Raphael Haemmerli, raphael.haemmerli@uzh.ch
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ADMINISTRATION/5

Exams: The course assessment consists of two midterms and a
final exam.

Exam dates (check VVZ and official WWF web pages):

» Midterm 1 (MT1, 90min): Monday, 23.3. 2020 12 15 13:45,
HAH-E-03 (Haldeliweg 2). —

» Midterm 2 (MT2, 90min): Monday, 27.4.2019, 12:15 - 13:45,
HAH-E-03 (Haldeliweg 2) — —

» Final exam (FE) date: Wednesday 27.5.2019, 14:00 - 15:30

Your final grade is calculated as follows:
MAX (MT1,FE) x0.2 + MAX (MT2,FE)*0.2 + FEx0.6
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GENERAL REMARKS/1

» Enrollment in the labs takes place in OLAT in the section
“Team Enrollment”. Please make sure you enroll as soon as
possible. Deadline for enrollment: Saturday 29/02/2020
23:00.

» Note that there will be parts in the midterms and the final
exam where you have to write working C code.

» One A4 sheet with your personal notes (both_'s.ides) is
allowed in all Informatics II exams.
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GENERAL REMARKS/2

» Hands-on exercises are an important part of this course: an
abstract understanding of the concepts is not good enough

» You must be able to apply your knowledge to new
examples. Use exercises to practice this during the
semester.

» Often it is most effective to first solve algorithms on paper
and later key them in on the computer.

» A very important thing is to be simple and precise.
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GENERAL REMARKS/3

» During lectures:

» Interaction is welcome; ask questions.
» Speed up/slow down the progress.
> Additional explanations if desired.

» During the lectures we solve many examples. Please
participate and take notes. Trying, failing and improving is
good. Not trying is bad.

» This script is designed as a working script. Solutions to
selected exercises are included at the end.
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PREREQUISITES

Introduction to programming (aka Informatik I)

» Data types, operations

» Conditional statements
» Loops

» Procedures and functions

Ability to edit, compile, and execute a program
» editor and terminal

» Xcode, Eclipse or equivalent
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SHELL

fbm{kgﬁh

boehlen@Zl:~/Teaching/F528/InfII/Code> more .éarch.c
~#ipclude <stdig.h> =

f#define n 5

int j, a;
int a[] = {11, 1, 4, -3, 22};

int mai
= 0; 9= -3;
while (j < n & a[j] != q) { j++;
if (3 < n) { printf("=d\n", j); }
1se { printf("NIL\n"); }

// gcc -o search search.c; ./search
vEiTtengz L: ~f 1eaching/F520/Inf Iy Coues =g Séarch search.c; (. /search
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» The slides are based on the textbook Introduction to
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WHAT IS AN ALGORITHM?

» Algorithms are about solving problems

» Enrollment at UZH —

Booking a module

Graduate from IfleUZH

Get me from home to work

Earn lots of money

Simulate a jet engine

Human genome project: algorithms to store and analyze

human DNA

Electronic commerce: algorithms for public-key

cryptography and digital signatures

» Internet/ WWW: algorithms to determine good routes for
data and to quickly find data

vVVvyVyVYYVYY

v
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WHAT IS AN ALGORITHM?

» Algorithms are about solving problems

» Enrollment at UZH

Booking a module

Graduate from IfleUZH

Get me from home to work

Earn lots of money

Simulate a jet engine

Human genome project: algorithms to store and analyze

human DNA

Electronic commerce: algorithms for public-key

cryptography and digital signatures

» Internet/ WWW: algorithms to determine good routes for
data and to quickly find data

vVVvyVyVYYVYY

v

» Algorithms = procedures, recipes, process descriptions
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HISTORY

» Etymology: from Persian mathematician al-Khwarizmi

» 400-300 B.C.

» First algorithm: Euclidean algorithm, greatest common
divisor o )

» 19th century

» Charles Babbage (first mechanical computer)
» Ada Lovelace (first computer program)

» 20th century
» Alan Turing (Turing machine, cryptography)
» Alonzo Church (decideability)
» John von Neumann (Von Neumann architecture)

Cela Ada <~ Yo co-e ?\ff‘f—l’-—
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TERMINOLOGY

» Data structure

» Organization of data to solve problem at hand
» Solutions depend on the choice of data structure
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TERMINOLOGY

» Data structure

» Organization of data to solve problem at hand
» Solutions depend on the choice of data structure

> Algorithm
» Finite sequence of unambiguous instructions

» Step-by-step outline of computational procedure
» Independent from choice of programming language
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TERMINOLOGY

» Data structure

» Organization of data to solve problem at hand
» Solutions depend on the choice of data structure

> Algorithm

» Finite sequence of unambiguous instructions
> Step-by-step outline of computational procedure
» Independent from choice of programming language

» Program

» Implementation of given computational procedure
» Programming language, software engineering issues
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OVERALL PICTURE/1 ot d  whal
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» Specification e\ coses
» Precisely specify problem
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OVERALL PICTURE/ 1

» Specification
» Precisely specify problem

» Design
» Specify structure/blocks of solution
» Develop algorithms (often pseudocode procedures)

» Goals: correctness & efficiency
i g'_._‘_‘_'
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OVERALL PICTURE/ 1

» Specification
» Precisely specify problem

» Design
» Specify structure/blocks of solution
» Develop algorithms (often pseudocode procedures)
> Goals: correctness & efficiency

» Development

» Implement algorithm in some language
» Goals: robustness, reusability, adaptability
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OVERALL PICTURE/ 1

» Specification
» Precisely specify problem

» Design
» Specify structure/blocks of solution
» Develop algorithms (often pseudocode procedures)
> Goals: correctness & efficiency

» Development

» Implement algorithm in some language
» Goals: robustness, reusability, adaptability

» Testing
> Verify that implementation meets specification
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OVERALL PICTURE/2

What AlgoDat is not about

» Software architecture
» Computer architecture
» Programming languages

» Software engineering
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OVERALL PICTURE/2

What AlgoDat is not about

» Software architecture
» Computer architecture
» Programming languages

» Software engineering

Other related topics that we touch upon

» Computability and complexity
» Efficiency vs NP-completeness
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ALGORITHMS/ 1

An algorithm is

» Any well-defined computational procedure that
> takes some value, or set of values, as input
» produces some value, or set of values, as output
i.e.,, an unambiguous sequence of computational steps that
transform the input into the output
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ALGORITHMS/ 1

An algorithm is

» Any well-defined computational procedure that
> takes some value, or set of values, as input
» produces some value, or set of values, as output
i.e.,, an unambiguous sequence of computational steps that
transform the input into the output
» A tool for solving a well-specified computational problem

» Problem statement specifies the desired igg_’g / (g_]g’gt
relation

» Algorithm describes a procedure for achieving such a
relation
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ALGORITHMS /2

Algorithmic problem
Input/output relation

‘QQRut specificationj ~ ’ ‘ ~ @itput specification

Specification of output as function of specification of input
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ALGORITHMS /2

Algorithmic problem
Input/output relation

‘ input specification ‘ ~ ’ ‘ ~ ’ output specification

Specification of output as function of specification of input

Algorithmic solution
Input/output relation

L,

’ input instance ‘ ~ ’ alg\grithm ‘ ~ ’ output instance

Procedure transforming input instance into output instance



Introduction Algorithms Sorting Recursion

0000000000000 000 0O0000000®00000000000000 0000000000000 00 0000000000000 0O00000000
: :

HOW TO DEVELOP AN ALGORITHM

1. Understanding the problem
» Precisely define the problem.
> Precisely specify the input and output.
» Construct the simplest possible representative example for
the problem. o -
» Consider all cases.
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HOW TO DEVELOP AN ALGORITHM

1. Understanding the problem
» Precisely define the problem.
» Precisely specify the input and output.
» Construct the simplest possible representative example for
the problem.
» Consider all cases.

2. Come up with a simple plan to solve the problem at hand.

» The plan is language independent.
» The precise problem specification influences the plan.
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HOW TO DEVELOP AN ALGORITHM

1. Understanding the problem
» Precisely define the problem.
» Precisely specify the input and output.
» Construct the simplest possible representative example for
the problem.
» Consider all cases.

2. Come up with a simple plan to solve the problem at hand.

» The plan is language independent.
» The precise problem specification influences the plan.

3. Turn the plan into an implementation

» The problem representation (data structure) influences the
implementation.
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EXAMPLE OF AN ALGORITHM/ 1

» Searching problem

» Input: a sequence (array) of n numbers A = [a1, az, ..., Gy]
and a value v

» Output: an index i such that v = a;(= A[i]) or the special
value NIL if v does not appear in A

?Jt?clse r?
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EXAMPLE OF AN ALGORITHM/ 1

» Searching problem

» Input: a sequence (array) of n numbers A = [a1, az, ..., Gy]
and a value v

» Output: an index i such that v = a;(= A[i]) or the special
value NIL if v does not appear in A

» Instance of searching (example)

» Input: A = [31,59,26,41, 58], v = 59
» Output: i =2

j 1 Q:[/{/zf _5; U;Y
O ¢

~
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EXAMPLE OF AN ALGORITHM /2

Example: linear search
» Input:
sequence of numbers A = [a1,ay, ..., ay,] and value v

» Output:
index i such that v == A[i] or NIL if v does not appear in A
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EXAMPLE OF AN ALGORITHM /2

Example: linear search

» Input:
sequence of numbers A = [a1,ay, ..., ay,] and value v
» Output:
index i such that v == A[i] or NIL if v does not appear in A
» Algorithms
Algo: LinSearch1(A,v) Algo: LinSearch2(A,v)
—| p=NIL; i=1;
—=fori=1tondo —=rwhile i<n A Ali]#v do i++;
Lif Alil==v then p = i; if i<n then return i
return P, else return NIL;

605\ Anse of (o5l Froes Xadax gant
f"{‘*‘;\ @‘%«—ﬁ o1 ckwj’
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EXAMPLE OF AN ALGORITHM /3

Comparing algorithms

> Assume that A = [31,@1, 59,2641, 58] and v = 41 Then:
» LinSearchl(A4,v)=5
» LinSearch2(A4,v)=2
> LinSearchl(A, v) # LinSearch2(4,v)

—= Ambiguous problem statement: first or last index?

» There is always more than one solution to a given problem.
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EXAMPLE OF AN ALGORITHM /4

Fundamental properties

» Efficiency of an algorithm

» LinSearch?2 is more efficient in general
» LinSearchl always scans the entire array
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EXAMPLE OF AN ALGORITHM /4

Fundamental properties w e e

» Efficiency of an algorithm A

0
» LinSearch?2 is more efficient in general IR

» LinSearchl always scans the entire array

» Correctness of an algorithm Nl 4 _1
Algo: LinSearch3(A,v) 0 | 14\\ - %V;,- J N
e = e - E— 12— —=

i=1 = wk‘l&‘g: L | J(LM

while i<n Vv A[ z'];fv do
| if i>n thenbréakelsei=itl; A\ cal™| \o ceeesced
if i<n then return i else return NIL; wUQL JGQ < MEQ(‘ o F;JT

» LinSearch3 isincorrect; LinSearch3 crashes for all
inputs.
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EXAMPLE OF AN ALGORITHM /5

» What about the fourth solution for searching?

» Run through the array and return the index of the value in
the array.

Algo: LinSearch4(A,v)

fori=1tondo
| if Ali]==v then return i;

return NIL;

» OK?

o '\\\ iq‘lwmq \\Amk 0-2 ?:IIQL PTuJ 5(9_.\9.—\}
(C,;‘:'-u{ d.“‘?(,-D\.)l‘ G L\"\g?ﬂ&d'2>
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EXAMPLE OF AN ALGORITHM/ 6

Metaphor: shopping behavior when buying a beer.

» LinSearchl:scan products until you get to the exit; if
during the process you find a beer put it into the basket
(and remove the rest).

» LinSearch2:scan products; stop as soon as a beer is
found and go to the exit.

» LinSearch4:scan products; stop as soon as a beer is
found and exit through next door.
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PSEUDO CODE

—

Use of pseudocode

» Similar in many respects to C, Pascal, Java, Python
(assignments, control structures, arrays, ... )

» Provides means to convey the essence of an algorithm in a
concise fashion

» No fixed format for pseudocode. OK as long as it is
unambiguous and breaks down the problem to the
relevant basic steps.

» Pseudocode works out the important parts and abstracts
the unimportant parts.
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EXERCISE SLO1-1/1

A prime number is a natural number greater than 1 and
divisible only by 1 and itself. Write a program that determines
all prime numbers between 0 and n.

Hint: Implement the sieve of Eratosthenes. Use an array of
length n 4 1 that indicates whether the number corresponding
to the index is prime. Start with an array where all numbers
greater than 1 are marked as primes and then proceed as
follows: first eliminate the multiples of 2, then the multiples of
3, then the multiples of 4, etc.

g S 6 P /o W12 )<

?'ij \ ﬁabaqju jﬂj(:i




Introduction Algorithms
OOOOOOOOOOOOOOOO 00000000000000000e00000

EXERCISE SL0O1-1/2

H_LE: %\YC&( Alo.. ""3 )
Ale] = FABE; Al4] = FASE;
‘)@. v =2 o w Ao Q[J:TR

.32

Re=2 to (“k ) Ao
3@3‘\‘]:2 Yo | T A | L f_i
3 Ali=)] = FAKE Qe cc2 2o L) A
Pcf‘ (=2 4o Lk}z l Ao (()or?l: ¢ e LA Ve
cf ‘:2. [~ Ry “. L
Pro72 e we((h) )

Inf 1T 2020, SLO1 35/77 M. Béhlen, IfleUZH
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SEARCHING, C SOLUTION

}

\S

#define n_5

p
#include <stdio.h>

int i, v;
int a[] = { 11, 1, 4, -3, 22 };

int main () {

i=0; v =-2;

while (i < n && ali] !'= v) { i++;
if (1 < n) { printf("%d\n", 1); }
else { printf("NIL\ﬁW;; }

// gcc —-o search search.c; ./search
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HOW TO APPROACH C, ETC.

» Do not study it (it is close to Java or Python and we only
use a small subset).

» Whenever you meet a new construct learn and use it. ]
» Here:
» #include <stdio.h>includes IO library with prmtf
function
> #define n 5
] defines n as a constant with value 5
V » printf ("%d\n"%, i7"

prints an integer argument (%d is replaced by the value of i)
followed by a new line (\n).
—> Arrays have a fixed size and start with index 0.
—— P // is the start of a one line comment
1 » gcc -o search search.c; ./searchcommand to
compile and run the program from the command line
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SEARCHING, JAVA SOLUTION
(

import java.io.x;

/éfgg; search {

—static int n = 5;

static int i, v;

static int a(] = { 11, 1, 4, -3, 22 };

public static void main (String args(])
i =0; v = 22;
while (i < n && af[i] !'= v) { i++; }
if (i < n) { System.out.println(i);
else { System.out.println("NIL"); }

}

// javac search. java; java search

}

{

S
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SEARCHING, PYTHON SOLUTION

-
a=[11, 1, 4, -3, 22 ]
v = -3
J=-1
for i in range (len(a)):

if a[i] == v:
J =1
print (j)
# python search.py
\S
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DATA STRUCTURES

Informal definition
» A data structure is a way to store and organize data
» As such it facilitates access and modification of data

» Elementary data structures: lists, stacks, queues, trees
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DATA STRUCTURES

Informal definition
» A data structure is a way to store and organize data
» As such it facilitates access and modification of data

» Elementary data structures: lists, stacks, queues, trees

Things to consider

» No single data structure works well for all purposes
» Choice of appropriate data structure is a crucial issue

» Important to know strengths and limitations of a variety of
data structures.
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TABLE OF CONTENTS — SLO1

3. Sorting
Bubble sort @- ( nz ]
Selection sort
Insertion sort
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SORTING/ 1

Why sorting?
» Most fundamental problem in the study of algorithms
» Algorithms often employ sorting as a key subroutine

» Wide range of sorting algorithms, rich set of techniques
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SORTING/ 1

Why sorting?
» Most fundamental problem in the study of algorithms
» Algorithms often employ sorting as a key subroutine

» Wide range of sorting algorithms, rich set of techniques

Some observations

> Sorting of arrays: does provide random access (each
element can be directly accessed)

» Efficient management of space: in-place sorting

» Efficiency is generally measured in terms of

» number of comparisons and/or
» number of exchange operations
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SORTING /2

Simple methods

» Bubble sort
» Selection sort
» Insertion sort

» Roughly n? comparisons
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SORTING /2

Simple methods

» Bubble sort
» Selection sort
» Insertion sort

» Roughly(n? comparisons
Fast methods Aoy Q/C“(
» Merge sort
» Heap sort o 0 DQJ
» Quick sort e T 5
» Roughly'n log n comparisons
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SORTING/3

Problem specification

» Sorting problem Y
» Input: a sequence of n numbers A = [a1, ag, ..., ay]
» Output: a permutation (reordering) [b1,be, .. ., by| of the

input sequence such that b; < by, <--- <b,
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SORTING/3

Problem specification

» Sorting problem
» Input: a sequence of n numbers A = [a1, ag, ..., ay]
» Output: a permutation (reordering) b1, bo, . . ., by,] of the
input sequence such that b; < by, <--- <b,
» Instance of sorting .
» Input sequence: [31,41, 59, 26, 41, 58] ‘3 TUUM“L"&’\“”
> Output sequence: [26,31,41,41.58,59] &
< <

Ind
/N
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BUBBLE SORT/ 1

Rough idea

» Scan sequence and swap unsorted adjacent elements

> Repeat the procedure until seq:e_nze 1s actually sorted
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BUBBLE SORT/ 1

Rough idea

» Scan sequence and swap unsorted adjacent elements

» Repeat the procedure until sequence is actually sorted

The algorithm
Algo: BubbleSort(A)

fori=nto2do
forj=2toido
if Aljl<Al[j-1] then
t=A[l;
Alj] = Alj-1];
Afj-1] =t;




Introduction Algorithms Sorting Recursion

0000000000000 000 000000000000 00000000000 000080000000000 0000000000000 0O00000000
: :

BUBBLE SORT/ 1

e o &
?‘ﬁ (\:,uL ‘“Y‘& ele
Rough idea t

» Scan sequence and/swap unsorted adjacent elements

» Repeat the procedure until sequence is actually sorted

mv:f The algorithm '—h\’?f - L&:{_LG:GLQ‘
Algo: BubbleSort(A) / <[ T P 7 iep rﬁ%) e
e 2ot 1
i PrPi | na(gys [Tt
o|i|p gt s | t] eyl
. t=A]L gyt i o|r|s|t
S v ‘A[]] Alj-1L# adko wdl i€ gj ;31 o|r|s|t _?(:{l
?Jm A1l =t ,Pre—‘..p-ﬁ-\ ‘ Milnlolrlsltl |
SN N

SRy et Wt
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BUBBLE SORT/2 A 12 4 + 9
L
-

Basic properties

» Number of comparisons:

n n—1
C=Y (1=
=2 =1

A+ éﬂ*ﬁ A+24 -owr] .
» The number of comparisons is independent of the original

ordering and the values.




Introduction Algorithms Sorting Recursion

0000000000000 000 000000000000 00000000000 00000080000 0000 0000000000000 0O00000000
: :

BUBBLE SORT/3

—

We wawrs e fe Swosf

Number of exchanggV - X ( o o leeady
gested )

Mmin =20

no_ 3n(n—1) 3n2—3n [=77
Mmax = Z@{_@ -1) = ( 5 ) = (‘\m revwst
=2

ffCKAH -

2 77 —
IC\(_.{ \ ‘—5

Inf I1 2020, SLO1 47/77 M. Béhlen, IfleUZH
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EXERCISE SL0O1-2

Modify the bubble sort algorithm such that, at each iteration of
the outer loop, the smallest element of the corresponding
subarray is moved to the left. Implement this variant of bubble
sort and show how it works on a concrete example.

8 5 % Butvieserh 2(A)
Rooes 4 4o wrt oo
Eg‘;: w-l de ¢ Ao
AT < AL Ve

[l e\ Alpt) e Al
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SELECTION SORT/1

Rough idea
» Select smallest element and swap it with 1st element
> Repeat the procedure on remaining unsorted sequence
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SELECTION SORT/1

Rough idea

» Select smallest element and swap it with 1st element

> Repeat the procedure on remaining unsorted sequence
The algorithm

Algo: SelectionSort(A)
fori=1ton-1do
k=i
forj=i+1tondo
| if A[jl<AlK] then k = j;

exchange Ali] and A[K];
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0000000000000 000

Algorithms
0000000000000 0000O000000

Sorting
000000008000000

Recursion

0000000000000 0O00000000

SELECTION SORT/1

\

As—e

Rough idea

» Select smallest element and

The algorithm

Algo: SelectionSort(A)

fori=1ton-1do
k — i; ‘_"_ @{.‘ﬁz?v\,
‘ a\, =i+1 ton do
Llf [jI<Alk] then k =j;

Lexchange Ali] and A[k];
e
N B“.R.“'I C\( E K

ap it with 1st element

?a‘;i\‘b‘:

r
| L |

< wlare seetles],
e\M_x :5 h"(nft_i)\ '-'k'm

» Repeat the procedure on remaining unsorted sequence

r

QgQ |09 (09 (O] (QQ (U9

] ] H.@o

A
n
n
n
n

C|O|Ofet] |+ |l+

H| =SSO | O =

m@ﬂﬂ;::
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SELECTION SORT/2

Basic properties

» Number of comparisons:

» The number of comparisons is independent of the original
ordering.
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)
SELECTION SORT/3 g‘e 2 8 9

S\

5ot
N TS

Basic properties e
» Number of exchanges:
n—1

M=> 3=3n—-1)=3n—-3 (=

- i=1

» Only the movement of elements is counted. Updating an
index is not counted.

~

o - Resh cesc "]

— \_,_}\-) u.o\
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EXERCISE SL0O1-3

Modify selection sort in such a way that, at each iteration of the
outer loop, it selects the largest element and swaps it with the
last element of the corresponding subarray. Implement this
variant of selection sort and show how it works on a concrete

example. /P“$[:;L”i: SeSeet2 (A
B 5 R ) des) < - 4o 2
?‘ 3 g_ 8:"'\ %qr [V .V\.
s\3 4 L(_‘cr o~
3 = 78 B
>

e T ed Al
\/? Qe ;<7 fo oA oo exclapt AL 1

dAGT> ALYt les
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INSERTION SORT/ 1

Rough idea
» Take first element and consider it as (sorted) sequence

» Continue taking elements and inserting into right place
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INSERTION SORT/ 1

Rough idea
» Take first element and consider it as (sorted) sequence

» Continue taking elements and inserting into right place

The algorithm

Algo: InsertionSort(A)

fori=2tondo
j=i-1;
t = Ali];
while j>1 A t<Alj] do
LAUH] - Aljl;
j=jL

| Afj+1] =t
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INSERTION SORT/1 RPN L WA A
-._3 '\—\\"‘- “k‘('-k
Rough idea i
“;e.-f\& < ?“T. e &
» Take first element and consider it as (yorted) sequence

» Continue taking elements and inserfing into right place
+

The algorithm
Algo: InsertionSort(A)

S

fori=2tondo 0
j=i-1;

f/

0,

t=AliL; @,

S
T

while j>1 A t<A[j] do %SG
(6]
n
1

Lﬁbﬂj;ém @--6 !

| Afj+1]=¢; @ g

ﬁ(_cp/crocmoqoqcm

m/sésss
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INSERTION SORT/2

Basic properties

» Number of comparisons: JAVSIUUA RN AV \o,,y sl
n anh C.\»-;S <) (n"{
Cmin = Z.l.:: n—1 (
i=2
n 2 —n leled R N
om= Sy =5t [0

Q,us,t-ﬂ.tj
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INSERTION SORT/3

Basic properties
» Number of exchanges:

Mmin = E£2):2(n—1):2n—2
1=

n

Mmaz =) (i+1)=
i=2

n2+3n—4
2



Introduction Algorithms Sorting Recursion

0000000000000 000 000000000000 00000000000 0000000000000 00 9000000000000 000000000
: :

TABLE OF CONTENTS — SLO1

4. Recursion
Marking a ruler
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RECURSION/ 1

Recursive object

» It contains itself as part of it

» It is defined in terms of itself
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RECURSION/ 1

Recursive object

» It contains itself as part of it

» It is defined in terms of itself

Recursive procedure

» Procedure that calls itself
» Multiple & mutual recursive calls

» Termination condition to stop recursion
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RECURSION/ 1

Recursive object

» It contains itself as part of it

» It is defined in terms of itself

Recursive procedure

» Procedure that calls itself
» Multiple & mutual recursive calls

» Termination condition to stop recursion " V2 4.2-%

. . A
Example: simple recursion

< S
ifn = 0‘ -

. 1
Factorial - fact(n) = { n-fact(n —1) ifn > 0| fee—"
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RECURSION /2

Evaluate the following three implementations for computing
the factorial of an integer n.

Algo: f@l_(_n)\
ﬁ::o_the/nr% else return n * factl(n-1); \_/

Algo: fact2(n)

if n==0 then return 1; \/
return fact2(n-1) * n;

Algo: fact3(n) - P~c (2)

return n * fact3(n-1); O '; COuSe~
if n==0 then return 1; ( does oo C—&Mﬂ
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RECURSION/ 3

Tracing the call fact1 (3):

fact1(3)
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RECURSION/ 3

Tracing the call fact1 (3):

fact1(3)

3% factl1(2)
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RECURSION/ 3

Tracing the call fact1 (3):

fact1(3)
3% factl1(2)

2* factl1(l)
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RECURSION/ 3

Tracing the call fact1 (3):

fact1(3)
3% factl1(2)
2% factl1(1)

1* fact1(0)




Introduction Algorithms Sorting Recursion

0000000000000 000 000000000000 00000000000 0000000000000 00 0000000000000 000000000
: :

RECURSION/ 3

Tracing the call fact1 (3):

fact1(3)
3% factl1(2)
2% factl1(1)

1* fact1(0)

fact1(0)
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RECURSION/ 3

Tracing the call fact1 (3):

fact1(3)
3% factl1(2)

2% factl1(1)

1* factlg
fact1(0) \@)
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RECURSION/ 3

Tracing the call fact1 (3):

fact1(3)
3% factl1(2)
2% factl1(1)

fact1(0) \@
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RECURSION/ 3

Tracing the call fact1 (3):

fact1(3)

3* factl(2)

V’\
2% factl1(1) \@

1* fact1(0) 1

fact1(0) 1
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RECURSION/ 3

Tracing the call fact1 (3):

fact1(3)
3% factl1(2) 6
2% factl1(1) 2

1* fact1(0) 1

fact1(0) 1
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RECURSION/ 3

Tracing the call fact1 (3):

fact1(3) 6
3% factl1(2) 6
2% factl1(1) 2

1* fact1(0) 1

fact1(0) 1
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RECURSION/4

Example: multiple recursion

0 ifn=0
Fibonacci ( fib(n) 1 ifn=1 )X‘U“

- Y fib(n—1)+ fib(n —2) ifn>1
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RECURSION /4
Example: multiple recursion
0 ifn=0
Fibonacci fib(n) =< 1 ifn=1

fib(n — 1)+ fib(n—2) ifn>1

Example: mutual recursion

Odd number odd(n)

even(n —1) ifn >0

{ false ifn=20

Even number even(n) = { true ifn=0 Q

odd(n—1) ifn>0
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EXERCISE SLO1-4
Design recursive algorithms for odd and even.
okl (3) VSRR TRV S Y
tehve WO % em(\«-' )

—y —

euen (m )
cdm )

—_ wu==0- Al (-1
Hizir-u \l %&’C\MVMST

oA

———e

ko (w20 3h (1) || (o> 0 B2 ever (wr))

61/77 M. Béhlen, IfleUZH

Inf IT 2020, SLO1
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RECURSION/5

Tracing the call £ib (4):

£ib(4)
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RECURSION/5

Tracing the call £ib (4):

£ib(4)
£ib(3) + £ib(2)
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RECURSION/5

Tracing the call £ib (4):

£ib(4)
£ib(3) + £ib(2)
£ib(2) + Fib(1)
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RECURSION/5

Tracing the call £ib (4):

fib(4)
£ib(3) + £ib(2)
£1b(2) + £ib(1)
fib(1) + £ib(0)
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RECURSION/5

Tracing the call £ib (4):

fib(4)
£ib(3) + £ib(2)
£ib(2) + £ib(1)
fib(1) + £ib(0)
£ib(1)
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RECURSION/5

Tracing the call £ib (4):

fib(4)
£ib(3) + £ib(2)
£ib(2) + £ib(1)
fib(1) + £ib(0)
fib(1) 1
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RECURSION/5

Tracing the call £ib (4):

fib(4)
£ib(3) + £ib(2)
£ib(2) + £ib(1)
fib(1) + £ib(0)
fib(1) 1
£ib(0)
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RECURSION/5

Tracing the call £ib (4):

fib(4)
fib(3) + £ib(2)
£ib(2) + £ib(1)
fib(1) + £ib(0)
fib(1) 1
f£ib(0) 0
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RECURSION/5

Tracing the call £ib (4):

£ib(4)
£ib(3) + £ib(2)
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RECURSION/5

Tracing the call £ib (4):

fib(4)
fib(3) + £ib(2)
£ib(2) + £ib(1)
fib(1) + £ib(0)
£ib(1)
f£ib(0) 0
fib(1)
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RECURSION/5

Tracing the call £ib (4):

fib(4)
£ib(3) + £ib(2)
£ib(2) + flb(1
T 1)+ Fib(( )

_K_;s
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RECURSION/5

Tracing the call £ib (4):

£ib(4)
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RECURSION/5

Tracing the call £ib (4):

£ib(4)
£ib(3) + £ib(2)

fib(2) + £ib(1) 2
fib(1) + £ib(0) 1
fib(1) 1
f£ib(0) 0
fib(1) 1

fib(1) + £ib(0)
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RECURSION/5

Tracing the call £ib (4):

£ib(4)
£ib(3) + £ib(2)

fib(2) + £ib(1) 2
fib(1) + £ib(0) 1
fib(1) 1
f£ib(0) 0
fib(1) 1

fib(1) + £ib(0)
fib(1)
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RECURSION/5

Tracing the call £ib (4):

£ib(4)
£ib(3) + £ib(2)

fib(2) + £ib(1) 2
fib(1) + £ib(0) 1
fib(1) 1
f£ib(0) 0
fib(1) 1

fib(1) + £ib(0)
fib(1) 1
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RECURSION/5

Tracing the call £ib (4):

fib(4)
£ib(3) + £ib(2)
£ib(2) + £ib(1)
fib(1) + £ib(0)
£ib(1)
£ib(0)
fib(1)
fib(1) + £ib(0)
fib(1) 1
£ib(0)

[ e T = S S NG}
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RECURSION/5

Tracing the call £ib (4):

fib(4)
£ib(3) + £ib(2)
£ib(2) + £ib(1)
fib(1) + £ib(0)
£ib(1)
£ib(0)
fib(1)
fib(1) + £ib(0)
fib(1)
£ib(0) 0

[ e T = S S NG}
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RECURSION/5

Tracing the call £ib (4):

fib(4)
£ib(3) + £ib(2)
£ib(2) + £ib(1)
fib(1) + £ib(0)
£ib(1)
£ib(0)
fib(1)
fib(1) + £ib(0)
£ib(1)
£ib(0)
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RECURSION/5

Tracing the call £ib (4):

fib(4)
£ib(3) + £ib(2)
£ib(2) + £ib(1)
fib(1) + £ib(0)
£ib(1)
£ib(0)
fib(1)
fib(1) + £ib(0)
£ib(1)
£ib(0)
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RECURSION/5

Tracing the call £ib (4):

fib(4)
£ib(3) + £ib(2)
£ib(2) + £ib(1)
fib(1) + £ib(0)
£ib(1)
£ib(0)
fib(1)
fib(1) + £ib(0)
£ib(1)
£ib(0)
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Is recursion necessary?

» Practice: recursion is elegant and in some cases the best
solution by far
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RECURSION/6

Is recursion necessary?
» Practice: recursion is elegant and in some cases the best
solution by far

» Theory: one could resort to iteration and explicitly
maintain a recursion stack
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RECURSION/6

Is recursion necessary?
» Practice: recursion is elegant and in some cases the best
solution by far

» Theory: one could resort to iteration and explicitly
maintain a recursion stack

» In the above examples recursion is not necessary: there
exist simple iterative solutions
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RECURSION/6

Is recursion necessary?
» Practice: recursion is elegant and in some cases the best
solution by far

» Theory: one could resort to iteration and explicitly
maintain a recursion stack

» In the above examples recursion is not necessary: there
exist simple iterative solutions

» Recursion is more expensive than corresponding iterative
solution: bookkeeping is necessary
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MARKING A RULER/1

Problem description

» Print the marks of a ruler

» Example: . § . | « ¥t ‘
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MARKING A RULER/1

Problem description

» Print the marks of a ruler

» Example:

r [
doghit
Recursive algorithm

e

Algo: Ruler(l,r,h)

Fm = (r+1)/2;
if h>0 then ocddle

|\ Mark(m,h); -
D Ruler(l,m,h- 1?@ 4\-
LRuler(m,r,h—l) ; - q[\\
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MARKING A RULER/2

Printing of marks:

Ruler (0, 8, 3)
Mark (4, 3) I
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MARKING A RULER/2

Printing of marks:

Ruler (0,8, 3)
Mark (4, 3) I
Ruler (0,4, 2)
Mark (2, 2) [
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MARKING A RULER/2

Printing of marks:

Ruler (0,8, 3)
Mark (4, 3) I
Ruler (0,4, 2)
Mark (2, 2) [
Ruler (0,2,1)
Mark (1, 1) |
Ruler (0,1,0)
Ruler (1,2,0)
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MARKING A RULER/2

Printing of marks:

Ruler (0,8, 3)
Mark (4, 3) I
Ruler (0,4, 2)

Mark (2, 2) [

Ruler (0,2,1)
Mark (1, 1) |
Ruler (0,1,0)
Ruler (1,2,0)

Ruler (2,4, 1)
Mark (3, 1) P
Ruler (2, 3,0)
Ruler (3,4, 0)
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MARKING A RULER/3

Printing of marks:

[ ] , ]
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MARKING A RULER/3

Printing

of marks:

]

Ruler (4,8, 2)
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EXERCISE SL01-5/1
Consider the{ SMA of depths 2, 3, and 4 in the

following pictures:
A=2

» Determine the Sierpinski triangles of depths d = 0 and
d=1.

» Design a recursive algorithm that draws a Sierpinski
triangle of depth d.

» Show how to call your algorithm.
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Consider the following patterns:

2 H1 H2

» Hi is the Hilbert curve of order i (named after the inventor
David Hilbert).

» Goal: write a program to produce Hi.
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HILBERT CURVE/2

» Observation: Hi+1 is composed of four components of Hi.
» Solution: Determine the recursion scheme to generate Hi.

v HL He, i
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HILBERT CURVE/3

» Observation: Hi+1 is composed of four components of Hi.
» Solution: Determine the recursion scheme to generate Hi.

H1/A H1/B H1/C H1/D

E—
A= Be A A >C
=4 B3&RTV

C=D1T¢>CL A

H2/A  H2/B
g -

W
|l




Introduction
0000000000000000

Algorithms
00000000000000000000000

Sorting
000000000000000

Recursion
0000000000000 000e00000

HILBERT CURVE/4 ’ ]
The first part of the ¢gde: '
L

4
t#include <SDL2/SDL.h>

/?

SDL_Window *win;
SDL_Renderer xren;

o
float x,

x=xX+dx;

N

DL_Delay (5)
SDL_RenderPresent (ren) ;

Yr

float dy)

v01d§ ?float dax,
SDE_RenderDrawLine (ggn, ,

y=y+dy;

()c,r7

ngan Kﬂnh

- ——

cl J'hQJ Freh, ?\‘\

x+dx, y+dy) ;

(X‘\'AX/\) +A7‘“)
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The last part of the code:

? foo

Ox_mw \“-fi’gku-t Carve

(int argc, charxx argv) {

(argv[1l], "%d", &d);

SDL_CreateWindowAndRenderer ( 400 4OO 0, &win, &ren)ﬂ

SDL_SetRenderDrawColor (ren, 255, 255, 255, 0);

x=395; y=5; u=390/ pow (2,d)-1); \\ .
— whala

A(d); kstwt»“l St \__ﬁzol_/

SDL_Event e;
do { SDL_PollEvent (&e); } while (e.type != SDL_QUIT);\
}

// gcc hilbert.c —o hilbert -Im —-1SDL2; ./hilbert 2
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HILBERT CURVE/ 6
The middle part of the code:

r

void A(int); wvoid B(int); wvoid C(int);

void A(int i) {

void B(int i) {

w...

A=Be—AL A= C

if (i>0) {
B(i-1); l(-w,0; —
A(i_l)l l( Iu)l /
Ei-1); I(u,0);
ci-1; —
b

void D (int);
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EXERCISE SLO1-6/1 A= Mze - D 7’ﬂ
D

— Q= A‘\; B« C “\
Consider the Sierpinski curve: N&/
(=0 =1

» The above pictures illustrate the Sierpinski curve of order
0,1,2and 3.

» Identify the recursive pattern and sketch the code to draw
the Sierpinski curve of order i.



OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO 000000000000 e0
:

AR5 1 (we); BOT 1)

(-JJ

{\ IH YUZH

D01 )y ) (s

Inf IT 2020, SLO1



Introduction Algorithms Sorting Recursion

0000000000000 000 000000000000 00000000000 0000000000000 00 0000000000000 00000000e
: :

SUMMARY

» Algorithmic problem:
» An algorithm transforms input data into output data
» Precisely specify input and output; consider special cases;
work out representative examples o
> A first step is to come up with a simple plan.
» Split or revise complex plans until they get simple.
» Sorting algorithms
> A classical and representative algorithmic problem.
> Initialization and conditions in loops are important.
» Make sure you get details of loops correct by design. Avoid
trial and error.

» Recursive algorithms
» Recursion is an important algorithmic technique.
» Practice the design of recursive algorithms.

» Consider special cases: termination, the first couple of
recursive calls.
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Analysis of algorithms

» Predicting the resources that the algorithm requires

» Resources in terms of time: running time
» Resources in terms of space: memory usage
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Analysis of algorithms

» Predicting the resources that the algorithm requires

» Resources in terms of time: running time
> Resources in terms of space: memory usage

» Efficiency (use of resources) depends on input size
S S



Algorithmic complexity Correctness Asymptotic complexity Special case analysis
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Analysis of algorithms

» Predicting the resources that the algorithm requires
» Resources in terms of time: running time
» Resources in terms of space: memory usage
» Efficiency (use of resources) depends on input size
» Various ways of determining the size of input data

» Depends on the problem being studied
» Number of items in the input (e.g. sorting)
» Total number of bits (e.g. integer arithmetic)
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» Predicting the resources that the algorithm requ1res

» Resources in terms of time: running time
> Resources in terms of space: memory usage

EFFICIENCY/ 1

» Efficiency (use of resources) depends on input size
» Various ways of determining the size of input data

» Depends on the problem being studied
» Number of items in the input (e.g. sorting)
» Total number of bits (e.g. integer arithmetic)

» Must have a model of the implementation technology



Algorithmic complexity Correctness Asymptotic complexity Special case analysis
0000000000000 00000 000000000000 0000 0000000000000 000 0000000000
:

EFFICIENCY /2

Random-access machine

» Generic one-processor, random-access model of
computation
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EFFICIENCY /2

Random-access machine

» Generic one-processor, random-access model of
computation
» RAM contains instructions commonly found in real
computers
» Arithmetic: _.a_c_lgl_, subtract, multiply, divide, etc.
» Control: branch, subroutine call, return
» Data movement: load, store, copy
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Random-access machine

» Generic one-processor, random-access model of
computation

» RAM contains instructions commonly found in real
computers

» Arithmetic: add, subtract, multiply, divide, etc.
» Control: branch, subroutine call, return
» Data movement: load, store, copy

» Each instruction takes a constant amount of time
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EFFICIENCY /2

Random-access machine
» Generic one-processor, random-access model of
computation

» RAM contains instructions commonly found in real
computers

» Arithmetic: add, subtract, multiply, divide, etc.
» Control: branch, subroutine call, return
» Data movement: load, store, copy

» Each instruction takes a constant amount of time

» Data types: character, integer, and floating point
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RUNTIME OF INSERTION SORT/2

Exact running time

Sum of products of rightmost columns (cost, times)

n
T(n):M+cz(n—1)+63(n—1)+042ti
=2

n
—|—C5Z( —1 —i—CﬁZ —1 +C7 1)

1=2 -_
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RUNTIME OF INSERTION SORT/2

Exact running time

Sum of products of rightmost columns (cost, times)

Tn)=cn+can—1)+c3(n—-1)+c¢ t;
T(n) = cin+ o )+ es( )+4§C/

n n
+ c5 Z(tz — 1) + ¢ Z.@— 1) + C7<n — 1)
=2 1=2

- = _—

Some observations
» Running time seen as function of the input size n
——» May depend on which input of size n is given

__ » Such behavior is captured by the parameter(?;
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RUNTIME OF INSERTION SORT/3

Best case running time:

.Array is already sorted: ¢; = 1 oAl J‘“&’“u‘U\
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RUNTIME OF INSERTION SORT/3

Best case running time:
Array is already sorted: t; = 1

T(n)=cin+ (ca+e3+ecqg+c7)(n—1)
=(aa+ctestatce)n—(c2+cz+c+tcr)

=an—+b il
= (~1) =
. . y 2/’7::? [ ])
Worst case running time: = o=
Array is in reverse sorted order{ ti=1) (=) -
s %

T(n)=cin+(ca+c3+cr)(n—1)#cy (@ _ 1)
N (n—ljn

+ (5 + 66,Q2 = g <r“\~°*°’{-"‘~t N
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Worst vs average case

» Usually, one focuses on worst case running time

N ————
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BEST, WORST AND AVERAGE CASE/1

Worst vs average case

» Usually, one focuses on worst case running time

» There are basically the following three reasons
» Worst case running time provides an upper bound
» Guarantee that algorithm will never take any longer
» For some algorithms, worst case occurs fairly often
> Example: searching for an element that is not present
> Average case is often roughly as bad as worst case
> Example: insertion sort is still quadratic on average
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BEST, WORST AND AVERAGE CASE/1

Worst vs average case

» Usually, one focuses on worst case running time
» There are basically the following three reasons
» Worst case running time provides an upper bound
» Guarantee that algorithm will never take any longer
» For some algorithms, worst case occurs fairly often
> Example: searching for an element that is not present
> Average case is often roughly as bad as worst case
> Example: insertion sort is still quadratic on average

( » Might be quite difficult to find typical average case ’)
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BEST, WORST AND AVERAGE CASE/?2

For a specific size of input size n, investigate running times for
different input instances:

6n worst case =4321
4]
£ 5n
= average case =3124
g’ 4n
S a best case =17234
3

2n

1n

c D ‘E F G
input instance

D
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EXERCISE SL02-1

How can we modify almost any algorithm to have a good

be__sf:gqge running time?
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BEST, WORST AND AVERAGE CASE/3
For inputs of all sizes:

Running time

6n

Sn

4n

3n

2n

In

1 2 3 45

6 7 8 9 10 11 12 ,...

Input instance size

worst-case

average-case

best-case
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BEST, WORST AND AVERAGE CASE /4

Concluding remarks

» Often, counting the number of iterations of the core
(innermost) part is sufficient
» No distinction between comparisons, assignments, etc.
» Means that each of them has roughly the same cost
» Does provide results with good /adequate precision
» Simplifying abstraction: asymptotic analysis
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BEST, WORST AND AVERAGE CASE /4

Concluding remarks

» Often, counting the number of iterations of the core
(innermost) part is sufficient

» No distinction between comparisons, assignments, etc.
» Means that each of them has roughly the same cost
» Does provide results with good /adequate precision
» Simplifying abstraction: asymptotic analysis
» In certain cases the cost of a specific operation may
dominate all other costs

» Example: disk I/O versus RAM operations
» Today simple cost models that consider one (the
“dominating”) cost only have to be refined since their
accuracy is insufficient.
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RUNTIME OF BINARY SEARCH/1

Searching revisited
Algo: LinSearch2(A,v)

Input: sequence A[l..n] of length n, value v
Output: either index i such that v = Afi] or NIL

—i=1;
—| while i<n A Alil#£v doi=i+1;
if i<n then return i else return NIL;
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RUNTIME OF BINARY SEARCH/1

Searching revisited
Algo: LinSearch2(A,v)

Input: sequence A[l..n] of length n, value v
Output: either index i such that v = Afi] or NIL

i=1;
while i<n A Ali]#£v doi=i+];
if i<n then return i else return NIL;

» Running times:
> worst case: n
> average case: n/2
> best case: 0
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RUNTIME OF BINARY SEARCH/1

Searching revisited
Algo: LinSearch2(A,v)

Input: sequence A[l..n] of length n, value v
Output: either index i such that v = Afi] or NIL

i=1;
while i<n A Ali]#£v doi=i+];
if i<n then return i else return NIL;

» Running times: o

> worst case: n I X ‘ﬂ,\ ‘

> average case: n/2 %

> best case: 0
» Do things change if the sequence is sorted?
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RUNTIME OF BINARY SEARCH /2

Sorted sequence
Consider middle element & narrow down the search space
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RUNTIME OF BINARY SEARCH /2
L I

Consider middle element & narrow down the seatch space

Sorted sequence @5y - - - -

The algorithm

Algo: BinSearch1(A,v)

Input: sequence A[l..n] of length n, value v

Output: either index i such that v == A[i] or NIL
=1 =
—rm =@l+r)/2];

while [Sr A v£A[m] do
if g Alm] then r = m-1 else=1__= m+1;
m = |(l+1)/2];

if [<r then return m else return NIL;
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EXERCISE SL02-2

Ilustrate the binary search algorithm for the following
examples:

> A =[10,20, 30, 40, 50, 60, 70], q = 30 =
> A=[10,20,30,40,50], q=22 ——

C‘j:goj“_: ?:22’ =
:I;T:?;""“:Lf L=1 , ™=5, —=3
Ret ;e eme | Q=1 T =2, wE
Q:;}\r:'i (=2, 7 = C

ok 1538 1=, r=2
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RUNTIME OF BINARY SEARCH /3

Analysis of algorithm
» How many times is the loop executed?
» Each iteration the difference between r, [ is cut in half
» Initially the difference is n
> Stops when it becomes 0
» How many times do we have to cut » in half to get 0?
» log, n — better than brute-force linear search (n)
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RUNTIME OF BINARY SEARCH /3

('C, A N
Analysis of algorithm (5/_4 Vk"z

» How many times is the loop executed?
» Each iteration the difference between r, [ is cut in half

» Initially the difference is n
> Stops when it becomes 0

» How many times do we have to cut » in half to get 0?
P log, n/— better than brute-force linear search (n)

» Cost of linear versus cost of binary search
» For n = 0.2M one gets log, 200’000 ~ 18

» For n = 2M one gets log, 2'000’'000 ~ 21
> @ne gets log, 20000000 24
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EXERCISE SL02-3

The inner loop of the insertion sort algorithm uses a linear
search to search backward through the sorted array a[l..j-1] to
find the place where to insert the new element. Can we use a
binary search instead to improve the worst case running time
of insertion sort?
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EXERCISE SL02-4

Let A; be an unsorted array of length n; and A a sorted array
of length n9. Both A1 and Aj store integers and do not contain
duplicates.

Provide an algorithm that counts the number of integers in A;
that are also in A,. That is, given A, i{g@,i& 9] and
A_giQQ@,A], cntOcc (41, Ag) returns 2. The asymptotic
complexity of your solution must be strictly less than O(nn2).
Furthermore, the arrays may not be changed and your solution
may not use more than a constant amount of additional
memory. Determine the asymptotic running tlme of f your
solution. ¢4k =0 -
— s ‘1: l “{—c:. u[ CGSY' VLA* ’ﬂe
— ?QJ" \5 = /( %0 “Z

§ A0 = ALT el +4
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2. Correctness
Correctness notions, assertions, invariants
Correctness of binary search
Correctness of insertion sort
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CORRECTNESS/1

Basic considerations
» An algorithm is correct if it terminates and produces the

desired output for any legal input
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CORRECTNESS/1

Basic considerations

» An algorithm is correct if it terminates and produces the
desired output for any legal input

» Automatic proof of correctness is not possible
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CORRECTNESS/1

Basic considerations

» An algorithm is correct if it terminates and produces the
desired output for any legal input

» Automatic proof of correctness is not possible

» There are practical techniques and rigorous formalisms

that help to reason about the correctness of (parts of)
algorithms
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CORRECTNESS/2

Partial versus total
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CORRECTNESS/2

Partial versus total

:
. e

» Partial correctness
If the point indicated with |} is reached, then one gets the
desired output
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CORRECTNESS/2

Partial versus total

v
- - died oupar

» Partial correctness
If the point indicated with |} is reached, then one gets the
desired output

» Total correctness

Indeed the point indicated with || is reached, and one gets
the desired output

—7 w5e Poa'e,f o = 9W='Li [?F’\(g DQ»\ "(L-l (;on/(_q_
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CORRECTNESS/3

Pre/post-conditions

» Assertion: statement about the state of execution
» Example: A[1], ..., A[i] form an increasing sequence
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CORRECTNESS/3

Pre/post-conditions
> Assertion: statement about the state of execution
» Example: A[1], ..., A[i] form an increasing sequence

» To prove partial correctness one associates a number of
assertions with specific checkpoints in the algorithm
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CORRECTNESS/3

Pre/post-conditions
> Assertion: statement about the state of execution
» Example: A[1], ..., A[i] form an increasing sequence

» To prove partial correctness one associates a number of
assertions with specific checkpoints in the algorithm

» Preconditions: assertions that must be valid before the
execution of an algorithm or a subroutine (input)
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CORRECTNESS/3

Pre/post-conditions
» Assertion: statement about the state of execution
» Example: A[1], ..., A[i] form an increasing sequence
» To prove partial correctness one associates a number of
assertions with specific checkpoints in the algorithm
» Preconditions: assertions that must be valid before the
execution of an algorithm or a subroutine (input)

» Postconditions: assertions that must be valid after the
execution of an algorithm or a subroutine (output)
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CORRECTNESS/4  A-(57 A=(5%5548]
A=15,5,51 a=(]
Example: Specify pre- and postconditions for an algorithm that

determines the two smallest numbers in a sequence of numbers
(given as an array). preesse TSl
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s ¥

CORRECTNESS/4 + A=[5] wir,a=s “A=(5,2,55 47125

c A(5,8,5 TR L A=] T ““T"k . T“&
Example: Specify pre- and postconditions for an algorithm thati]

determines the two smallest numbers in a sequence of numbers
(given as an array).

l Precondition (INPUT): an array of integers A[1..n], n > 0

eare
\* Postcondition (OUTPUT): (il € A, m2 € A) such that either ==

1» ml < m2 if vl 18 Guallas €q el Piem ot

—Vi € [l.n] :ml < Ali]— alif = A
Vi € [ln] : A[Z] % ml = m2 S A[Z], Or.\\‘ 2 ‘ls g—alles ‘?T“M\
> m2:m1:A[1] if P all =t 1~

\

Vi, j € [1.n] : Ali] = Alj] A W R =\
‘ _a_I‘l au~ary ~ R

aJ < et[u-a-l
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Loop invariants
- ke

» To show correctness of loop statements
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CORRECTNESS/5

Loop invariants

» To show correctness of loop statements

» Invariants: assertions that are valid any time they are
reached
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CORRECTNESS/5

Loop invariants

» To show correctness of loop statements

» Invariants: assertions that are valid any time they are
reached
» One must show three things about loop invariants
» Initialization: it is true before the first iteration
» Maintenance: if it is true before an iteration then it is true
after that iteration ¢ —= J+/
» Termination: when the loop terminates, it gives a useful
property that helps to show that the algorithm is correct
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CORRECTNESS OF BINARY SEARCH /1

Goal: We want to show that binary search returns NIL if v is
not in A.

l1=1,r=n;

m = |(l+1)/2];

while [<r A v£A[m] do
if v<A[m] thenr =m-1 else]l = m+1;
m = [(L+1)/2];

if [<r then return m else return NIL;
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CORRECTNESS OF BINARY SEARCH/1

Goal: We want to show that binary search returns NIL if v is
not in A.

l1=1,r=n;
m = |(l+1)/2];
while [<r A v£A[m] do
if v<A[m] thenr =m-1 else]l = m+1;
Lm = |(+1)/2);

if [<r then return m else return NIL;

Invariant:
> Vie[l.l—1]:v> A, and
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CORRECTNESS OF BINARY SEARCH/1

Goal: We want to show that binary search returns NIL if v is
not in A.

l1=1,r=n;

A L + "
while 157 N SENENEN S
while I<r A v£A[m] do A= f/_%l | 11
if v<A[m] thenr =m-1elsel =m+1; <V > v
m = |(1+1)/2];

if [<r then return m else return NIL; -

Invariant:
> Vie[l.l—1]:v> Ali],and | -
> YVie[r+1.n]:v <Al
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CORRECTNESS OF BINARY SEARCH /2

| l=1)r=n;,m=[(+1r)/2];
Tile [<r A v#£A[m] do

if v<A[m] thenr = m-1 else ] = m+1;
Lm = |(l4+1)/2};

Invariant:

p=—

tv > Al
> \Zv/_z-i- i) s v < Ali]

if [<r then return m else return NIL;

1r 111 (1]
pe
The invariant holds because there are no elements to the left of

[ and no elements tg the right of .
» | =1yields(¥i € [1..0): A[i] < v. This holds since the range
[1..0] is empty.
» r =nyields Vi € [n+ 1..n] : A[i] > v. This holds since the
range [n+1..n] is empty.
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= b ot (Favand
CORRECTNESS OF BINARY SEARCH/3 /= .3
r:.-q.—-E? el o
-
\p-n.u_..-_.‘- J\d_)
l=Tr=n;m= |[(4+1)/2];
Invariant: while I<r A vZA[m] do_ - patet )
> V?[l..l "1 0> A[l Lif v<Alm] then(r = m-1selse 1 = m+1;
\ > Vie[r+l.n]:v< Al m = [(Ln)/2);
if [<r then return m else return NIL;

e___i = =
Maintenance: [,r,m = |(1+r)/2] éj L : L LISS
Two cases: = ";@ ]

» We have A[m] # v, d[m] > y,¢ = m — 3, A is sorted.
This implies Vk € [r 4+ 1..n] : A[k] > v.

» We have A[m] # v, Ajm| <wv,l =m+ 1, A is sorted.
This implies Vk € [1..l — 1] : A[k] < v.
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CORRECTNESS OF BINARY SEARCH / ue ) /2] 2 ¢
s A=[?]), y= §
l=T,r=n;m=|(l4+1)/2]; 2=1 , q=1

Invariant: while I<r A v£A[m] do

> Vie[Ll—1]:v> Al Lifv<A[m]the r=mJels(=m+i) ==

) . m = [(I+1)/2];
> Vie[r+1.n]:v< Al E;I =
if /<7 then return m else return NIL; I

(oo

Termination: [,r, ] <r
o Lig leupr e L

(+1)/2] + 1 > 1

+1)/2| -1 <r
e s CL"-*JU\J‘ lrk»—-'\ r
Thus, the range gets smaller during each iteration and the loop

will terminate when [ < r no longer holds.

Two cases:

» [ =m -+ 1 allows to conclud

» r =m — 1 allows to conclud
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ExERCISE SL02-5 P! () @(@%

Formulate the loop invariant for the outer loop of the selection
sort algorithm. What happens if in the selection sort algorithm E
the outer loop runs up to n?

— h.,_.\r e‘\e__-ﬂm\- :-n F“t_’t o=l —j ase q_{;e::lt{a—lgu{xu{‘

e and tley o< seller tlem <l ey T A

Viel.e2). ALT< Al (= AT s fsu)
Yoo (e or] Wisle ] = ALI< AT

—

E R O\

Inf I1 2019, SLO2 30/61 M. Bohlen, Ifl@eUZH
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e 1= U A § ‘ - -
FOR Loops o " > | iz A de 0 O
()"‘r ¢ - te 2 (8% ‘?n‘_ Soq e =2 O
[ I “ >
» In pseudo code the for loop can run up (we call this up
loop) or down (we call this down loop).
» We have an up loop if the loop runs from low to high:
» Example of an up loop: Array A[l.n]; for j:i tondo..
> If the start value of an index (start) is higher than the end
value of an index (end) an up loop is executed zero times
» Otherwise an up loop is executed (end - start + 1) times

» We have a down loop if the loop runs from high to low:
> Example of a down loop: Array A[1..n]; forj=ntoido..
» If the start value of an index (start) is lower than the end

value of the index (end) a down loop is executed zero times
» Otherwise a down loop is executed (start - end + 1) times

» The value of the loop variable is undefined after the loop.
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CORRECTNESS OF INSERTION SORT/ 1

ori=2tondo
Nj=i1; t= Al
while j>0 A AljI>t do
LA[]'+1] =A[jl;
j=iL
Afj+1] =t
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CORRECTNESS OF INSERTION SORT/ 1

fori=2tondo
j=i-1;t=A[];
while j>0 A Alj]>t do
LA[]'+1] =A[jl;
j=iL
Afj+1] =t

Loop invariant

All...i—1] sorted
» Outer loop:{ A{l...z’— 1}  Aorig
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CORRECTNESS OF INSERTION SORT/ 1

__Lfori=2tondo T

j=i-1;t= Al P L1\ o bep.
1 | S

while j>0 A A[jI>t do 1+
L.A[]'.H] = Aljl;
=L

I
Ali+1] =t [/@@;ééﬁﬂ e e
LTt

Loop invariant

@sorted
Al i—1] € Aomis)—

» Outer loop: {

Jtorj+1<l<:<z—1

» Inner loop: ¢
A[l...jloAlj+1...i— 1] sorted

[y n.\,\-\a\\:"—‘
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CORRECTNESS OF INSERTION SORT/2

Outer loo 7 foii = 2 to n do
» (A[l..s — 1)is sorted ] =i-1; t = A[i];
> A[li ] € A9 hile j>0 A Alj]>t do

Inner loop:
> All.g],t, Alj+1...1—1]
> t< Alklforj+1<8k<i-—-1 Alj+1] =t
> A[l..j]o A[j + 1..s — 1]sorted _

LA[j+1] =A[jl;
=1

( Initialization:
» ¢ = 2:invariant holds; A[1..1} is trivially sorted —
> j=i— 1 Al.i— 1]t Afii — 1], t = A[l]
Ali.i—1]is Z&npty (and thius trivially sorted)

A[l..i — 1] is/sorted (invarjant of outer loop)

el

au—fif
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CORRECTNESS OF INSERTION SORT/ 3

Outer loop: fori=2tondo

> All.i—1]is sortgd j=i-1; t = A[i;

> All.i—1] e Ao while j>0 A @[7Z>  do
Inner loop: L [+11 = A[jl;

> ALt Al 1. i — 1] j=JL

> t< Alklforj+1<k<i-—1 A[j+1]=t,‘

> A[l..j]o A[j + 1..i — 1] sorted

Maintenance:
» A[l..i — 1] is sorted + insert A[i] implies A[1..7] is sorted

> All.j — 1@7’_4— 1..1 — 1] satisfies condition since
Alj] > t and A[l..i — 1] is sorted
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CORRECTNESS OF INSERTION SORT /4 i o '*“*
(asc

Outer loop:
» A[l..i — 1] is sorted
> All.i—1] € Ao

Inner loop:
> ALt A+ 1...i—1]
> t < Alklforj+1<k<i-—1
> A[l..j]o A[j + 1..i — 1] sorted

. L. ek
Termination: e

QN,\QJ
» outer loop: i :/jt 1 and A[l..n] is sorted
> Ajl <t A[l.j:\t, Alj +1.i—1] = A[l.i]issorted <=s<©
> j=0: Affjl.i — 1] = A[l..q]issorted ~ Cace A
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3. Asymptotic complexity —~ >
Mathematics refresher
Order of growth
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ASYMPTOTIC COMPLEXITY

Asymptotic analysis

» Goal: simplify the analysis of running time
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ASYMPTOTIC COMPLEXITY

Asymptotic analysis

» Goal: simplify the analysis of running time
» Approach: getting rid of unnecessary details

> Affected by specific implementation and hardware
» “Rounding” of numbers: 1000213 =~ 1000000
» “Rounding” of functions: 3n? + 2n ~ n?
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ASYMPTOTIC COMPLEXITY

Asymptotic analysis

» Goal: simplify the analysis of running time
» Approach: getting rid of unnecessary details
> Affected by specific implementation and hardware
» “Rounding” of numbers: 1000213 =~ 1000000
» “Rounding” of functions: 3n? + 2n ~ n?
» Fundamental concern: how the running time increases
with the size of the input in the limit
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ASYMPTOTIC COMPLEXITY

Asymptotic analysis

» Goal: simplify the analysis of running time
» Approach: getting rid of unnecessary details
> Affected by specific implementation and hardware
» “Rounding” of numbers: 1000213 =~ 1000000
» “Rounding” of functions: 3n? + 2n ~ n?
» Fundamental concern: how the running time increases
with the size of the input in the limit

» Asymptotically more efficient algorithms are best for all
but small inputs
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MATHEMATICS REFRESHER /1

Summations
» Simple manipulations
n n
ca; =c Z a;
=1 =1
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MATHEMATICS REFRESHER /1

Summations
» Simple manipulations
IR
=1 =1
S CTRTIES S oit
=1

» Arithmetic psbgzession 2es\= S

1
> Z@:1+2+...+n:$
i=1
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MATHEMATICS REFRESHER /1

Summations
» Simple manipulations
IR
=1 =1
S CTRTIES S oit
=1

» Arithmetic progression

n
> Zi=1+2—|—-~-+n=n7

i=1
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MATHEMATICS REFRESHER /2

> Geometric pfogression & e’
P given an integer ng and a real number 0 < a # 1:

n
) 1 anJrl
Za’:1+a+a2...+a": -
= 1—a
J—
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MATHEMATICS REFRESHER /2

» Geometric progression
» given an integer ny and a real number 0 < a # 1:

1 —qgnt!

n
Zai:1+a+a2~~+a":
= 1—-a

» given an integer ny and a real number |a| < 1:

oo ) 1 -
;az: l1—a

e
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MATHEMATICS REFRESHER /3

Proof by induction ofL n(n+1) l

1+
> BMeZ@u—l— )
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MATHEMATICS REFRESHER /3

» Inductive hypothesis: z,@;f% i = @
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:

Special case analysis
0000000000

MATHEMATICS REFRESHER /3

Proof by induction of }7" ;i = %
» Base case: lezli =1= 1(12“)

» Inductive hypothesis: 37" i = %

» Inductive step (uses inductive hypothesis):

(n—=1)n nn+1)
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MATHEMATICS REFRESHER /4

-

s

—» log,b=1log.b/log.a — \
» log, b°= clog, b (

—» gMag" = am—i—n C
» " = (am)n

> alogab =b

> lgb=1db=logyb _ [ ( '}
o = ¢ lors [«

» Notation: log, b = “logb

Logarithms and powers B /—
> log, (be) = log, b+ log, c "y (J/[@] (2
7

CLA—](‘\—[ J[‘(—-'s QJC’SQ =q (G‘

= ceaslk Rebes € V= asyg ol



Algorithmic complexity
0000000000000 00000

Correctness

000000000000 0000

Asymptotic complexity
000000®000000000

Special case analysis
0000000000

MATHEMATICS REFRESHER /5

Some typical functions
Fromn = 10upton =1M

(,,Lecr\«Qw

( QJ jﬁt\.i-t. SCJL ()

¥) (oo ) 1 N
\o 3 95 (hpes S expe
dlfferent time complexity classes /
lo / i
Q-‘_Lll‘:‘l‘ logn log’n. /n (n]] nlogn nlog?n n3/2
9 37 10 30 90 30
2.35¢) 6 36 10 | 100 600 3600 1000
9 81 311000 [ 9000 8e5  3ed
13 169 100 | led 1e5 2e6  le6
16 256 316 | Teb 2e6 3e7 37
19 361 1000 | Te6 2e7 4e8  1e9
1 \ vy uer (‘-—-05‘; C
J, VIRV f 7 peel
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Big-O notation
» Asymptotic upper bound

» Used for worst-case analysis
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ORDER OF GROWTH/ 1

Big-O notation
» Asymptotic upper bound

» Used for worst-case analysis

» f(n)and g(n) are functions over non-negative integers



Algorithmic complexity Correctness Asymptotic complexity Special case analysis
0000000000000 00000 000000000000 0000 0000000800000 000 0000000000
:

ORDER OF GROWTH/ 1

Big-O notation
» Asymptotic upper bound

» Used for worst-case analysis
» f(n)and g(n) are functions over non-negative integers

» f(n) = O(g(n)) if and only if there exist constants ¢ > 0
and ng > 0 such that f(n) < cg(n) for n > ng
(o) —eAliplied

SR
£ o Y
A
Qo fo 2
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EXERCISE SLO02-6 (22)"

Prove or disprove the following statements:

1. 2n+1 O(2n) 2. 22"‘- _C: Caw
2. 22" = 0(2") 2w -
< ¢ c
3. 2n!% = O(nlgn) ¢ -
f? s Y
u._-+1 - Vi Z : Z
1. £ X

\Am@zuwﬁﬁ

et tol ML R RPN BTN
Cfl <
“ c (c-g?w

Inf IT 2019, SL02 -0l 1 M. Bohlen, Ifl@UZH
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ORDER OF GROWTH /2

Big-{) notation

» Asymptotic lower bound
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ORDER OF GROWTH /2

Big-{) notation

» Asymptotic lower bound

» Used for best-case analysis
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ORDER OF GROWTH /2

Big-{) notation
» Asymptotic lower bound

» Used for best-case analysis

» f(n) =Q(g(n)) if and only if there exist constants ¢ > 0
and ng > 0 such that cg(n) < f(n) for n > ng

S(n)

cg(n)

ny
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ORDER OF GROWTH /2 (. (C_WL jcs;;fe,?e ]

Big-Q2 notation R nggtmg &

» Asymptotic lower bound
» Used for best-case analysis

» f(n) =Q(g(n)) if and only if there exist constants ¢ > 0
and ng > 0 such that cg(n) < f(n) for n > ng

S(n)

cg(n)

ny

» Little-o/w: non-tight analogues of big-oh/omega
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ORDER OF GROWTH/3

Big _@_ notation

» Asymptotic tight bound
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ORDER OF GROWTH/3

Big © notation

» Asymptotic tight bound

» f(n) = 0O(g(n)) if and only if there exist constants ¢; > 0,
ca > 0, and ng > 0 such that c1g(n) < f(n) < cag(n) for

n = ng
cg(n
- f(n)
c,g(n
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ORDER OF GROWTH/3

Big © notation

» Asymptotic tight bound

» f(n) = 0O(g(n)) if and only if there exist constants ¢; > 0,
ca > 0, and ng > 0 such that c1g(n) < f(n) < cag(n) for

n > no
c,8(n)
f(n)
agn)

> f(n) = 0O(g(n)) iff f(n) = O(g(n)) and f(n) = Q(g(n))
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ORDER OF GROWTH/3

Big O notation

» Asymptotic tight bound

» f(n) = 0O(g(n)) if and only if there exist constants ¢; > 0,
ca > 0, and ng > 0 such that c1g(n) < f(n) < cag(n) for

n > no
c,8(n)
fn
cg(n)

f(n) = O(g(n)) iff f(n) = O(g(n)) and f(n) = Q(g(n))

O(f(n)) is sometimes (ab)used as notation for O(f(n))

(019 ‘—‘.o\" Jc; {'Ll“.s)

|
|
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EXERCISE SL02-7 (e > o= (¢ asc cc;‘ms\«-—-l—%)

Determine the asymptotic complexities of the formulas:
1. 0.001n2 + 7000000 = & () l w’na e[ _ D

2. 2n+n10/000 — 6_ “]c}r_
/_g,\n Lo S & (™) b%ls}x -
e e o~tid 7 4/

\ 4. logyn+n°® — & (.S ey =
5. 2n+2n/2 - & (2‘4\) c
6. nlogc+clogn — QG«L;JQ) XIV B
7. 2n* +100nlogn+5 = (& c kf&jx -

8. i’)Ologn—I—fﬁ}?o/g—Q1 =~ 6
9. 4losn 4 n2 _ 6"(03)

Te A
Lf = /l'a\r.r{h — G.¢

lui‘_'tﬂ -

Inf I1 2019, SLO2 47/61 M. Bohlen, Ifl@eUZH
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ORDER OF GROWTH /4

Useful analogy



Algorithmic complexity Correctness Asymptotic complexity Special case analysis

ORDER OF GROWTH /4 o(urs) = f o /(Go;
W
Useful analogy ") Sown ) AT
> f(n)=O0(g(n) <« f<g legw ) 2h
> f(n)=olgn) © f<g 2 R
> f(n)=Qg(n) <« f=>g —
> f(n)=w(gn)) < f>g
> f(n)=06(g(n) < f=g

» Abuse of notation:|f(n) = O(g(n)) %ctually means

[?(n) € O(g(n)? since O(g(n)) is the set of all functions for

which there exists constants ¢ > 0 and ng > 0 such that ...

G<§[“” = {QA(M] cesasks ¢ we guck bl \\(:‘]di]?
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ORDER OF GROWTH/5

Practical issues
» Drop multiplication constants
» Consider only the leading term of a formula
» Examples:
> (Tn—31is O(n)
» 50nlognis O(nlogn)
» 80n2logn + 5n? + nis O(n?logn)
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Practical issues
» Drop multiplication constants
» Consider only the leading term of a formula
» Examples:
> 7n—3is O(n)
» 50nlognis O(nlogn)
» 80n2logn + 5n? + nis O(n?logn)
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ORDER OF GROWTH/5

Practical issues
» Drop multiplication constants
» Consider only the leading term of a formula
» Examples:
» 7n—3is O(n)
» 50nlognis O(nlogn)
» 80n2logn + 5n? + nis O(n?logn)

» Lower-order terms are relatively insignificant

» Although 50n logn is O(n%), it is expected that an
approximation is of smallest possible order
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COMPARISON OF RUNNING TIMES

Determining the maximal problem size:

Running Time | 1second | 1 minute | 1 hour
T(n) in us T | T
400n 2500 150’000 | 9°000°000
20nlogn 4096 166’666 7'826'087
2n? 707 5477 42426
n? 31 88 244

2" 19 25 31
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EXERCISE SL02-8 = /= k=1 €lu)
Provide an algorithm that selects the\k: th smallest ir 1nteger from
an unsorted array A of length n that does not contain Wt ow
duplicates. For instance, given k = 3 and sl ey ?,

A= [12 4,10,8,9.33,2 18], select _kth (A4, k) returns 8. /= gg ]
Determine the asymptotic complexity of your algorithm. ok

A? QAc&bM(Q L() :ﬁ "E [N !3% \"L—-'-J_\——OS\- Pw

)
—— = o M
%U_A%gx c Jo A wed
%Fﬁ :AE“ . “JI:L\ § Z\}:EH L:Z:,- w-2
< Al~ el
jjw:‘l —] 52. (M‘L') L‘l'z( L"L—L(
c=A4

X Uil
ekf‘-\k»—/a); AL 4 Ale [ = w2t Uy - Ifif_i] - @(1/\1"3
celu—~ A (KT < ‘
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SPECIAL CASE ANALYSIS/ 1

Basic approach

» Checking correctness of a program

» Consider all possible extreme cases

» Make sure the solution works in these cases

» Problem is reduced to identifying all the special cases

» Related to problem specification (input/output relation)
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Special cases

» Data structure (array, list, file, etc.)
» Empty, single element, completely filled ) /{ u,jr‘l( ey
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SPECIAL CASE ANALYSIS/2

Special cases

» Data structure (array, list, file, etc.)
» Empty, single element, completely filled

» Particular values, border of domain
» Zero, empty string, negative numbers, etc.

» Calling of functions (procedures)
» Entering function, termination of function
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SPECIAL CASE ANALYSIS/2

Special cases

» Data structure (array, list, file, etc.)
» Empty, single element, completely filled

» Particular values, border of domain
» Zero, empty string, negative numbers, etc.

» Calling of functions (procedures)
» Entering function, termination of function

» Control and loop statements
» Start of loop, end of loop, 1st iteration
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SPECIAL CASE ANALYSIS/3

Simple example
Algo: Sorted1(A)

Input: array A[1..n] of integers
Output: TRUE UE if A is sorted, FALSE otherwise

fori=1tondo
Lif Ali]>A[i+1] then return FALSE;
return TRUE
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SPECIAL CASE ANALYSIS/3

Simple example
Algo: Sorted1(A)
Input: array A[l..n] of integers
Output: TRUE if A is sorted, FALSE otherwise

fori=1tondo
Lif Ali]>A[i+1] then return FALSE;
return TRUE

» Loop special cases:
> i =1 (start)
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Correctness
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0000000000000 000 0000000000

SPECIAL CASE ANALYSIS/3

A= (123 ]
=3

Simple example
Algo: Sorted1(A)

Input: array A[l..n] of integers
Output: TRUE if A is sorted, FALSE otherwise

fori=1ton
Lif Ali]>A[i+1] then return FALSE;
return TRU

» Loop special cases: — @L.,_rl7 afray 1 w=0 O

| 4 ’ZL z :I(start) (\/) wa,t,;_zv C‘;QTU‘-‘C\}‘
» Data structure special cases: _ (= - LAV, AL A
> empty array Q “ T

> single element array

: L
— @‘:.(_2‘?,4,] ?
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SPECIAL CASE ANALYSIS/4

Algo: Sorted2(A)
Input: array A[l..n] of integers
Output: TRUE if A is sorted, FALSE otherwise

fori=1ton-1do
Lif Ali]>A[i+1] then return FALSE;
return TRUE
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SPECIAL CASE ANALYSIS/4

Algo: Sorted2(A)
Input: array A[l..n] of integers
Output: TRUE if A is sorted, FALSE otherwise
fori=1 to@do
Lif Ali]>A[i+1] then return FALSE;
return TRUE

» start of loop, i=1: o&  Al4] > A7)

end of loop, i=n-1: cx Al > A ()

first iteration from i=1to i=2: cx A3 > AL3]

empty array, n=0, A=[]: 0.r (=440 -1 Do OYS

one element array, n=1, A=[1]: r izl %6 0 O oW

two element array, n=2, A=[1,0]: o Pe 121 o4 A AUV
A=[1,11], A=[12,3], A=[-1,0,1,-3]: o A
A=[321]: -

VVYyVVYVYYVYY

~ 7
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CORRECTNESS OF BINARY SEARFIVARIANT /1
Mo sadeh casesy |

algorithm.

1,1=2
gy et o # e{ "
A ele— srerog elea U L
Use special cases analysis to analyze the following I ~/

Algo: BinSeard@"(.j%,v)
=2
+ l=1;r=n; a. A=L§,?F]j \f:g i/
—t repeat v &
- = |(14+1)/2]; O. A=ls2T, V°©
_,..-—1f A[m]==v then return m; C. v=( — 0= =2
else if A[m]>v thenr = m-1; A - =2/ -2
i—| elsel =m+1; ) ve? ol '
until I>7; e, v=§ TV
return NIL;
0= =2
£=2 , ¥5%
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CORRECTNESS OF BINARY SEARCH VARIANT /2

Use special cases analysis to analyze the following

algorithm.
Algo: BinSearc}W,v) «. A= l T; 97 I VE 2
—11=1;r=n; ~ ~
__| while I<r do L1 r=e

m = [(L+1)/2);
if Alm]<vthenl=m+1elser = m;

(=1 , T =l
yul
—if f},nf];} then return I-1 else return NIL; ﬂ L G j 'S G Gofse A

A A=[53T, v=2 €= =R K(Z

L=2  t=2
NiL
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CORRECTNESS OF BINARY SEARCH VARIANT/ 3

Use special cases analysis to analyze the following
algorithm.
Algo: BinSearc@A,v) X
1:1,’1‘:1‘1; 4~ H;{S 7'./::2
while [<r do _ -
Lm = [(4)/2); £=1, =2
tif Alm]<v then1=m+1 elser = m; {: | r=1
— )

if A[l-1]==v then return I-1 else return NIL;
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0000000080
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EXERCISE SL02-9

Use special case analysis to determine the correctness of
BinarySearch4 and BinarySearch5.

Algo: BinSearch4(A,q) o Algo: BinSearch5(A,q)
l=Lr=n—" - 1--:T;‘ T=n;
while lé;’ do while I<yr do

m = [(+1)/2];

=~ if A[m]==q then return m;
else if A[m]>q thenr =m-1;
- elsel = m+1;

m= [(I+r)/2];

if A[m]==q then return m;
else if A[m]>q thenr =m-1;
elsel = m+1;

return NIL; < return NIL;
AN
_ . - E':’f ] r=2_ ﬁﬂf? J:2
A‘tb}?]au:fg‘ {:? , = f_:z} =2
V=5, Yo~ DL
e —N (s~ 2 13 Cg/
Pasts?)  uer RS B-S 5
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OUTLOOK

This week
» Algorithmic complexity
» Correctness of algorithms
» Asymptotic analysis

» Special case analysis

Next week
» Divide and conquer
» Merge sort, tiling
» Recurrences
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DIVIDE AND CONQUER/1

Designing algorithms
» Recursive algorithms: divide-and-conquer approach

» Principle: if problem size is small enough to be solved
trivially then solve it; else

———1. Divide problem into a number of subproblems
—— 2. Conquer subproblems by solving them recursively

~— 3. Combine solutions of the subproblem into solution for the
original problem
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» Requires some practice and is the key part
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DIVIDE AND CONQUER/?2

Finding decomposition
» Requires some practice and is the key part
» Fundamental properties of a decomposition

> It reduces the problem to smaller problems

» Often, these smaller problems are the same as the original
problem -

> A sequence of decompositions eventually yields the base
case (trivial solution)

» It must contribute to solving the original problem
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MERGE SORT/ 1

Rough idea

» Closely follows the divide-and-conquer paradigm
» To sort an n-element sequence proceed as follows PLl 2

» Divide: divide the sequence into two n/2-element
sequences T —
) » Congquer: sort the two sequences recursively usingmerge

Csort
» Combine: fnerge the two sorted sequences to produce the
solution - o
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MERGE SORT/ 1

Rough idea

» Closely follows the divide-and-conquer paradigm
» To sort an n-element sequence proceed as follows
» Divide: divide the sequence into two n/2-element
sequences
» Congquer: sort the two sequences recursively using merge
sort
» Combine: merge the two sorted sequences to produce the
solution

» Recursion stops when the sequence that must be sorted
has length 1.
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ERGE SORT/2 [
MERGE SORT/ T L_T\

Base case: array of size 1,i.e., [l =r

The algorithm | [“m {:\!L&

Algo: MergeSort lA,l,r’f

Input: array A[l.r]
Output: permuted array Al .r] that is sorted in increasing order
—Lifl<rthen —=r¢ T A elemy

——“— m = [(I+1)/2];

—T MergeSort(A,l,m);
— /IergeSort(A m+1,r);
ﬂ—-LMerge(A Lrm); ém—— Ue}' [gm

|

1

LRt =)
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Sorting (5,2,4,7,1,3,6,2): overview
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MERGE SORT / 4

Goal{(7, 1 14,15, 20] (@@@ 227;»{@7

4,15,16, 20, 22]

—
—-—._._‘_‘_;

i=Lj=1

Llf B[1]<B[]] then A[K] =

for i = I to m do B[i] = A[i]; — <=p? 4k p
| fori=m+1to r do B[r+m-i+1] = A[i];, — cepy *

else A[k] = B[j];j =i-1;

e 1.--—-&
fork=1tordo — copie> \e,a \r.: To & and <asucy

Bli];i=i+1; e~

ot = B

_‘,ﬂ;\. *a % \t'\. rcuGK‘
arhe s

Algo: Merge(A,Lr,m) B(r] = {4[\_“]
Input: array A; indexes |, r and m from MergeSort Blr-1T» Al 2]
| Output: A[l..r] is sorted in increasing order Ble-2]= Al-s]

j_“)L 6 =g Cc;.._.\u;s&—\

“wo ekwpum\

- L--.UE__ ‘?—t"_""

3 —l—-——PrAF;

The following slides show the state at the beginning of the

third for loop.

Bes

=<
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MERGE SORT/5
Merge of [2,4,5,7,1,2,3, 6]

» Before the (last) call of Merge:
A=|2]4]5]7]1]2]3]6]

3 st o~ EEIED
fer enp -CLLLLLL

(et tlareem

>i=1j=8k=1 &!
2|
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» Before the (last) call of Merge:
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MERGE SORT/5
Merge of [2,4,5,7,1,2,3, 6]

» Before the (last) call of Merge:
A=|2]4]5]7]1]2]3]6]
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MERGE SORT/ 6

Merge of [2,4,5,7,1,2,3, 6]

> i=1,j=6k

-3 2 Ts 76l [21]
AT
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MERGE SORT/ 6

Merge of [2,4,5,7,1,2,3, 6]

> i=1,j=6k

-3 2 Ts 76l [21]
AT
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MERGE SORT/ 6

Merge of [2,4,5,7,1,2,3, 6]

> i=1j=6k

b-|
am
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MERGE SORT/7

Merge of [2,4,5,7,1,2,3, 6]

> i=2="5k

5[ [ TTe[s[2]1]
A=
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MERGE SORT/7

Merge of [2,4,5,7,1,2,3, 6]

> i=2="5k

5[ [ TTe[s[2]1]
A=
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MERGE SORT/7 7z v 5 (20) 13 12 S

1Al <le—y Qo SV psd
Merge of [2,4,5,7,1,2,3, 6] Love Keen wsedt {"L* ¢ P
‘%q_ [c—ﬂak&\ Q‘\-«—Q = r*\ r)-ul:

» i=2,7=5k=5 ' m‘kmtm'\k
_\2\4\5\7\6\3\2\1\ o7 ek
A=[2l2[3] [ [ 1] U=k

1./(. . '%‘krb\f

» 1=3,7=5k=6 :

—\2\4\5\7\6\3\2\1\

A=[1]2]2]3[4]. | [.|
(<

Inf I1 2019, SLO3 11/59 M. Bohlen, Ifl@eUZH
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MERGE SORT/ 8

Merge of [2,4,5,7,1,2,3, 6]

> i=4,j=5k

53 A0
A=
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MERGE SORT/8
Merge of [2,4,5,7,1,2,3, 6]

> i=4,j=5k

5[ A0
A=
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MERGE SORT/ 8 @
Merge of [2,4,5,7,1,2,3,6] G _727#5&—.:-“\3 @acser s

ke flag Gelo—

> After last iteration of for loop:
A=[1]2]2[3]4]5[6]7]




Divide and conquer Recurrences

00000000000 e0000000000000 0000000000000 0000O0000000000000000
: :

MERGE SORT/9

MergeSort of [85, 24, 63, 45, 17, 31, 31, 96, 50]

[85[24[63[45[17[31[ 9% | 50 |




Divide and conquer Recurrences

00000000000 e0000000000000 0000000000000 0000O0000000000000000
: :

MERGE SORT/9
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L[ [ [ [17[31[9[50]
_— ~
[24]85] | | L 1]
SN SN
L[ ] [45]e] I
/ \ / \ / \ / \
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MergeSort of [85, 24, 63, 45, 17, 31, 31, 96, 50]

L[ [ [ [17[31[9[50]
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MergeSort of [85, 24, 63, 45, 17, 31, 31, 96, 50]

L[ [ [ [17[31[9[50]
_— ~
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MERGE SORT/9

MergeSort of [85, 24, 63, 45, 17, 31, 31, 96, 50]

| 24]45]63]85[17]31]96] 50 |
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MERGE SORT/9

MergeSort of [85, 24, 63, 45, 17, 31, 31, 96, 50]
]24\45\63\85\ \

[ [ ]
_— ~
LT 1] [17]31]96]50]

N N
|
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MergeSort of [85, 24, 63, 45, 17, 31, 31, 96, 50]

[ [ ]
~
LT 1] [17]31]50] 9% |

[24]45]63[85] ]
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MergeSort of [85, 24, 63, 45, 17, 31, 31, 96, 50]
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MERGE SORT/9

MergeSort of [85, 24, 63, 45, 17, 31, 31, 96, 50]

[17]24[31[45]50] 63]85] 9%
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EXERCISE SL03-1  w~=[(&)/2]  Ale. )| Bles) r)

Assume A = [4,5,3,2,5,9,4]. Show the content of the array (-] , =3
after the fourth call of Merge during MergeSort. —=2

- 1..27]
(o = 13121l 5] ALs )

ﬁji
el \\:

%‘ D/‘ T

—> A= (229 5,8,9,9 ]

Inf 112019, SLO3 14/59 M. Bohlen, Ifl@eUZH
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MERGE SORT/10 cx & e %

Running time st o shple
2 belec
» Recursive algorithms: T'(n)
O(1)

scribed by a recurrence
ifn <c (A= e
T(n) _ lf ns-«c ( l\t)

- :a_T( )+ D(n) +C(n) otherwise =

=y e/¥ sdprlig \CGSL %\Cﬂ‘} [0S
> n < c:base case Losela, ISNANN,
» a subproblems of size 1/b each
» D(n): to divide problem
» (C(n): to combine solutions
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MERGE SORT/10

Running time

» Recursive algorithms: T'(n) described by a recurrence

S~ 0(1) ifn<c
(n) = aT(n/b) + D(n) +C(n) otherwise

» n < c: base case

» a subproblems of size 1/b each (o '*T“"\'{ v
» D(n): to divide problem < ww-
» (C(n): to combine solutlons

> Mergesort:a =b =2, D(n /) @hﬂ ..\{Iq\( ox{v

A Q""“‘)
(o) ifn =1
\ T(”)—{ AT(n/2) +O(n) ifn>1

~ A
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MERGE SORT/11

The recurrence/1

» Assume that n > 1 is an exact power of 2



Divide and conquer

Recurrences
0000000000000 0e0000000000

0000000000000 0000O0000000000000000
:

MERGE SORT/11

The recurrence/1

» Assume that n > 1 is an exact power of 2
> T(n) = 2T(n/2) +@cnyyields T(n) = O(nlgn)

cn ~ (en

R N

cn/2 4+ cn/2 ~>ocn

2N RN
en/4 + enf4d + cen/4 ~ cen/4 ~_cn J@
c ¢ ¢ -+ ¢ ¢ ¢ ~ocn

— Loy &1 )
= @ (« g )
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MERGE SORT/12

The recurrence/2

» Alternatively, one may proceed as follows
» Forn > 1,letT(n) =2T(n/2) +cn
> Apply repeated backward substitution

s T'(n) = 2T (n/2) + cn (substitute)
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MERGE SORT/12

The recurrence/2
» Alternatively, one may proceed as follows

» Forn>1,letT(n 72Tn/2 +cn
> Apply repeate d ackward substitution

T(n) =2T(n/2) + cn (substitute)
=2(2T(n/4) + cn/2) +cn (expand)
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0000000000000 00e000000000 0000000000000 0000O0000000000000000
: :

MERGE SORT/12

N
The recurrence/2 1

» Alternatively, one mdy proceed as follows

» Forn > 1,letT(n) =2T(n/2) +cn
> Apply repeated backward substitution

T(n) =2T(n/2)+cn (substitute)
=2(2T(n/4) 4+ cn/2) +cn (expand)
=4T(n/4) + 2cn (substitute)
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MERGE SORT/12

The recurrence/2

» Alternatively, one may proceed as follows
» Forn > 1,letT(n) =2T(n/2) +cn
> Apply repeated backward substitution

T(n) =2T(n/2)+cn (substitute)
=2(2T(n/4) + cn/2) + cn (expand)
=4T(n/4) + 2cn (substitute)

=4(2T(n/8) 4+ c¢n/4) + 2cn (expand)
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: :

MERGE SORT/12

The recurrence/2

» Alternatively, one may proceed as follows
» Forn > 1,letT(n) =2T(n/2) +cn
> Apply repeated backward substitution

T(n) =2T(n/2) +cn (substitute)
=2(2T(n/4) + cn/2) + cn (expand)
=4T(n/4) + 2cn (substitute)
= 4(2T(n/8) + cn/4) + 2cn (expand)

=8T(n/8) + 3cn (find pattern)
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MERGE SORT/12

= =1
The recurrence/2 2"
> Alternatively, one may proceed as follows 2, -
-~ L
» Forn > 1,let|T(n) = 2T(n/2) 4+ cn \ (4__)_______________
> Apply repeattd backward substitution
T(n) =2T(n/2) +cn (substitute)
=2(2T(n/4) 4+ cn/2) + cn (expand)
=4T(n/4) + 2cn substitute)
= 4(2T(n/8) + cn/4) + 2cn {' (expand)
=(8T'(nf8) +3tn (f‘Tnd pattern)

i¢n where ipqq =gn

281 (n/28™) + enlgn = nT(1) + enlgn = O(nlgn)

i a——

» Note that T'(n) = 2‘T(n/§2/i)
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EXERCISE SL03-2
‘ Solve the recurrencef T(n) =2T(n/2) + (9_( Z

) s e Tlh) - @) L R
= 2 (27(+) + o)) + (1)
S ET (N x (1) E(A)
= 2?(2"\‘“(""/3] 1 8(H) ) + (2a+1) &(4)
S| = 2y e (22 v 2 ) 6

b‘\j— :_/é.) + Qj*") 6’(4)__‘

2\-]“ T-[u/h] + Z——— 9(4) — @{1]
o+ ‘-"«-6)(4] ]:;7 6(4 1 _ %v\m,lﬂui}/ll

(u—wl‘)’

n v

Inf I1 2019, SLO3
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TROMINO TILING/1

Problem description

» Tromino tiles
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0000000000000 0000e0000000 0000000000000 0000O0000000000000000
: :

TROMINO TILING/1

Problem description

» Tromino tiles

» Provide a tromino tiling for a 2" x 2" board with a hole

-
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0000000000000000080000000 000000000000000000000000000000000
| |

TROMINO TILING/1

Problem description

» Tromino tiles

» Provide a tromino tiling for a 2" x 2" board with a hole

-
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TROMINO TILING/2

Trivial case: n =1
» Tromino tiling for a 2! x 2! board with a hole
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0000000000000 00000e000000 0000000000000 0000O0000000000000000
: :

TROMINO TILING/2

Trivial case: n =1
» Tromino tiling for a 2! x 2! board with a hole

» Solution is easy EE EH E E



Divide and conquer
0000000000000000008000000

Recurrences
0000000000000 0O0000000O00000000000

TROMINO TILING/2

Trivial case: n =1

» Tromino tiling for a 2! x 2! board with a hole \

» Solution is easy EE

» Idea for 2" x 2" board: re

= ml

duce size of the board

-

(@)




Divide and conquer Recurrences

0000000000000 000000e00000 0000000000000 0000O0000000000000000
: :

TROMINO TILING/3

General case: n > 1

» Problem: get only one problem of size 2"~ x 2~}
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: :

TROMINO TILING/3

General case: n > 1
» Problem: get only one problem of size 2"~ x 2~}

» But what about the other squares? There are no holes
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TROMINO TILING/3

General case: n > 1
» Problem: get only one problem of size 2"~ x 2~}
» But what about the other squares? There are no holes

» Solution: use a tromino to simulate missing holes
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0000000000000 000000e00000 0000000000000 0000O0000000000000000
: :

TROMINO TILING/3

General case: n > 1
» Problem: get only one problem of size 2"~ x 2~}
» But what about the other squares? There are no holes

» Solution: use a tromino to simulate missing holes

» One can repeat this until the 2! x 2! case is reached



Divide and conquer Recurrences
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: :

TROMINO TILING /4

Sketch of algorithm

——> Input: board size n (2" x 2"), location [ of the hole
» Output: tiling of 2" x 2" board with hole in location /




Divide and conquer Recurrences

0000000000000 0000000e0000 0000000000000 0000O0000000000000000
: :

TROMINO TILING /4

Sketch of algorithm

» Input: board size n (2" x 2"), location [ of the hole

» Output: tiling of 2" x 2" board with hole in location [
» Rough outlineof tile (n,1)
» If n = 1 then tile with one tromino
» Otherwise, proceed as follows
<P Divide the board into four equal-sized boards
=—» Put a tromino to simulate the three missing holes
"> Calltile(n —1,0), tile(n=1,12), tile(n —1,13),and
tile(n —1,14) where [y, I3, I3, and l4 are the locations of the
four holes



Divide and conquer Recurrences

0000000000000 00000000e000

0000000000000 0000O0000000000000000

TROMINO TILING/5

Algo: Tile(n,L)

Input: 222" board, location L of hole
Output: tiling of the board

if n==1 then tile with one tromino and return;
Divide board into four equal-sized boards;

| Place one tromino at center to cover 3 holes;

Let L1, L2, L3, L4 be positions of the 4 holes;
Tile(n-l,L]);k

Tile(n-1,L2); ( X, v/ ) (eos = m\(
Tile(n-1,L3);

Tile(n-1,L4);
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0000000000000 000000000e00 0000000000000 0000O0000000000000000
: :

TROMINO TILING/6

Divide-and-conquer

» The algorithm is an instance of divide-and-conquer

—
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0000000000000 000000000e00 0000000000000 0000O0000000000000000
: :

TROMINO TILING/6

Divide-and-conquer
» The algorithm is an instance of divide-and-conquer

» The problem is trivial if the board is of size 2 x 2
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: :

TROMINO TILING/6

Divide-and-conquer
» The algorithm is an instance of divide-and-conquer
» The problem is trivial if the board is of size 2 x 2

» Divide: divide the board into four smaller boards
> Uses extra tile to get proper problem instances
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0000000000000 000000000e00 0000000000000 0000O0000000000000000
: :

TROMINO TILING/6

Divide-and-conquer
» The algorithm is an instance of divide-and-conquer

» The problem is trivial if the board is of size 2 x 2
» Divide: divide the board into four smaller boards
> Uses extra tile to get proper problem instances

» Conquer: tile the four smaller boards recursively



Divide and conquer Recurrences

0000000000000 000000000e00 0000000000000 0000O0000000000000000
: :

TROMINO TILING/6

Divide-and-conquer
» The algorithm is an instance of divide-and-conquer
» The problem is trivial if the board is of size 2 x 2
» Divide: divide the board into four smaller boards
> Uses extra tile to get proper problem instances
» Conquer: tile the four smaller boards recursively

» Combine: put a tromino around the center position
» Covers missing holes to solve the original problem



Divide and conquer Recurrences
0000000000000000000000080 000000000000000000000000000000000
| |

EXERCISE SL03-3/1

Use a trominos to tile a right angle. Describe the idea for the
solution and implement it with pseudocode.

(X} £2°) (—)D

i (%) \(?( 1) e o
\ — T g . == Gl
L.”; 7%,/ x/+2“/9] D, (-shpe VR ¢ Gl
i iast o A S
' — =
s DB T Telud, T (x,y,=]
”Tﬁi“ii*t 4 mem "z)

(‘(;']:)__b (X«\Qﬂ ) Pﬁ({(‘-&"} ,?%)
7 Rl e, )

Inf 112019, SLO3 25/59 M. Bohlen, Ifl@eUZH



Divide and conquer Recurrences
0000000000000000000000008 000000000000000000000000000000000

EXERCISE SL03-3/2
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TABLE OF CONTENTS — SL0O3

Y ';
2. Recurrences fCQLasruc Gj a w ‘/L‘w §
Substitution

Recursion tree
Master method
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Informal definition

» Running times of algorithms with recursive calls can be
described using recurrences
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0000000000000 0000O00000000 0000000000000 00000000000000000000
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RECURRENCES/ 1

Informal definition

» Running times of algorithms with recursive calls can be
described using recurrences

» A recurrence is an equation or inequality that describes a
function in terms of its value on smaller inputs
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0000000000000 0000O00000000 0000000000000 00000000000000000000
: :

RECURRENCES/ 1

Informal definition

» Running times of algorithms with recursive calls can be
described using recurrences

» A recurrence is an equation or inequality that describes a
function in terms of its value on smaller inputs

» Example: the running time of merge sort is described by
——
the following recurrence

O(1) ifn=1
Tln) = { 2T(n/2) +O(n) ifn>1



Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 00000000000000000000
: :

RECURRENCES/2

Solving recurrences

1. Repeated (backward) substitution

» Expand the recurrence by substitution and then notice the
pattern
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0000000000000 0000O00000000 0000000000000 00000000000000000000
: :

RECURRENCES/2

Solving recurrences

1. Repeated (backward) substitution
» Expand the recurrence by substitution and then notice the
pattern
2. Substitution method

» Guess a bound and then use induction to prove that the
guess is correct
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0000000000000 0000O00000000 0000000000000 00000000000000000000
: :

RECURRENCES/2

Solving recurrences

1. Repeated (backward) substitution

» Expand the recurrence by substitution and then notice the
pattern

2. Substitution method

» Guess a bound and then use induction to prove that the
guess is correct

3. Recursion trees

» Convert a recurrence in a tree whose nodes represent the
costs



Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 00000000000000000000
: :

RECURRENCES/2

Solving recurrences

1. Repeated (backward) substitution
> ]_E;pand the recurrence | by substitution and then notice the
pattern
2. Substitution method "?—J“GQ'*
> Guess a bound and then use induction to prove that the
guess is correct )
3. Recursion trees  pjaq\cal S’W
» Convert a recurrer::]e in a tree'whose nodes represent the
costs
4. Master method Cehe
» Templates for different classes of recurrences

prejoaiic | lloe
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RECURRENCES/3 cosh to e

+m sl th

(30 ’H»N“]\’\ Q“
» Forn > 1, leE_T(”) =2T'(n/2) +cn de—anls q‘“‘*]

Merge sort revisited
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: :

RECURRENCES/3
Merge sort revisited “le 2(T(“/t(} SR )
» Forn > 1,letT(n) =(2T(n/2) + cn
» Apply repeated substitutio

| T(_nTZ 2T (n/2) ;ﬂ (substitute)
— 2020 (n/A) + cn/2)+en  (expand)
—=4T(n/4) 4+ 2cn (substitute)
=4(2T(n/8) + cn/4) + 2cn (expand)

=8T(n/8) + 3cn (find pattern)
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0000000000000 0000O00000000 0000000000000 00000000000000000000

RECURRENCES/3 “u / _
2(

Merge sort revisited
» Forn > 1,1letT(n) =2T(n/2) +cn (= {Da
» Apply repeated substitution

T(n) =2T(n/2)+cn (substitute)
=2(2T(n/4) + cn/2) + cn (expand)
=4T(n/4) + 2cn (substitute)
=4(2T(n/8) + cn/4) + 2¢ (expand)
=8T'(n/8) + 3cn f.' (find pattern)

> Froa@n/ +(Ben ne@(@)
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: :

RECURRENCES/3

Merge sort revisited

» Forn > 1,1letT(n) =2T(n/2) +cn
» Apply repeated substitution

T(n) =2T(n/2)+cn (substitute)
=2(2T'(n/4) + cn/2) + cn (expand)
=4T(n/4) + 2cn (substitute)
=4(2T(n/8) + cn/4) + 2cn (expand)
=8T'(n/8) + 3cn (find pattern)

» From 8T'(n/8) + 3cn one gets 2T (n/2%) + icn

» i =lgnyields T'(n) = nT'(1) + cnlgn = O(nlgn)
_'_-_-_‘_‘_‘-‘-""‘--_'l
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: :

RECURRENCES/4

Repeated substitution

» Is not a strictly formal proof
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0000000000000 0000O00000000 0000®0000000000000000000000000000
: :

RECURRENCES/4

Repeated substitution

» Is not a strictly formal proof
» The procedure is straightforward
» Substitute, expand, substitute, expand, etc.
» Observe a pattern and determine the expression after the
i-th substitution
> Find out what the highest value of i should be to get the
base case of the recurrence
» Insert the cost of the base case and the expression for 7 into
the observed expression



Divide and conquer Recurrences

0000000000000 0000O00000000 00000000000 0000000000000000000000
: :

RECURRENCES/ 5 ’QCC%%W copy 4o
Af'x_‘lc_)_re_precise running time Rfor sort mer asra mc&
» Recurrence Q,u{,z
/
1 / ifn=1
T(n) = { 2T(n/2) 42 43 }fn>\1
g ?_{Mnu!.tuc
callg

SN
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: :

RECURRENCES/5

A more precise running time for sort merge

» Recurrence
1 ifn=1
T(n) 1_{, 2T(n/2) +2n+3 ifn>1

» Observe pattern

T(n)=2T(n/2)+2n+3 (substitute)
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0000000000000 0000O00000000 0000000000000 00000000000000000000
: :

RECURRENCES/5

A more precise running time for sort merge

» Recurrence

T(n) = 1 fn=1
TN 2T(n/2) +2n+3 ifn>1

» Observe pattern

T(n)=2T(n/2)+2n+3 (substitute)
=2(2T(n/4) +n+3)+2n+3 (expand)
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RECURRENCES/5

A more precise running time for sort merge

» Recurrence

T(n) = 1 fn=1
TN 2T(n/2) +2n+3 ifn>1

» Observe pattern

T(n)=2T(n/2)+2n+3 (substitute)
=2(2T(n/4) +n+3)+2n+3 (expand)
=4T(n/4) +4n+9 (substitute)
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RECURRENCES/5

A more precise running time for sort merge

» Recurrence

T(n) = 1 fn=1
TN 2T(n/2) +2n+3 ifn>1

» Observe pattern

T(n)=2T(n/2)+2n+3 (substitute)
=2(2T(n/4) +n+3)+2n+3 (expand)
=4T(n/4) +4n+9 (substitute)

=412T(n/8) +n/2+3)+4n+9 (expand)
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RECURRENCES/5

A more precise running time for sort merge

» Recurrence

T(n) = 1 fn=1
TN 2T(n/2) +2n+3 ifn>1

» Observe pattern

T(n)=2T(n/2)+2n+3 (substitute)
=2(2T(n/4) +n+3)+2n+3 (expand)
=4T(n/4) +4n+9 (substitute)
=412T(n/8) +n/2+3) +4n+9 (expand)

:@(”@) +@‘ 2n + @)3 (find pattern)
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0000000000000 0000O00000000 000000®00000000000000000000000000
: :

RECURRENCES/ 6 0° \ o

» Find pattern:

T(n) =8T(n/8) +3-2n+
= 2T (n/2%) + 2in + 3
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0000000000000 0000O00000000 000000®00000000000000000000000000
: :

RECURRENCES/6

» Find pattern:

T(n)=8T(n/8)+3 2n+(4+2+1)3
= 2'T(n/2") + 2in + 33 '} 20

» Upper bound for i islgn oenl
IX A

1— n+1
)

T(n) = 2'8"T(n/2'8") + 2nlgn + 3(28" — 1)

» Manipulate expression (remember: >-7_ 2% =
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0000000000000 0000O00000000 000000®00000000000000000000000000

RECURRENCES/6
» Find pattern:
T(n)=8T(n/8)+3-2n+ (44+2+1)3
= 2'T(n/2") + 2in + 33 '} 20

» Upper bound for i islgn

. . _gntl
» Manipulate expression (remember: S°7_, 2% = %)

T(n) = 2'8"T(n/2'8") + 2nlgn + 3(28" — 1)
=4n+2nlgn —3 =0O(nlgn)
e ——————
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0000000000000 0000O00000000 000000®00000000000000000000000000

RECURRENCES/6
» Find pattern:
T(n)=8T(n/8)+3-2n+ (44+2+1)3
= 2'T(n/2") + 2in + 33 '} 20

» Upper bound for i islgn

. . _gntl
» Manipulate expression (remember: S°7_, 2% = 11%)

T(n) = 2'8"T(n/2'8") + 2nlgn + 3(28" — 1)
=4n+2nlgn —3 =0O(nlgn)

» Same asymptotic bound as for

e ifn=1
T(n) = { 2T (n/2) +O(n) ifn>1
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EXERCISE SL.03-4/1

A program reads numbers into an array until a zero arrives. No
assumption about the input can be made. The program starts
with an array of size n = 1. If the array is full a larger array of
size n’ is created, the data is copied, and the old array is
destroyed. Consider the following strategies:

> n'=n+d W= (o~ \a] A=¢
Przkip o o] ey

Determine the cost of each strategy.
—_— 5

TQ: TM? + A
T(W) = T{ “h) +

—
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EXERCISE SL03-4/2
_ o r w=1 l/K_' \a{ =
Mw)= imi} e -k c

r}_‘.{\.\)= (/_‘(H""G/[J + M.—O/L
t--’_(u..*?w() + u-2A 4 U\_DA

=

= T(w=2A) + 2 —A (1+2)
Tlamich) F S ~ A Z ax=

J:J

2 IV
_ VL—(/(&-«-J—O{
N = @(w{)

n

24 -
== )
, =

=1
nf

Inf 112019, SLO3 35/59 M. Béhlen, Ifl@eUZH
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EXERCISE SL03 4/3 e e ars
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Divide and conquer Recurrences

0000000000000 0000O00000000 000000000000 00000000000000000000
: :

SUBSTITUTION/ 1 \
i ke~

feourg e ML

"

Basic methodology

» The substitution method for solving/recurrences entails
two steps
1. Guess the form of the solution
———2. Use induction to prove the solution



Divide and conquer Recurrences

0000000000000 0000O00000000 000000000000 00000000000000000000
: :

SUBSTITUTION/ 1

Basic methodology
» The substitution method for solving recurrences entails
two steps

1. Guess the form of the solution
2. Use induction to prove the solution

» Example: consider the recurrence}T(n) =4T(n/2) +n



Divide and conquer Recurrences

0000000000000 0000O00000000 000000000000 00000000000000000000
: :

SUBSTITUTION/ 1

Basic methodology

» The substitution method for solving recurrences entails
two steps
1. Guess the form of the solution
2. Use induction to prove the solution

» Example: consider the recurrence T'(n) = 47'(n/2) +n

» Guessed solution: T'(n) = n3, i.e. T'(n) is of the form n?
t______-J
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0000000000000 0000O00000000 000000000000 00000000000000000000
: :

SUBSTITUTION/ 1

Basic methodology

» The substitution method for solving recurrences entails
two steps
1. Guess the form of the solution
2. Use induction to prove the solution

» Example: consider the recurrence T'(n) = 47'(n/2) +n

» Guessed solution: 7'(n) :_n?:, i.e. T(n) is of the form n3

» Mathematical induction: need to show that T'(n) < en?




Divide and conquer Recurrences
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SUBSTITUTION// 2 N -

Proof by induction (
» Need to show that T'(n) < 2713 forT'(n) =4T(n/2) +n

T(n)=4T(n/2) +n (recurrence)



Divide and conquer Recurrences
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SUBSTITUTION /2

Proof by induction
» Need to show that T'(n) < cn? for T(n) = 4T(n/2) +n

T(n)=4T(n/2) +n (recurrence)
<de(n/2)® +n (inductive hyp.)
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: :

SUBSTITUTION /2

Proof by induction
» Need to show that T'(n) §_§_1f’ forT'(n) =4T(n/2) +n
T(n)=4T(n/2) +n (recurrence)

<de(n/2)® +n (inductive hyp.)
=cn3/2+n (simplification)
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: :

SUBSTITUTION /2

Proof by induction

» Need to show that T'(n) < cn? for T(n) = 4T(n/2) +n

T(n)=4T(n/2) +n (recurrence)
<de(n/2)® +n (inductive hyp.)
=cn3/2+n (simplification)
=cn® — (en/2 —n) (rearrangement)

=2

= a‘u}"(u}e‘u\ )



Divide and conquer Recurrences

0000000000000 0000O00000000 0O0000000000e000000000000000000000
: :

SUBSTITUTION /2

Proof by induction

» Need to show that T'(n) < en? for T'(n) = 4T (n/2) +n

T(n)=4T(n/2) +n (recurrence) Lt
<de(n/2)® +n (inductive hyp.) -~
=cn3/2+n (simplification) <)
=cn3 — (en3/2 —n) (rearrangement)

T(/f): & e < end L_'_g'c_)'f (forc >2,n>1) [V

=12 & ¢ 27 oK P = 2
Brse case
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SUBSTITUTION /2

Proof by induction

» Need to show that T'(n) < cn? for T(n) = 4T(n/2) +n

T(n)=4T(n/2) +n (recurrence)
<de(n/2)® +n (inductive hyp.)
=cn3/2+n (simplification)
=cn3 — (en/2 —n) (rearrangement)
< en? (forc>2,n>1)

» It follows that 7'(n) = O(n?)



Recurrences

Divide and conquer
0000000000000 000O000000000 00000000000 0@00000000000OO0O0O00000
:

EXERCISE SL03-5

Use the substitution method to prove that by increasing an
array by a factor £ each time it is filled up yields a linear
asymptotic runtime complexity.

)= T ) + ey T(=C

Q7p1/\/e<>\\5f Tlw) &€
(2 ) = The) + e

S ol + % X

S 2 = S
<

cwu \Z’QS ()(':2; C":Z

M

1IN
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0000000000000 0000O00000000 0000000000000 e0000000000000000000
: :

SUBSTITUTION/ 3

Getting tighter bound /1
> Try to show that K(n) < ch}for T(n) =4T(n/2) +n

T(n)=4T(n/2) +n (recurrence)
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0000000000000 0000O00000000 0000000000000 e0000000000000000000
: :

SUBSTITUTION/ 3

Getting tighter bound /1
» Try to show that T'(n) < en? for T(n) = 4T(n/2) +n

T(n)=4T(n/2) +n (recurrence)
<dc(n/2)2 +n (inductive hyp.)




Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 e0000000000000000000
: :

SUBSTITUTION/ 3

Getting tighter bound /1
» Try to show that T'(n) < en? for T(n) = 4T(n/2) +n
T(n)=4T(n/2) +n (recurrence)

<dc(n/2)*+n (inductive hyp.)
=cn?+n (simplification)



Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 e0000000000000000000
: :

SUBSTITUTION/ 3

Getting tighter bound /1
» Try to show that T'(n) < en? for T(n) = 4T(n/2) +n

T(n)=4T(n/2) +n (recurrence)
<4e(n/2)? +n (inductive hyp.)
=cn?+n (simplification)

£ en? (contradiction)
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0000000000000 0000O00000000 0000000000000 e0000000000000000000
: :

SUBSTITUTION/ 3

Getting tighter bound /1
» Try to show that T'(n) < en? for T(n) = 4T(n/2) +n

T(n)=4T(n/2) +n (recurrence)
<4e(n/2)? +n (inductive hyp.)
=cn?+n (simplification)
£ en? (contradiction)

» It seems that induction does not work!?



Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 0®000000000000000000
: :

SUBSTITUTION /4

Getting tighter bound /2
» Underlying problem: trying to rewrite . Q/{
(et

T(n) = O(n*) = cn® + (something positive)

as T'(n) < cn? does not work in the inductive proof
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SUBSTITUTION /4 @(M'z) _ i \,ﬁ} 35# ‘{‘_? -

Getting tighter bound /2 —

» Underlying problem: trying to rewrite
T(n) = O(n*) = cn? + (something positive)

as T'(n) < cn? does not work in the inductive proof

» Solution: strengthen hypothesis for inductive proof

T'(n) < (answer you want) — (something positive)

_—
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0000000000000 0000O00000000 0000000000000 00®00000000000000000
: :

SUBSTITUTION/5

hj[_mwl&g LS

Getting tighter bound /3 /
> Show that{T'(n) < en? —dnlfor 7(n) = 4T (n/2) + n

— T(n) =4T(n/2)+n (recurrence)
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: :

SUBSTITUTION/5

Getting tighter bound /3
» Show that T'(n) < cn? — dn for T(n) = 4T(n/2) +n

T(n) =4T(n/2)+n (recurrence)
< 4((z(n/_2)2 —dn/2)+n (inductive hyp.)
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0000000000000 0000O00000000 0000000000000 00®00000000000000000
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SUBSTITUTION/5

Getting tighter bound/3
» Show that T'(n) S'ch - d; for T(n) = 4T (n/2) +n

T(n) =4T(n/2)+n (recurrence)
<4(c(n/2)* —dn/2) +n (inductive hyp.)
=cn? —2dn+n (simplification)



Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 00®00000000000000000
: :

SUBSTITUTION/5

Getting tighter bound /3
» Show that T'(n) < cn? — dn for T'(n) = 4T(n/2) +n

T(n) =4T(n/2)+n (recurrence)
<4(c(n/2)* —dn/2) +n (inductive hyp.)
=cn? —2dn+n (simplification)

= cn? —dn — (dn — t
cn n— (dn —n) (rearrangement)



Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 00®00000000000000000

SUBSTITUTION/5

Getting tighter bound /3
» Show that T'(n) < cn? — dn for T'(n) = 4T(n/2) +n

T(n) =4T(n/2)+n (recurrence)
<4(c(n/2)* —dn/2) +n (inductive hyp.)
=cn?—2dn+n (simplification)
=\cn®> —dn — (dn —n)  (rearrangement)

Zen? —dn ‘>—‘Q—" (ford > 1)

=0 =
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SUBSTITUTION/5

Getting tighter bound /3
» Show that T'(n) < cn? — dn for T'(n) = 4T(n/2) +n

T(n) =4T(n/2)+n (recurrence)
<4(c(n/2)* —dn/2) +n (inductive hyp.)
=cn? —2dn+n (simplification)
=cn?—dn— (dn—n)  (rearrangement)
<cn?—dn (ford > 1)

» It thus follows that 7'(n) = O(n?)
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: :

EXERCISE SL03-6/1
An array A[l_n is balanced if

double and no less than half the sum of the elements in the
second half, and

» the sum of the elements in the first half is no more than 1

» the first and second half are balanced.

Give an algorithm that determines if an array is balanced. Use
the substitution method to ) prove the asymptotic complexity of
the algorithm.

Al 2 F%__}_L SE o meh flead

- 2| S+ feleu
A= A%, l L




EXERCISE SL03-6/2
Al Baloraek (A, L, 7 )
—%E \X =) s tetom (!QU\E (.\U_’J)

E—ﬁmﬂ | (+2) /2 ]
— (Bl Gl )= Beleand (A AL ) _\

— (%t.“l g\m--fl\- r%a M(A’ u,g_x{}ﬁ.') -

AF ek~ (CWAL,_ gw-f(/&_ 90

Suwxmxz &
) BAL 22 3P,
U\ML4— gu\\--\(-z
4 g L,

Inf I1 2019, SLOB 44 /59 M. Béhlen, Ifl@eUZH



Divide and conquer

Recurrences
0000000000000000000000000
:

0000000000000 00000e00000000000000

EXERCISE SL03-6/3

T(w) = ) A (ST
M) = (2T0)) «+ 4 —|

Graass:. T{"") = O;("“r)
T & cw 'T(‘_q < G = Cy _u
T = 2T(wfe)+ 1 Tlu) = 27(Me)+
< ZC.“/Q*? = 2(C'4“,3 -_C'a) ‘L'
= Cu 1) :C"‘““?Ce_"“l

vjiii__hﬁ = GG m (et
2 \c
J o Gor €72, (?:?
Thi 112019, SLO3 /59




Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 000000e0000000000000
: :

ECURSION TREE/1

Basic methodology

» A recursion tree is a convenient way to visualize what
happens when a recurrence is iterated



Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 000000e0000000000000
: :

RECURSION TREE/ 1

Basic methodology

» A recursion tree is a convenient way to visualize what
happens when a recurrence is iterated

» Good for guessing asymptotic solutions to recurrences



Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 000000e0000000000000
: :

RECURSION TREE/ 1

Basic methodology
» A recursion tree is a convenient way to visualize what
happens when a recurrence is iterated
» Good for guessing asymptotic solutions to recurrences
» Example: consider T'(n) = T'(n/4) + T'(n/2) + n?



Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 000000e0000000000000
: :

RECURSION TREE/ 1

Basic methodology

» A recursion tree is a convenient way to visualize what
happens when a recurrence is iterated

» Good for guessing asymptotic solutions to recurrences




Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 000000e0000000000000
: :

RECURSION TREE/ 1

Basic methodology

» A recursion tree is a convenient way to visualize what
happens when a recurrence is iterated
» Good for guessing asymptotic solutions to recurrences

> Example: consider T'(n) = T(n/4) + T(n/2) + n?
n2
/ \
n (1)? (5)?

7\ PR /N
T(2) T(3) TG TR T(R) T(2)

I3
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RECURSION TREE/2

;f }a|4’1

~ n2 ¢=C
~ %nz c=1
25 2 (S 2
= 2
. L 5 \i,,2
. : ~ (1_6)Zn ¢
e
suet (o»j,u'

p=——rd
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Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 0O0000000e00000000000
: :

RECURSION TREE/3

ﬂu@SS (?x“wb e

OO e — ‘JN‘W_r)
Example recurrence/2
> Show that?T(n) < en?ffor|[T(n) = T(n/2) + T(n/4) + n?

T(n)=T(n/2)+T(n/4) +n? (recurrence)




Divide and conquer Recurrences
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: :

RECURSION TREE/3

Example recurrence/2

» Show that T'(n) < cn? for T(n) = T(n/2) + T(n/4) + n?

T(n) =T(n/2) + T(n/4) + n* (recurrence)
<c(n/2)*+c(n/4)* +n*® (inductive hyp.)



Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 0O0000000e00000000000
: :

RECURSION TREE/3

Example recurrence/2
» Show that T'(n) < cn? for T(n) = T(n/2) + T(n/4) + n?
T(n)=T(n/2)+T(n/4) +n? (recurrence)

<c¢(n/2)*+c(n/4)* +n?® (inductive hyp.)
= 5cn?/16 + n? (simplification)



Divide and conquer Recurrences
0000000000000 000O000000000 0000000000000 0O0000000e00000000000

RECURSION TREE/3

Example recurrence/2
» Show that T'(n) < cn? for T(n) = T(n/2) + T(n/4) + n?

T(n)=T(n/2)+T(n/4) +n? (recurrence)
<c¢(n/2)*+c(n/4)* +n?® (inductive hyp.)
= 5cn?/16 + n? (simplification)
=cn? — 11en?/16 + n? (rearrangement)

2o
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0000000000000 0000O00000000 0000000000000 0O0000000e00000000000
: :

RECURSION TREE/3

Example recurrence/2
» Show that T'(n) < cn? for T(n) = T(n/2) + T(n/4) + n?

T(n)=T(n/2)+T(n/4) +n? (recurrence)
<c¢(n/2)*+c(n/4)* +n?® (inductive hyp.)
= 5cn?/16 + n? (simplification)

en® — 11ep? /16 + n? (rearrangement)
2
cn

‘—’Qm/n)

IA
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RECURSION TREE/3

Example recurrence/2

» Show that T'(n) < cn? for T(n) = T(n/2) + T(n/4) + n?

T(n)=T(n/2)+T(n/4) +n? (recurrence)
<c¢(n/2)*+c(n/4)* +n?® (inductive hyp.)
= 5cn?/16 + n? (simplification)
=cn? —11en?/16 +n? (rearrangement)
< cn? (for ¢ > 16/11)

» It thus follows that 7'(n) = O(n?)
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MASTER METHOD/1 = seqpe Q" P —aske
(o ——a— c=SEe§
Tl = Tlamek ) + -
2-T(~f ) +

(.
» To solve a class of recurrences th'ét have the form

| T =aTa/8) + /@)
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MASTER METHOD/ 1

» To solve a class of recurrences that have the form
T'(n) = aT(n/b) + f(n)
» Assumptions:
> a>1,
» 5> 1,and

» f(n) asymptotically positive



Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 000000000e0000000000
: :

MASTER METHOD/ 1

» To solve a class of recurrences that have the form
T(n) = aT(n/b) + f(n)
» Assumptions:
> azx1,
» b >1,and
» f(n) asymptotically positive
» T'(n) describes running time of a divide-and-conquer
algorithm
» a subproblems of size n/b are solved recursively, each in
time T'(n/b)
» f(n) is the cost of dividing the problem and combining the
solutions



Divide and conquer Recurrences
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MASTER METHOD/2

» Iterating the recurrence (expanding the tree) yields

T(n) = f(n) +aT(n/b)
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: :

MASTER METHOD/2

» Iterating the recurrence (expanding the tree) yields

T(n) = f(n) + E (n/b) [ \1/{ sk

— f(n) + af(n/b) + aT(n/0?)



Divide and conquer
0000000000000 000O000000000

Recurrences
000000000000000000000008000000000

MASTER METHOD/2

» Iterating the recurrence (expanding the tree) yields

T(n)

f(n) +aT(n/b)

J(0) +af(n/b) +aT(n/p?) - oe=lewsd
) +afm/b) +a®f(n/0®) + .. fecuey
+a log, n— 1f(n blogbnfl)_‘_alogbnT(l)
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MASTER METHOD/2

» Iterating the recurrence (expanding the tree) yields

T(n)

f(n) +aT(n/b)
f(n) +af(n/b) +aT(n/b%)
= f(n) +af(n/b) +a®f(n/b?) + ...
+ alogb nflf(n/blogb nfl) 4 alOgb nT(l)
= S ' f(n/b) + @ (nlon)

o ~(esues leceued



Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 0O000000000e000000000
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MASTER METHOD/2

» Iterating the recurrence (expanding the tree) yields

T(n)

f(n)+aT(n/b)
f(n) +af(n/b) + aT(n/b?)
= f(n) +af(n/b) + a*f(n/b?) + ...
4 alogs nflf(n/blogb nfl) 4 alogs nT(l)

The first term is a division/combination cost (totaled
across all levels of the tree)



Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 0O000000000e000000000
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MASTER METHOD/2

» Iterating the recurrence (expanding the tree) yields

T(n)

f(n)+aT(n/b)
f(n) +af(n/b) +aT(n/b?)
= f(n) +af(n/b) +a*f(n/b?) + ...
4 alogb nflf(n/blogb nfl) 4 alOgb nT(l)
= Y5 al f(n/b) + O(nloE )

» The first term is a divisi mbination cost (totaled

reis of the tree)

he second term is the cost of solving all the trivial
subproblems (total of all work pushed to the leaves)
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0000000000000 0000O00000000 0000000000000 0O0000000000e00000000
: :

MASTER METHOD/3

Expanding the tree

» Note:

log;, n levels,
> qlog " = plogy @ Jeaves

» Running time: 7'(n) :[6(_7;10& )+ Y‘iozgg iy

(n/b')
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MASTER METHOD/ 4

Underlying intuitions
» Three possible cases

~—® Running time dominated by the cost at the root (case 3)
——> Running time dominated by the cost at the leaves (case 1)
—» Running time evenly distributed throughout tree (case 2)
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MASTER METHOD/ 4

Underlying intuitions
» Three possible cases

» Running time dominated by the cost at the root (case 3)
» Running time dominated by the cost at the leaves (case 1)
» Running time evenly distributed throughout tree (case 2)

» Solve recurrence by identifying dominant term
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MASTER METHOD/ 4

Underlying intuitions
» Three possible cases

» Running time dominated by the cost at the root (case 3)
» Running time dominated by the cost at the leaves (case 1)
» Running time evenly distributed throughout tree (case 2)

» Solve recurrence by identifying dominant term

» In each case comparé¢ f(n)
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MASTER METHOD/ 4

Underlying intuitions
» Three possible cases

» Running time dominated by the cost at the root (case 3)
» Running time dominated by the cost at the leaves (case 1)
» Running time evenly distributed throughout tree (case 2)

» Solve recurrence by identifying dominant term

» In each case compare f(n) with n'°&@



Divide and conquer Recurrences

0000000000000 0000O00000000 0000000000000 0O000000000000e000000
: :

MASTER METHOD/5

Master theorem, case 2
> f(n) =0O(n'&%) (ie., f(n) and n'°# ¢ are asymptotically
the same)
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MASTER METHOD/5

Master theorem, case 2
> @: @(@ (i.e., f(n) and n'°8 @ are asymptotically
the same)
» The work is evenly distributed:|T'(n) = O(n'°8» @ 1og, n)
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MASTER METHOD/5

Master theorem, case 2

> f(n) =6

the same)

» case2:T(n) = O(nlgn)
T -—Y\-\-\_
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MASTER METHOD/ 6

Master theorem, case 1
> f(n) = O(n°.2=) for some constant ¢ > 0
> f(n) grows polynomially slower than n'°% @ (by factor n¢)
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MASTER METHOD/ 6

Master theorem, case 1
> f(n) = O(n'°#%=¢) for some constant ¢ > 0
> f(n) grows polynomially slower than n'°% @ (by factor n¢)

» The work at the leaves dominates: 7'(n) = ©(n!8 )
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MASTER METHOD/ 6

Master theorem, case 1

> f(n)= O([@lc.’gb “:b for some constant € > 0

@(nlogb a)

> case 1: T(n) = O(n?)
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MASTER METHOD /7

Master theorem, case 3
> f(n) = Q(n'°8 2%€) for some constant € > 0

> f(n) grows polynomially faster than n'°& @ (by factor n<)
» Regularity: 3¢ < 1.3ny > 0.¥n > ng.af(n/b) < cf(n)
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0000000000000 0000O00000000 0000000000000 0000O00000000000e0000
: :

MASTER METHOD /7

Master theorem, case 3
> f(n) = Q(n'°8 2%€) for some constant € > 0
> f(n) grows polynomially faster than n'°& @ (by factor n<)
» Regularity: 3¢ < 1.3ny > 0.¥n > ng.af(n/b) < cf(n)

» The work at the root dominates: T'(n) = O(f(n))
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MASTER METHOD /7

Master theorem, case 3
> f(n) = Q(nk8uete) for some constant € > 0
> f(n) grows polynomially faster than n'°& @ (by factor n<)
—» Regularity: 3¢ < 1.3ng > 0.Yn > ng.af(n/b) < cf(n)
» The work at the root dominates: T'(n) = O(f(n))

Example: T'(n) = 3T (n/4) + nlgn
» a=3,b=4,f(n) =nlgn

b plogy3 — ,,0.792

>l = (b )

» case3: T'(n) = ©(nlgn)

> @ also to verify regularity condition: af(n/b) < cf(n)
c=3/4 :gf(n/_b)_ =3(n/4)lg(n/4) < (3/4)nlgn

2 “ 03 .
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MASTER METHOD/ 8

Master theorem, overview
» Given a recurrence of the form 7'(n) = aT'(n/b) + f(n)
» Case 1: f(n) = O(n'°227¢) yields T'(n) = ©(n'°# %)
» Case2: f(n) = O(n'°= %) yields T'(n) = ©(n'8 % log, n)
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MASTER METHOD/ 8

Master theorem, overview
» Given a recurrence of the form 7'(n) = aT'(n/b) + f(n)
» Case 1: f(n) = O(n'°227¢) yields T'(n) = ©(n'°# %)
» Case2: f(n) = O(n'°= %) yields T'(n) = ©(n'8 % log, n)

» Case3: [(n) — Q(n'»*")and af(n/b) < cf(n) (c< 1,
n > ng) yield T'(n) = ©(f(n))
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MASTER METHOD/ 8

Master theorem, overview
» Given a recurrerjce of the form T'(n) = aT'(n/b) + f(n)
» Casel: f(n) = g(nlogb @) yields T'(n) = O(n'°% )
> Case2: f(n) = (L)(M) yields T'(n) = ©(n'°% *log, n)
> Case3: [(1) = Q(n'os ey and af(n/b) < cf(n) (c< 1,
n > ng) yield T'(n) = ©(f(n))

General strategy

» Extracta, b, and f(n) from given recurrence
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MASTER METHOD/ 8

Master theorem, overview
» Given a recurrence of the form 7'(n) = aT'(n/b) + f(n)
» Case 1: f(n) = O(n'°227¢) yields T'(n) = ©(n'°# %)
» Case2: f(n) = O(n'°= %) yields T'(n) = ©(n'8 % log, n)
» Case3: [(n) — Q(n'»*")and af(n/b) < cf(n) (c< 1,

n > ng) yield T'(n) = ©(f(n))
General strategy
—— » Extract a, b, and f(n) from given recurrence

» Determine n'°% %; asymptotically compare it with f(n)
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MASTER METHOD/ 8

Master theorem, overview -
» Given a recurrence of the form|7T'(n) = aT'(n /m
» Case 1: f(n) = O(n'°297¢) YIQIdW
> Case2: f(n) = O(n'%?) yields T'(n) = ©(n'°8 *log, n)
» Case3: [(n) — Q(n'»*")and af(n/b) < cf(n) (c< 1,
n > ng) yield T(n) = ©(f(n))

General strategy

» Extracta, b, and f(n) from given recurrence
» Determine n'°% %; asymptotically compare it with f(n)

» Determine and apply appropriate master theorem case
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Divide and conquer
0000000000000000000000000

EXERCISE SL03-7/1
J_Use the Master Method to solve the recurrence
| T(n) =2T'(n/2) + n3

— ck:?./ 6:2; F(‘V'\F)= V:S

- L]gq lo“ = v

2. ()= (L)
ﬂff—; M. Bohlen, Ifl@UZH

— (=S<
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SUMMARY/1

~» Divide and conguer is an algorithm design paradigm that
is based omple) recursion.

» A divide and conquer algorithm recursively breaks down a
problem into two or more sub-problems of the same type,
until these become simple enough to be solved directly.

» The solutions to the sub-problems are combined to give a
solution to the original problem.

» Divide and conquer is the basis for many important
problems (e.g., quicksort, merge sort, number
multiplication, parsing, discrete Fourier transform).

» Understand and designing divide and conquer algorithms
is a skill that takes time to learn (practice!).
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SUMMARY /2

» The correctness of a divide and conquer algorithm is
proved by induction.

» The computational cost of a divide and conquer algorithm
is determined by solving recurrence relations.

» A recurrence relation is an equation that recursively
defines a sequence of values.

» Thus, from one or more initial terms, each further term of
the sequence is defined as a function of the preceding
terms.

» We have seen four techniques to solve recurrences:

» Repeated substitution (not a formal proof)

» Substitution method (formal proof)

» Recursion trees

» Master method (recipe for most common cases)
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Why sorting?

» Most fundamental problem in the study of algorithms
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SORTING/ 1

Why sorting?
» Most fundamental problem in the study of algorithms
» Algorithms often employ sorting as a key subroutine

» Wide range of sorting algorithms, rich set of techniques

——> Incremental: selection sort, insertion sort
» Divide-and-conquer: merge sort, q_uEk_s_grt
» Use of particular data structure: heap sort
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SORTING/ 1

Why sorting?
» Most fundamental problem in the study of algorithms
» Algorithms often employ sorting as a key subroutine

» Wide range of sorting algorithms, rich set of techniques
» Incremental: selection sort, insertion sort
» Divide-and-conquer: merge sort, quick sort
» Use of particular data structure: heap sort
» Lower bound for sorting 2(nlgn) is used to prove lower
bounds for other algorithmic problems
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SORTING /2

Selection and insertion sort
» Worst case running time ©(n?)
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» Both are in place sorting ';a_lgorithms
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» Merge sort
» Worst case Mﬂ requires extra memory
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SORTING /2

Selection and insertion sort
» Worst case running time ©(n?)

» Both are in place sorting algorithms

Other sorting algorithms

» Merge sort
» Worst case ©(nlgn), requires extra memory
» Heap sort

» Worst case ©(nlgn), in place sorting algorithm
e —
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SORTING /2

Selection and insertion sort
» Worst case running time ©(n?)

» Both are in place sorting algorithms

Other sorting algorithms

» Merge sort
» Worst case ©(nlgn), requires extra memory
P Heap sort
> Worst case ©(nlgn), in place sorting algorithm
» Quick sort -
{ > Average case O(nlgn), worst case ©(n?), in place
(ZL

e————
5\!")}‘ {Lernmo—~ yﬂ\k‘a aJ,JD ;: U\.csc"’{. \(ﬂ. %Q’V{D‘?(’ Qc‘hﬁ?—‘\’qs
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TABLE OF CONTENTS — SL.04

1. Heap sort
Trees and heaps
Heapify
Building a heap
Heap sort algorithm
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HEAP SORT

Basic intuition
» Sketch of the selection sort algorithm
—

fori=1tondo
~— L I find smallest element in A[i ...n];
| swap smallest element with A[i];

|




Heap sort Quick sort
0000000000000 000000O00000000000 0000000000000 000000000
: :

HEAP SORT

Basic intuition
» Sketch of the selection sort algorithm

fori=1tondo
——find smallest element in Ali...n];
swap smallest element with A[i];

» Line 2 takes O(n), line 3 takes ©(1): ©(n?) in total
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HEAP SORT

Basic intuition
» Sketch of the selection sort algorithm

— fori=1tondo
——t find smallest element in A[i ...n];
tswap smallest element with A[i];

» Line 2 takes O(n), line 3 takes ©(1): ©(n?) in total
» Idea for improvement: smart data structure to

» accomplish the task of lines 2 and 3 in (1) ——
—> maintain the data structure in time O(lgn)
> obtain a total running time of O(nlgn)
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Binary trees/1

» Each node may have a left or a
right child
» 3and 1 have no left child
» 6 is the right child of 3
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Binary trees/1
» Each node may have a left or a
right child
@ » 3 and 1 have no left child
» 6 is the right child of 3
e a » Each node has at most one
parent

e c e » The parent of 7 is 9
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Binary trees/1

» Each node may have a left or a
right child
» 3and 1 have no left child
» 6 is the right child of 3
» Each node has at most one
parent
» The parent of 7 is 9
» The root has no parent
» 9 is the root of the tree
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TREES AND HEAPS/1

Binary trees/1

» Each node may have a left or a
right child

» 3 and 1 have no left child
» 6 is the right child of 3
» Each node has at most one
parent
» The parent of 7 is 9
» The root has no parent
> 9 is the root of the tree
» A leaf has no children
» 6,4, and 8 are leaves
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Binary trees/2
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Binary trees/2

» The depth (level) of a node z is
the length of the path from the
rootto x

» The depth (level) of 1 is 2
» The depth of 9is 0
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TREES AND HEAPS/2

Binary trees/2

» The depth (level) of a node x is
the length of the path from the
root to x

» The depth (level) of 1 is 2
» The depth of 9is 0

» The height of a node z is the
length of the longest path from
x to a leaf

» The height of 7 is 2
» The height of 9is 3
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Quick sort

0000000000000 0O00000000

TREES AND HEAPS/2

Binary trees/2

The depth (level) of a node x is
the length of the path from the
root to x

» The depth (level) of 1 is 2

» The depth of 9is 0
The height of a node z is the
length of the longest path from
x to a leaf

» The height of 7 is 2
» The height of 9is 3

» The height of a tree is the height

of its root
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TREES AND HEAPS/ 3

Binary trees/3

» The right subtree of a node z is the
@ tree rooted at the right child of «

» The right subtree of 9 includes all
e a blue nodes and connecting edges

» The root of the right subtree of 9is 7



Heap sort Quick sort
0000@0000000OO00O000OOOOOOOOOO00 0000000000000 000000000
: :

TREES AND HEAPS/ 3

Binary trees/3
» The right subtree of a node z is the
@ tree rooted at the right child of =
» The right subtree of 9 includes all
blue nodes and connecting edges
e a » The root of the right subtree of 9is 7

» The left subtree of a node x is the tree
@ c @ rooted at the left child of =
» The left subtree of 9 includes all
e red nodes and connecting edges
» The root of the left subtree of 9 is 3
» There is no left subtree of 3
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TREES AND HEAPS/4

Complete trees

» A complete binary tree is a binary tree where

» all the leaves have the same depth
» all internal nodes have two children
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TREES AND HEAPS/4

Complete trees

» A complete binary tree is a binary tree where

» all the leaves have the same depth
» all internal nodes have two children

» A nearly complete binary tree is a binary tree where

> all levels of non-maximal depth d are full (have 2¢ nodes)
» all the leaves with maximal depth are as far left as possible
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TREES AND HEAPS/4

Complete trees

> A complete binary tree is a binary tree where

» all the leaves have the same depth
» all internal nodes have two children

> A nearly complete binary tree is a binary tree where

» all levels of non-maximal depth d are full (have 2¢ nodes)
» all the leaves with maximal depth are as far left as possible

Definition of heap

> A binary tree is a (binary) heap if and only if

> itisa nea}"ly_ complete binary tree and, furthermore,
» each node is greater than or equal to all its children
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EXERCISE SL04-1

Construct a complete binary tree, a nearly complete binary tree,
and a heap with the same nodes as T'.

—_—

CRT: vk posiia (e o
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TREES AND HEAPS/5

Heaps and arrays are closely related:

8 9 10
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Heaps and arrays are closely related: xS an asy @7
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TREES AND HEAPS/6

Fundamental properties

» Let i be a node index.

» Heap property: Alparent(i)] > Ali]

» A binary heap can be efficiently stored as an array
» Because it is a nearly complete binary tree
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Quick sort

0000000000000 0O00000000

TREES AND HEAPS/6

Fundamental properties

» Let: be anode index.

» Heap property: Alparent(i)] > Ali]

/”‘i{z:l

AL

(8

—

» A binary heap can be efficiently stored as an array
» Because it is a nearly complete binary tree

» Finding parent, left child, and right child:

4

Co4A

—

Algo: Parent(i)

return [i/2];

Algo: Left(i)

return 2*i;

return 2*i+1;

Algo: Right(i)
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EXERCISE SL04-2

Assume a heap where all elements are distinct. What is the
minimum and maximum number of elements in a heap of
height h? Where in a MaxHeap might the smallest element be?
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TREES AND HEAPS/7

» A heap where the largest element is at the root is a
max-heap.
» Used for sorting arrays
» Max-heap property: A[parent(i)] > A[i]
» A heap where the smallest element is at the root is a
min-heap.
» Used for priority queues
» Min-heap property: A[parent(i)] < Ai]
» A binary heap can be exploited for sorting arrays

» Because of the organization of the data
» Basic operations: heapify, build_heap
neapily,bul
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HEAPIFY/1

» Input: index i in array A, number s of heap elements
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HEAPIFY/1

» Input: index i in array A, number s of heap elements

» Binary trees rooted at 1eft(i) and right(¢) are binary
heaps
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HEAPIFY/1

» Input: index i in array A, number s of heap elements

» Binary trees rooted at 1eft(i) and right(¢) are binary
heaps

» A[i] may be smaller than its children, thus violating the
heap property
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HEAPIFY/1

» Input: index i in array A, number s of heap elements

» Binary trees rooted at 1eft(i) and right(¢) are binary
heaps

» A[i] may be smaller than its children, thus violating the
heap property

» heapify(4, 1, s) transforms the binary tree rooted at ¢ into
a binary heap
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HEAPIFY/1 R Lt
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» Input: index i in array A, number s of heap elements

» Binary trees rooted at 1eft(i) and right(¢) are binary
heaps

» A[i] may be smaller than its children, thus violating the
heap property

> heapify(4, i, s) transforms the binary tree rooted at i into
a binary heap

» Strategy: move A[i] down the heap until the heap property
is satisfied again
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HEAPIFY /2

size o ta leop
The algorithm / (= <} e s )
Algo: Heapify(A,i,é)

—lm=i; N

—1 1= Left(i); (JL e} @ik L

—I r=Right(i); o \e(mLIS <
if@/\@thenmzb ("?' : & o ey W
if r<s AN A[r]>Alm] then m =r1; U

if i£m then
exchange Afi] and A[m]; —
LHeapify(A,m,s) ;
E——

!
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HEAPIFY/3

An example/1
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HEAPIFY/3

An example/1

node [ 6[0|5]9[4][1][3]7[8]2]
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HEAPIFY /4

An example/2
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HEAPIFY /4

An example/2

node [6[9]5]0]4][1[3]7][8]2]
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HEAPIFY/5

An example/3
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HEAPIFY/5 (( j
o-ﬁ AWAN

An example/3 S

node [6[9[5|8[4]1|3][7]0] 2]

index 1 2 3 4 5 6 7 8 9 10
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HEAPIFY/6

Running time
» The running time of heapify on a subtree of size n rooted
at 7 includes time to

—> determine relationship between elements: @( 1)
> run heapify on a subtree rooted at one of i’s children
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a=\, 0=% Q)= e (4)

HEAPIFY/ 6 B ]
—_— 21414 = /{
I
) = &(A) case T
Runnmgtlme - & 11.34 2, ) = 6}((0 )

» The running time cﬁ? heaplfy on a subtree of Size n rooted
at ¢ includes time to
» determine relationship between elements: ©(1)
» run heapify on a subtree rooted at one of i’s children

L n_/3 s the worst case size of the subtree (half filled bottom
level) and thus

[7(n) < T(2n/3) + O(1), ie. T(n) = O(gn)
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EXERCISE SL04-3

Explain the derivation of the worst case running time of
Heapify (size of tree as well as height of tree).

tersk case FunRea Y Pa_ s as wnlatenud as r{aq“:{)}\ﬁ.

2! 221
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BUILDING A HEAP/1

Build a heap

» Convert an array A with n elements into a heap

» Note that the elements in A[|n/2] + 1...n] are 1-element
heaps —__



Heap sort Quick sort
0000000000000 00000e00000000000 0000000000000 000000000
: :

BUILDING A HEAP/1

Build a heap

» Convert an array A with n elements into a heap

» Note that the elements in A[|n/2] + 1...n] are 1-element
heaps

The algorithm
Algo: BuildHeap(A,n)

fori = [n/2] to 1 do Heapify(A,in);
—— o
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BUILDING A HEAP/S8

An example/1
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BUILDING A HEAP/S8

An example/1

8 9 10

node [6[0|5]9]4][1][3]7][8]2
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BUILDING A HEAP/3

An example/2
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BUILDING A HEAP/3

An example/2

node [6[9[5|8[4]1[3]7]0] 2]

index 1 2 3 4 5 6 7 8 9 10
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BUILDING A HEAP/4

An example/3
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BUILDING A HEAP/4

An example/3

node |9 [8[5|7[4]1|3]6]0] 2]
index 1 2 3 4 5 6 7 8 9 10
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BUILDING A HEAP/5

Correctness
» Loop invariant: all trees rooted at m > ¢ are heaps
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BUILDING A HEAP/5

Correctness
» Loop invariant: all trees rooted at m > ¢ are heaps
o 0(*)
Running time/ 1/ W - {"S —

» There are O(n) calls to heapify and so T'(n) = O(nlgn)

e ————
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BUILDING A HEAP/5

Correctness
» Loop invariant: all trees rooted at m > ¢ are heaps

Running time/1

» There are O(n) calls to heapify and so T'(n) = O(nlgn)

» Not an asymptotically tight bound — but good enough for
an overall O(nlgn) bound for heap sort
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» Loop invariant: all trees rooted at m > ¢ are heaps

Correctness

Running time/1

» There are O(n) calls to heapify and so T'(n) = O(nlgn)

» Not an asymptotically tight bound — but good enough for
an overall O(nlgn) bound for heap sort
» Intuition for tight bound: time for heapify to run at a node
i varies with the height of -
> Ann-element binary h s height lgn
> The heap has at most ([n/2%41] nodes of height h
» The cost for one call of heapify is O(h)
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BUILDING A HEAP/6

Running time /2

(» Note: 302, kak = e Por >l = 1

» Thus: Y72 k(1/2)* = (1}{% @.,r > |
» The asymptotically tight bound:

T(n) = Y% 5% O(h)

- =2
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BUILDING A HEAP/6

Running time /2

> Note: ZEO:O kﬂ?k = ﬁ

» Thus: 302 k(1/2)F = (1}{#
» The asymptotically tight bound:

T(n) = £ S 0(0)

— lgn _h
= O(n h=0 W)
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BUILDING A HEAP/6

Running time /2
| 4 NOte: ZEO:O kﬂ?k = m \ .
» Thus: 302 k(1/2)F = (1}{#
» The asymptotically tight bound:
T(n) = ; zh%m )

')
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BUILDING A HEAP/6

Running time /2
| 4 NOte: ZEO:O kﬂ?k = ﬁ
» Thus: 302 k(1/2)F = (1}{#
» The asymptotically tight bound:
T(n) = ; zh%m )
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HEAP SORT ALGORITHM /1

The algorithm

f)on,‘:l«t«n wlase 'l'Kk [UJ&S.L

elewa) S “—aved/\

Algo: HeapSort(Asf)

L g :‘n; ‘.ﬁi\- el(;'h-..-'-\‘l
=BuildHedp(A);

fm@ nto2do
J‘exchange Ali] and A[1];

E——a

|

s=s-1;
LHeapify(A,l,s) ;

_ {mrllr q_[\e_u.-.\\-

o

[€ouen

(calto> Leep Sealler )

e {

b elek
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HEAP SORT ALGORITHM /1

The algorithm

Algo: HeapSort(A,n)

s=n; . et
===BuildHeap(A); Aw) B

fori=nto2do

exchange Ali] and A[1]; A lo—j o~
s=s-1;
Heapify(A,1,s);

Running time IGS -

» Heap sort runs in time O(n) + nO(lgn) = O(nlgn)

bl Jrrteed

Q_(_Q_‘L,P (;_l%o \t& wtfrg\' &t
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HEAP SORT ALGORITHM /2

An example/1




Heap sort Quick sort
0000000000000 0O00000000000e0000 0000000000000 000000000
: :

HEAP SORT ALGORITHM /2

An example/1

2) =

0 | . /

8 9 10

node |9 [8|7|6[4]1]3]5][0] 2]
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HEAP SORT ALGORITHM/ 3

An example/2
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HEAP SORT ALGORITHM/ 3

An example/2

gode]8\6\7\5\4\1\3\2\0\@\
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HEAP SORT ALGORITHM /4

An example/3
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HEAP SORT ALGORITHM /4

An example/3

rode (7635 [ 1110|217
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EXERCISE SL04-4/1

Run the heap sort algorithm on the array

A =[5,13,2,25,7,17,20,8, 4].

Show the state of the array after BuildHeap and after three
iterations of the loop in the HeapSport algorithm.

H s « VCBT ﬂ%}\r SMHW?
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EXERCISE SL.L03-4/2 @
[
/ AN

/C”\ /m\@

d/@%éé %é\@éq\c C%

/‘ /

[?J#J?Z!?Qlé:’l; /?; < rrwj
(%, 13,12,8, 4,2, &, 257
Ler o, o08,2,%,2 2%, 25 7]

| R S
4 S a e, 2,2 ,08]
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TABLE OF CONTENTS — SL.04

2. Quick sort
Partitioning
Performance
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QUICK SORT

Rough idea

» A divide-and-conquer algorithm

» Divide: partition array into two subarrays such that the
items in the lower part < the items in the upper part

—— » Conquer: recursively s sort the two subarrays
——— » Combine: trivial since sorting is in place
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QUICK SORT

Rough idea

» A divide-and-conquer algorithm
» Divide: partition array into two subarrays such that the
items in the lower part < the items in the upper part
» Conquer: recursively sort the two subarrays
» Combine: trivial since sorting is in place

The algorithm bM['(e;L
Algo: QuickSort(A,1r) / elecnly / . wd
if [<r then
L] m:LomutoPartition(W ”“-"i L“
TQuickSort(A,l,m-l); — e edA
QuickSort(A,m+1,r); — ( C\T}'\' @[ owa\s

]J(QY: \-kG\c_') "LG ?wnw\:\-—n ‘{ (C_O ',c¢\\7 & ‘Z‘PI'(\\E”"\IJ?‘)
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i=1-1;
——t=forj=1tor-1 d/

LOMUTO PARTITIONING/ 1

Lomuto partitioning

vdd (e el ex_o-—-\ mn}]
(L’-i?. *Ent,‘q r(i)\\.\.._gt,\ GRGM:\

Algo: Lomutol’gﬁ%ﬁﬁn(A,l,r)

N H..‘:o’I\NIL 1"1. '-c:"c‘--l-l-)

x=Al], —

if A[jI<fthen

i=1i+1
exchange A[i

return i+1;

e{eurn\ﬂ
4o My L\ ey o

loopr pest

as< :-—-‘,{M

-l
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LOMUTO PARTITIONING /2 @ ??m\r
T edle’ el

Lomuto partitioning of [2,7,6, 1, 3, 5, 4]
> iz0,=1 [{Z[7Ts]1]8]5]1]
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LOMUTO PARTITIONING /2

Lomuto partitioning of [2,7,6, 1, 3, 5, 4]
> i=0j=1 [2[7]6]1]3]5]4]
»i=1,7=2 [2[f7]6]1]3]5]4]
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LOMUTO PARTITIONING /2

Lomuto partitioning of [2,7,6, 1, 3, 5, 4]
»i=0,j=1 [2]7]6][1][3]5]4]
»i=1,7=2 [2]7]6]1][3]5]4]
»i=1,j=3 [2]7fP6[1][3]5]4]
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LOMUTO PARTITIONING /2

Lomuto partitioning of [2,7,6, 1, 3, 5, 4]
> i=0j=1 [2]7]6]1][3]5]4]
»i=1,j=2 [2]7]6]1][3]5]4]
>i=1j=3 [2[7[6]1]3][5]4]
>i=1j=4 [2[7]6{V[3][5]4]
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LOMUTO PARTITIONING /2

>
4

>
>
>

i=0j=1
i=1,j=2
i=1,j=3
i=1,j=4
i=2j=5
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LOMUTO PARTITIONING /2

Lomuto partitioning

>
4

>
>
>
>

i=0j=1
i=1,j=2
i=1,j=3
i=1,j=4
i=2j=5
i=3,j=6

of [2,7,6,1,3,5,4]
[2]7[6[1][3]5]4]
(2]7[6]1]3]5]4]
[2]7[6[1]3]5]4]
[2]7]6]1]3]5]4]
\Q\Uﬁ\”3lﬂ4\
[2[1f3]7]6[d]4]
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LOMUTO PARTITIONING /2

Lomuto partitioning

> i=0,j=1
> i=1,=2
>i=1,j=3
> i=1,j=4
> i=2j=5
> i=3;=6
> i=3;=6

of [2,7,6,1,3,5,4]
[2[7]6[1[3][5]4]
[2[7]6[1][3][5]4]
[2][7]6[1]3][5]4]
[2]7]6]1]3]5]4]
[2[1]6[7[3]5]4]
[2[1]3[7][6][5]4]
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LOMUTO PARTITIONING /2

i‘LZuto_ a?_tii__ingof 2,7,6,1,3,5,4]
e i=0j=1 [2]7]6]1]3]5]4]
»i=1,j=2 [2]7]6]1][3]5]4]
»i=1;=3 [2]7]6][1]3]5]4]
> i=1,7=4 [2]7]6|1]3]5]4]
> i=2j=5 [2]1]6]7[3]5]4]
»i=3;=6 [2]1]3][7]6]5]4]
> i=3j=0 \QU\3W\“\W4\

v

|
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o
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EXERCISE SL04-5/1

Demonstrate Lomuto partitioning on the arrays

Al = [13,19,9,11,2,6,21] and A2 = [21,19,9,11,2,6,13).
[f13:19, 7,11, 2, ¢, @ @

Rl nze tl

(3 a|¢9 (12 ¢ 2

RN T S E (A AR

By ¢ u |} 2¢ 2
(3 3 9 1 2 lgé_il

|t;_1¢1—°(” " > 6 13 2
[Boott ¢ T 6 RD
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EXERCISE SL03-5/2 @

21 1 9 11 < € 13
21319 & 1 =z 6 (5
la1 Ay % Uz 6 I3

1Tzt 1wy 1tz ¢ %

Tl =) 6 (3
9 1 el {6 I3
q Il 2 GZ{% Z(%rg

o(u?G(tg)Zf 19
Inf I1 2019;SCOX 39/55 M. Béhlen, Ifl@eUZH
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EXERCISE SL04-6 ]
Formulate the 111_@_1;1@1:1’: foit_l:e Lomuto partitioning. \)/ Q

e et <\ £ = > > 1 f \ @

(s4d % o) ”’\—/7/“"L
) /%L_?i__-i]é - ! e wt‘?“"

%.eoc»-sq {-‘Lu{ 8
a Ydale g\eu—n«\‘
I‘P-\c codelle Eloe r:‘l\‘,

;: J;: r-1 . H[F]é‘b !Ql[f

f< =1 Alal)es Afc]
F:.-el- o e 4 l-uf.! rﬂ-.l'l'

(o< =l A4 ] e Alr)

~]1éc< ¥

- ci€=?: A[‘Ef‘?} S G:—j\\-’
(=1 F\Lr-,rrij \S Q"TH
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HOARE PARTITIONING /1

s 2~ ) pet
é@r q.i:n—\('\!;!: Q’?"J.")

it i e{e-..»l‘-.
Hoare partitioning
Algo: HoarePartition(A,Lr) \ -. o DL y
g=A[r§i=l—1'j=r+1- SRS U or t-” |
while T’Ll—f,:_do T ) Ee._‘l" e v ({‘Ou }{
elewt

repeat j =j-1 until A[j]<x; _
repeat i =i+1 until A[i]>x;

—+—if i<j then exchange A[i] and A[j] else return i;
L (;.MC—‘? ei Lo —jb
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—
HOARE PARTITIONING /2

ez

Hoare partitioning of [6,5,2,7,9, 3, 0,d)
t )

> i=0,7=09 %‘ﬁ‘5‘2‘7‘9‘3\0[i\16

|
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HOARE PARTITIONING /2

Hoare partitioning of [6,5,2,7,9,3,0, 4]

»i=0,j=9 [6|5]2][7][9]3][0][4]
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HOARE PARTITIONING /2

Hoare partitioning of [6,5,2,7,9,3,0, 4]

»i=0,j=9 [6|5]2][7][9]3][0][4]
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HOARE PARTITIONING /2

Hoare partitioning of [6,5,2,7,9,3,0, 4]

»i=0,j=9 [6|5]2][7][9]3][0][4]
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HOARE PARTITIONING /2

Hoare partitioning of [6,5,2,7,9,3,0, 4]

»i=1;=8 [4]5]2]7]9][3]0]6] {
»i=2;=7 [4]0][2]7][9]3]5]6] Q:tjl%h
> i=4,j=6 \4\0\2\;\9\7\5\6\ ~t
> i=5;=4 \4\0\2\33\5\7\5\6\
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EXERCISE SL04-7

Demonstrate Hoare partitioning on the arrays

Al =[13,19,9,11,2,6,21] and A2 = [21,19,9,11,2,6,13].

Al 13 19 9 (1 2 € c=2, =8, ~x=2I
R 9 0 2§ c=¥, =7

(=3 s

1 .
3 =0, :3281' =13

ZJ (‘_-;‘ J j:"?‘

A2. 2 {? T <
13 =% 9 nooR
PRI T L
R ¢ 9 0 2 |l s, 5=0
c=6 s setned)
:

€
3
f
(

Inf I1 2019, SL04 43/55 M. Bohlen, Ifl@eUZH
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EXERCISE SL04-8

Formulate the invariant for the Hoare partitioning.

NPT S H[ ‘-}]ézy v Meron~t

jdniltil wov Up)
P\r_a rlo- - r] = >

fonr < C £ 7

— | —

S ¢ 3 2 <=2 =
2 4 3 5

2 3 g < }:.ﬁﬁ =y “F(,Ll H(\_e. ~|'7 oA

P
= A ‘_.r(—j a3’

eo U“\ e “—cj\"?
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EXERCISE SL04-9
Specify the quick sort algorithm for Hoare partitioning.

A(JG RS A, L v |
R Qe ¢ AL /7 s e A et
= Howe RAT (A, 4, +)
Qu,;c\,\@u\r(ﬁ,ﬁﬂ:_f )
@*1&5&—1 (A, v )
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EXERCISE SL.04-10/1

What happens if
— 1. line 01 HoarePartition: A[r] is changed to A[/]

—— 2. line 05 HoarePartition: ¢ < j is changed to ¢ < j
—— 3. QSline 01: [ < rischangedto ! <r

—4. QS line 03: m-1 is changed to m
QS line 04: m is changed to m + 1

Algo: HoarePartition(A,Lr)

x=Alr[;i=1-1;j=r+1;

while true do
repeat j =j-1 until A[jI<x;
repeat i = i+1 until A[i]>x;
$7| ifi<j then
| exchange A[i] and A[j]
else
L return i

Algo: QuickSort(A,lr)

-if [<r then
m = HoarePartition(A,l,r);
QuickSort(A,1,m-1);
QuickSort(A,m,r);
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EXERCISE SL03-10/2
4. (57, 1 2] = P(l45),12) | =4, =1
QS(N,I']}*I, 6.
QS( (4l$].i 4:2) ob (obf-’
e
7. Qs ([157,¢ 2) = P(les], 1,2]) =3

(=2,,=2, —=2

—_— i

r=
s (137 1,1) — (-3 a3
’j [‘WM G!-\.\ ﬁ e"-a(}

P(13T,4,4), >=3, =157
QSCEK’T,/IJEJ_)} b = (_}SG'] %/ NI e ) Q-Q |

(= ?} J:e

— QS (LS), 1.2 ) oo

(LAY SR

Inf I1 2019, SL04 47/55 M. Béhlen, IfleUZH



Heap sort Quick sort
0000000000000 0O00O0O00O000O00000000 0000000000000 0Oe0000000
: :

PERFORMANCE/1
/ ) B \kaﬂ_m(‘, \3(.}7 PE\)‘-'\
T~ ecad Wt

Worst case
» Occurs when the array is already completely sorted
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PERFORMANCE/ 1

Worst case
» Occurs when the array is already completely sorted

» Partitioning produces one subproblem with n — 1 items
and one with 0 elements ( (oo Tw\'\\hﬁ" '“l"\)
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PERFORMANCE/ 1

Worst case
» Occurs when the array is already completely sorted

» Partitioning produces one subproblem with n — 1 items
and one with 0 elements

> If such a partitioning arises at each recursive call then
| Tw) = T(n = 1) + 1(0) —{—@(n)[ T(n—1)+O(n)

where 6( ©(n) is the cost of partitioning the array
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PERFORMANCE/ 1

Worst case
» Occurs when the array is already completely sorted

» Partitioning produces one subproblem with n — 1 items
and one with 0 elements

» If such a partitioning arises at each recursive call then
T(n)=T(Mn—-1)+T(0)+6(n)=T(n—1)+O(n)
where O(n) is the cost of partitioning the array | Gluct)

» Sum of the costs incurred at each level of the recursion + &(<-?
yields an arithmetic series (i.e., > i %) '
-_— - H

+Q(4)
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PERFORMANCE/ 1

Worst case
» Occurs when the array is already completely sorted

» Partitioning produces one subproblem with n — 1 items
and one with 0 elements

» If such a partitioning arises at each recursive call then
T(n)=Tn—-1)+T0)+06(n)=T(n—1)+06(n)
where O(n) is the cost of partitioning the array

» Sum of the costs incurred at each level of the recursion
yields an arithmetic series (i.e., > i %)

» It thus follows that, in the worst case, T'(n) = ©(n?)
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PERFORMANCE/2

Best case

» Partitioning produces two subproblems of size n/2

—_—
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PERFORMANCE/2

Best case
» Partitioning produces two subproblems of size n/2
» If such a partitioning arises at each recursive call then

n) = n n e wl
T( ) 2T( /2) +,_@_£—-l ° or \L“T g“"\'ﬁ{
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PERFORMANCE/2

Best case
» Partitioning produces two subproblems of size n/2
» If such a partitioning arises at each recursive call then
T(n)=2T(n/2) + O(n)
» It thus follows that, in the best case, T'(n) = ©(nlgn)
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PERFORMANCE/2

Best case
» Partitioning produces two subproblems of size n/2
» If such a partitioning arises at each recursive call then
T(n) =2T(n/2) + O(n)
» It thus follows that, in the best case, T'(n) = ©(nlgn)

Average case/1

» Actually much closer to best case than to worst case
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PERFORMANCE/2

Best case
» Partitioning produces two subproblems of size n/2
» If such a partitioning arises at each recursive call then
T(n) =2T(n/2) + O(n)
» It thus follows that, in the best case, T'(n) = ©(nlgn)

Average case/1

» Actually much closer to best case than to worst case

» Quick sort’s behavior is determined by the ordering of the
array elements
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PERFORMANCE/2

Best case
» Partitioning produces two subproblems of size n/2
» If such a partitioning arises at each recursive call then
T(n) =2T(n/2) + 6O(n)
» It thus follows that, in the best case, T'(n) = ©(nlgn)

Average case/1

» Actually much closer to best case than to worst case

» Quick sort’s behavior is determined by the ordering of the
array elements

» In average, there is a mix of “good” and “bad” splits
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Quick sort
0000000000000000800000

PERFORMANCE/3

Average case/2

» Assume that “bad” (B) and “good” (G) splits alternate

o4 /K

0 n-1
PN
n—1 n—1

Jx:(
N\
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PERFORMANCE/3

Average case/2

» Assume that “bad” (B) and “good” (G) splits alternate

/\

n—1 n
7\ 7\
n—1 n—1 n—1 n—1
2 2 2 2
=—=(G(n) =2B(n/2) + B(n), and
(n)ZQ( ) ©(n) ‘
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PERFORMANCE/3

Average case/2

» Assume that “bad” (B) and “good” (G) splits alternate
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PERFORMANCE/3

Average case/2

» Assume that “bad” (B) and “good” (G) splits alternate |

o/n\ ‘

n—1 n
YN YN
n—1 n—1 n—1 n—1
2 2 2 2
» G(n) =2B(n/2)+ 6(n), and
B(n) =G(n—1)+06(n)
> G(n) =2B(n/2) + O(n)

2G(n/2 - 1)+ O(n/2) + ©(n)
=2G(n/2 —1)+06(n)
» It follows that, on average, T'(n) = O(nlgn)
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Quick sort

0000000000000 0000e0000

EXERCISE SL04-11

Algo: [iomutol’_mrtitrgng A,l,r)

x=Alr];i=11;
forj=Itor-1do
if A[jI<x then
i=1i+1;
Lexchange Ali] and A[j];

exchange A[i+1] and Al[r];
return i+1;

A=[S, 5, € Cé“j l
Consider an array where all elements are equal. Is this a worst
case, best case or neither for quick sort?

Algo{HoarePartition(A L)

x=Alr;i=1-1;j=r+1;

while frue do
repeat j = j-1 until Afj]<x
repeat i = i+1 unti =,
if i<j then
| exchange Ali] and AJj]

else
L return i

A= (212l @2 6] |

we:s]r cq YR Qc}' LG--»--\G

“)T“\S: L«\—\} T: ;o

& {EETQ_ BEYEY I_E'T%E
Qest case @;5- Neawe
okt t~ o etlc

G..l“-*-"“75
<
Hquﬁ_
1& ey -
ey

es¢C

?ﬁc;m e
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PERFORMANCE /4

Average case/3

» Underlying assumption: all permutations of the input
numbers are equally likely
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: :

PERFORMANCE /4

Average case/3

» Underlying assumption: all permutations of the input

numbers are equally likely
> (Ran@o_mﬁlgom—ﬁjpartition around random item

(instead of last item)
» Running time is independent of input ordering
» No specific input triggers worst case behavior
» Worst case determined only by output of the
random-number generator



Heap sort Quick sort
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: :

PERFORMANCE /4

Average case/3

» Underlying assumption: all permutations of the input
numbers are equally likely

» Randomized algorithm: partition around random item
(instead of last item)

» Running time is independent of input ordering

» No specific input triggers worst case behavior

» Worst case determined only by output of the
random-number generator

» Randomization is a general tool to improve algorithms
with bad worst-case but good average-case complexity
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Quick sort

0000000000000 000000e00

PERFORMANCE/5

Randomized algorithm t.\;cml“f’&f

res 5 C %R‘OQ;\A”!

plley-

‘{L_‘Q_ WU‘O-—*—- P;‘OQ{S
a.'\c)\ C‘j-kﬁu‘k—e_

jAlgo: RandomizedLomutoPartition(A,l,r)

—>ddle de u.:lt

=i = Random(lr);

( sk 4, %\“l“\‘]

1k11

RandomizedQuickSort(A,l,m-1);

m = RandomizedLomutoPartition(A,l,r);
RandomizedQuickSort(A,m+1,r);

exchange Ali] and Alr]; ddle elell),
L return LO}‘IEtOP&I‘tlthI‘l(A,LI‘) ; Mol A fe
N 5‘..;_\]')
Algo: RandomizedQuickSort(A,l,r) Ao ol leng I
if [<r then “L[J N4
Tt
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SUMMARY/1

» Nearly complete binary trees
S s sttt AR

» Heap data structure

» Heapsort

» based on heaps
> worst case is nlog n
» Quicksort:
» partition based sort algorithm
» popular algorithm
> very fast on average
» worst case performance is quadratic




Heap sort
000000000

0000000000000V 0000000

Quick sort

0000000000000 00000000e

SUMMARY /2
» Comparison of sorting methods.
» Absolute runtime values are not important; always relate
values to each other.
> Relate runtime values to the complexity (nlogn, n?).
» Running time in seconds for n_= 2048 and different sort
orders:
ordered | random | inverse
—— insertion sort (022 | 5074 | 403.80
selection sort 58.18 5834 | 73.46
—— bubble sort 80.18 128.84 | 178.66
heap sort oo ule for (o) 2.32 2.22 2.12
gal quick sort (random pivot) 0.72 1.22 0.76
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1. Dynamic data structures

Pointers — \,«. N ‘ﬁ\c
— el et Sum
Linked lists Ot ©
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DYNAMIC DATA STRUCTURES/ 1

Arrays as data structures r e\Ke oﬂ-?e_\‘lqhw7

» Used to store and manipulate collections of items
» Have the advantage that one can directly access items
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[~ T\len
Arrays as data structures (QM (‘bg‘/{-}r

» Used to store and manipulate collections of items fo
» Have the advantage that one can directly access items
» But there are certain limitations or disadvantages

» Dimension of an array is fixed and cannot be changed
» Occupies an amount of memory that must be determined -
before program is run (i.e., can be too large or too small)

» Inserting/removing items may be expensive operations
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DYNAMIC DATA STRUCTURES/ 1

Arrays as data structures

» Used to store and manipulate collections of items
» Have the advantage that one can directly access items
» But there are certain limitations or disadvantages

» Dimension of an array is fixed and cannot be changed

» Occupies an amount of memory that must be determined
before program is run (i.e., can be too large or too small)

» Inserting/removing items may be expensive operations

ible way out: use of dynamic data structures

> Resources are allocated only when they are needed

\ P Items are represented by records/objects whose fields can
s Oy ( be accessed if one has a pointer to the object
( goew) » Change the way in which items are inserted /removed
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DYNAMIC DATA STRUCTURES/2

Linked data structures

» Used to deal with collections of items dynamically
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DYNAMIC DATA STRUCTURES/2 o sceerh ‘;LML)
m.’:\,« Awoa Py

\J’a\l\._q__ || ?c»-..--L:?“

ions of items dynamically <A s.k

Linked data structures
» Used to deal with col

» Record contains fields that point to other records

| Eam-fR-iTh . o

[1&1«

> Linked list: each item points to next item in the list
» Binary tree: each node points to left & right subtree
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0000000000000 00000000000000 0000000000000 0000000
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DYNAMIC DATA STRUCTURES/2

Linked data structures
» Used to deal with collections of items dynamically

» Record contains fields that point to other records

[ [e— 0]

> Linked list: each item points to next item in the list
» Binary tree: each node points to left & right subtree
» Storage space of linked data structures (LDS) is not known
in advance
» Depends on the number of items stored in the LDS

» Only known during runtime, i.e. program execution
» Linked data structures can grow and shrink in size

a_llcm\,ﬁ‘d /y{iauac*o\/{? H xR (S @)\ PMSJ\JQ
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RECORDS IN C

Tt

In C a struct is used to group fields:

p
struct rec { int a; int b; };J

struct rec r; -
o I e v

et

int main () {
r.a = 5;(r.b= 8;
printf ( m a and b is %d\n", @);

-0 dummy dummy.c ; ./dummy

C access 1o caHTadﬂ\r &
C"Q' SEC:-LJJ; (_
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RECURSIVE DATA STRUCTURES

The counterpart of recursive functions are recursively defined
data structures.

. . integer
Example: list of integers =
bt = A integer, list of in list of integer |
5t
struct list {+— —tot
int value; vl L } ll e _\‘]
—struct list tail; - J—

}i

ff’(‘ws‘n—-.

There must be a mechanism to constrain the initial storage
space of recursive data structures (it is potentially infinite).
There must be a mechanism to grow and shrink the storage
space of a recursive data structures during program execution.
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» A common technique is to allocate storage space
dynamically
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Informal definition

» A common technique is to allocate storage space
dynamically

» That means the storage space (memory) is allocated during
runtime
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POINTERS/ 1

Informal definition

» A common technique is to allocate storage space
dynamically

» That means the storage space (memory) is allocated during
runtime

» Compiler reserves space only for addresses to these
dynamic parts
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POINTERS/ 1

Informal definition

» A common technique is to allocate storage space
dynamically

» That means the storage space (memory) is allocated during
runtime

» Compiler reserves space only for addresses to these
dynamic parts

» These addresses are usually called pointers
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POINTERS/2

Memory management

address | content
i| laf783 | 22
p| laf784 | laf78a
r | laf785 33

laf786 | NIL
s| laf787 | 1laf785

laf788 —

la f789 —

laf78a 44




Dynamic data structures

0O00000®00000000000000000000

ADT: abstract data types

0000000000000 0000000
:

POINTE%

Memory management

address | content ||

i| laf783 | _22

p| laf784 ] laf78a

7| 1af785 33 |
laf786 | NIL

s | laf787| 1laf785
1laf788 —
laf78¢)| —
1?f78al_ 44 ||
M wel)

(L cwdos)

CCFW{F“.\-U M—-JU-A-L»? _ (LAH-A,Q_) G..r«ra\/

> variable i: an integer (22)
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POINTERS/2

Memory management

— P

address | content
laf783 | 22
laf784 | laf78a
laf785 | 33
1af786 | NIL
1af787 | 1af785
laf788 —
laf789 —
laf78a 44

» variable i: an integer (22)

» variable p: pointer to an

—_—

integer (44)
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POINTERS/2

Memory management

address | content » variable i: an integer (22)

i | 1af783 22 » variable p: pointer to an

p| 1af784 | laf 7@’;1 integer (44)

G 1af785 | 33 » variable r: record with 2

laf786 | NIL components

s| laf787 | 1laf785 > aninteger (33)
laf788 | — > apointer to NIL (o5 WuLe )
1laf789 —
laf78a 44
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ADT: abstract data types
0000000000000 0000000

POINTERS/2

Memory management

address | content
i | laf783 | 22

p| laf784 | laf78a
r| 1af785( 33 |
1af786 |—N1T. |

_s | 1af787 | 1af785|
laf788 —
1a f789 —
laf78a 44

7

v

variable i: an integer (22)
variable p: pointer to an
integer (44)
variable r: record with 2
components

» an integer (33)

» a pointer to NIL
variable s: pointer to the
recordr
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EXERCISE SL05-1

What is the difference between an@s and a@
Py = iy by pa
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Alternative presentation

address | content
i [ 1af783 ] 22
p| laf784 | laf78a
r | laf785 33

laf786 | NIL
s | 1laf787 | 1af785

laf788 —

la f789 —

laf78a 44
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ADT: abstract data types
0000000000000 0000000

POINTERS/ 3

Alternative presentation

address | content
i [ 1af783 ] 22
p| laf784 | laf78a
r | laf785 33

laf786 | NIL
s | 1laf787 | 1af785
laf788 —
la f789 —
laf78a 44

g;mfarz 0G S eer

= Mo’\lr‘ﬁ\-"\A

44 =

.s-._[wc7s ‘-—-—J‘GJ\J\ w\w’\ l”mLue)
‘-aJ‘L\J\ \A\?-—l rﬁwu\wg
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Concluding remarks

» Pointers are not the only way to implement dynamic data
structures
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POINTERS/ 4

Concluding remarks

» Pointers are not the only way to implement dynamic data
structures
» The programmer does not have to be aware of their
existence
» Indeed, in Java objects are implemented with pointers
» Creation of objects (i.e. new) allocates storage space
> Accessing an object is done by following the pointer
» Deallocation is done by so called garbage collector
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POINTERS/ 4

Concluding remarks

» Pointers are not the only way to implement dynamic data
structures

» The programmer does not have to be aware of their
existence

» Indeed, in Java objects are implemented with pointers
» Creation of objects (i.e. new) allocates storage space

P Accessing an object is done by following the pointer
» Deallocation is done by so called garbage collector

> Certain programming languages (such as C) require that
the storage space is managed explicitly
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POINTERSIN C/1

|

S

» To follow (chase, dereference) a pointer we write *p
*xp = 12 sek vy
» To get the address of a variable i we write &1
..E-. = E—l_ LA.;@:A M_,J.\ \=xg O{,’.Lr\

» To allocate memory we use malloc(sizeof(Type))
p = malloc(sizeof (int))

—

» To free storage space pointed to by a pointer p we use free
free (p)

-—
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POINTERSIN C/2

P S el

» To declare a pointer to type T we write T*
intr P dedere e pider Yo on VS
» Note that * is used for two purposes:
» Declaring a pointer variable

ints p
> Following a pointer
- *p = 15

In other languages these are syntactically different.
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POINTERSIN C/3

int i
i =23

= int«+ p

__.*_13__155
struct rec r
rec.a = 17
24

rec.b

struct recx s;

s = &r
@—-—.

—

— D = malloc(sizggfiigt)E

address | content
_i| laf783 | 23
_p| 1af784 | 1af78a |
r| 1af785 [ 17 |
laf786( 24
_s | 1af787 | 1af785 |
laf788
laf789 .
-| 1laf78a | 55
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EXERCISE SL05-2

AR

Determine the output o(t\he following program:

1]

i, J, *p, *q;J
10;
&5 \;/;;\L{:ol

int
i =

malloc (sizeof (int) ) ;
*q =d;—:ife t ¥ ;T71

[_@ 1]

-—

-
— el s[:?izatT‘ﬁfé;

]

[V
el sl 9T (Ve J= e !
sd %d %d" ;
y 17 * *q) ’ ~ wo heaay)

-?-=-l\> QrU\ErT *lr :

Inf I1 2019, SLO5

M. Béhlen, Ifl@eUZH
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LLNKED LISTS/ 1

> Alist of integer:( root 3 4 5 (ﬁ\
» Notational convention:

woode_
Use —>@—> instead of

s
» Corresponding declaration in C:

p
struct node {
e —

—int val; wel
— struct nodex next; tAAN
} r©

struct nodex root; Q‘w\:«-j ’?0-:»:\\
(ke JexX o0

» Accessing a field:/(xp) . a or,more convenient @ ‘

—— S
- —
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LINKED LISTS/2
Populating a list with integers:

r

root ! r—\

root =
| || root—>v

malloc (sizeof (struct node));
al = 88;

T

!

| || root—>next = malloc (sizeof (str uc
i

(

b

t node));

p = root >next; ool 8
.E al = 52; 04— égtP—q4 §£?%—'4>(“ﬁ=1
p—>next = malloc (sizeof (struct node));

T

P\;
p_= p->next; ) — '
e ro ' _
p->val = 12; =) gg\%ﬁ}é 2 {’ 2
p—>next = NULL;
\ LA

&

Al “pule
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LINKED LISTS/ 3

Print all elements of a list (list tﬁaversal): I

S —

— Y

P—ﬂ

f root 88 12

p = root;
while (E=;:_NULL) {

pE;EEf("%d,", p—->val);
p = p->next
}

printf ("\n");
S

4 s2 1
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EXERCISE SL05-3

Count the occurrences of an integer x in a linked list.
T @G,
—_ @ > @ >( < ) x—‘.]“ )
P

CULL:'O)
P = (‘ad‘”}

L,_;L:.]Q—< f’# NULLL) i’

B (po vl ==x) § by §
p= P \*-‘Dcl'}
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LINKED LISTS/4 [ —=/,2)—.
f;?Céé}gﬁ/?Jﬁum4.crrvd%

Inserting 43 at the begif{.ning of aAist:
rool = Pt

SN NI W}
root (88 )—(12)— ol Ust

p = malloc (sizeof (struct node));
p—>val = 43

? QTHKUhmg

p—>next = root;
root = p; ce "_"ﬁ&
oot @ @ @ l rc%u«ﬁr (r"ix‘

————
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EXERCISE SL05-4
Give C code that appends linked list 11 to linked list 12.

oA “Q' Q%C’)—g 0 —bC)——‘aC)——")C)“‘!

3%‘. Sf"eb\“‘k C‘OA—&

Qaw 20| e~ ek d
P (2= AJuLc_) Q_2:€’]|

___{ na u\l.e:k

else ? \ 0 ___SJO__N}O—;{--‘: esde

p=1L2
-—_—
- bJL—-‘Je (?—‘)L..q_,).i-ff MU{L{,) F"._-_ P—‘-;.\__u,q.-}

f'-'\ wxh = 24

§

Inf I1 2019, SLO5 21/48 M. Béhlen, IfleUZH
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LINKED LISTS/5

Insert 43 at the end of
e =2

a list: root

88

?,

1

>(73

s

if (root == NULL

SPU&X root

root—>next N
} else {

i gq

root;

) A

ULL;

as {a—] @ we 9T AN 'Lagk— -E,tQ\,.J\_;lf

= NULL) { g

while (g—>next
g->next
g->next->val
g->next->next

malloc (sizeof (struct node));

43;
NULL;

rock —B{%PH

g—->next; }

\S
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LINKED LISTS/ 6

v (BN
1 . h \ |
Insert 43 at the end of a list: root @ \1_2/ |
evo wedke S
IS co~—t el

Q_nv"\ A Q“r‘ _nthLk

b= {‘L&O—)L\ \rqu(_

(‘mﬁhﬂ; e LAl
oo B o
%euu&\\j o

st
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ass s~ as
LINKED LISTS /7 TS

Delete element x from a non-empty list:

p = root;
if (p->val == x) { s s b eteu_.
root = p->next; fac k ._,% *30__3
__\_‘_‘———-—..
free (p); ‘“—mu_?wml
} else { > s wok Queb decad
while (p->next != NULL &&

p->next->val != x) f__ﬂl

P = p—>next; / «
e R

= CMP = p—>next;
p—>next = tmp->next
==free (tmp) ;

}

\

P-:;».qx‘v — Jrv...j'v-‘) uk.bfi”

Inf 112019, SLO5 24/48 M. Bohlen, Ifl@eUZH
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i p= rook)
EXERCISE SL05-5 Wllle (p7 va) §

Write C code to delete a linked list. — 3,*9_ Cp )

wrc—j\:f c‘R‘-‘U‘ %"—“— e

Conwok cccasS s?m:n_ Ak e

‘ecus;ut (;G(\«.u\-—."

ﬁ] f T Do cormeg W e v F
(CT 15 owa gtx_ar Q*—\«-x\\.A 9)

= roo“* )

widle (?-‘F‘L fUULLL) f
=7

0= 1o

Yelq)
Inf I1 2019, SLO5 25/48 M. Béhlen, IfleUZH
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LINKED LISTS/8 fooar__%@ >, ~>® \
= e, \Wue
Cost of linked list operations: e eleeasks petlay

—> Insertion at beginning: O(1)
— P Insertatend: O(n)
— » isEmpty: O(1)
» Delete: O(n)
> Print: O(n)
The cz)de fragments for working with the linked list access the
list through global variable/roo
» Thus, there can be at most one linked list.

» The code does not allow us to define and use multiple
linked lists (see ADTs for a solution)
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DOUBLY LINKED LISTS o wcre pers (ody fow)

J° Ko oo f pRW
Variants of linked lists

» Lists with explicit tail
» Do have an extra pointer to the last item of the list
» No need to scan the entire list if an operation applies only
to the last item
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DOUBLY LINKED LISTS

Variants of linked lists
» Lists with explicit tail

» Do have an extra pointer to the last item of the list
» No need to scan the entire list if an operation applies only
to the last item

» Doubly linked list

tail

» Each node has a field with a pointer to the previous node of
the linked list -

» Provides means to quickly navigate forth and back in the
linked list
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EXERCISE SL05-6 Vo7 s=arj Geb s of ﬁm\%{l %ﬂr

Define a doubly linked list and a binary tree in C. Work out
differences and similarities between a binary tree and a doubly

linked hst7 ook abevcd wehrl
E"_*-_:I;._\./—k.‘ ; M..an
‘“‘? shoad wodke 3 0k 5 VoY

C//)\j ; Q-Lr»e\r woke _f‘lil t?-\b\

g]./\-.d(— —oha raa’r}

shyetk wode §
—\) ‘:A‘ vel 5

taed IRy - i U ek

\/'_'N/"‘) 6/_1 shwet w a}q#ﬂ/ lest

— * SLoeh ot prey, Qe
Aol 1isdeeh N bk voken bwadk | ber s
ot w::\*

' C)\)‘Jk \*DJ“‘% “v‘] M. Bohldw sdeiz11

Inf I1 2019, SLO5



Dynamic data structures ADT: abstract data types

0000000000000 000000O00000000 9000000000000 0000000
: :

TABLE OF CONTENTS — SL0O5

2. ADT: abstract data types

<~ Stacks
—;( Queues
Ordered lists
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ABSTRACT DATA TYPES/ 1

Informal definition

» An abstract data type is a mathematical model that defines
a data type by its behavior from the point of view of a user

(in terms of possible values, possible operations, and the
behavior of operations).
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ABSTRACT DATA TYPES/ 1

Informal definition

» An abstract data type is a mathematical model that defines
a data type by its behavior from the point of view of a user
(in terms of possible values, possible operations, and the
behavior of operations).

» It is equipped with a specific interface, i.e., a collection of
> signatures for the operations that can be invoked on an
o J“""\) instance

Q.I\J
rebo
tyges
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ABSTRACT DATA TYPES/ 1

Informal definition

» An abstract data type is a mathematical model that defines
a data type by its behavior from the point of view of a user
(in terms of possible values, possible operations, and the
behavior of operations).

» It is equipped with a specific interface, i.e., a collection of
signatures for the operations that can be invoked on an
instance

» Furthermore, it is equipped with a set of axioms (pre- and
postconditions) that define the semantics of each operation
“(i.e-what the operations do to instances of the ADT, but

not how)
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Why abstract data types?

» Give a language to talk on a higher level of abstraction
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Why abstract data types?

» Give a language to talk on a higher level of abstraction

» Encapsulate both data structures and algorithms that
implement them
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Why abstract data types?

» Give a language to talk on a higher level of abstraction

» Encapsulate both data structures and algorithms that
} implement them
m— . .
> Allow one to break work into pieces that can be seen as
independent — without compromising correctness

P Serve as specification of requirements for the building
blocks of solutions to algorithmic problems
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ABSTRACT DATA TYPES/2

Why abstract data types?

» Give a language to talk on a higher level of abstraction

» Encapsulate both data structures and algorithms that
implement them

> Allow one to break work into pieces that can be seen as
independent — without compromising correctness

P Serve as specification of requirements for the building
blocks of solutions to algorithmic problems

» Provide means to separate the concerns of correctness and

performance analysis

» Design the algorithm using an ADT
» Count the number of ADT operations
» Choose implementation of operations
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Similarity with QQ—Earadigm

» ADT = instance variables + procedures
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Similarity with OO-paradigm
» ADT = instance variables + procedures
» Class = instance variables + methods
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Similarity with OO-paradigm
» ADT = instance variables + procedures
» Class = instance variables + methods

Some popular examples

» Stacks & queues
» LIFO vs. FIFO principle



Dynamic data structures ADT: abstract data types

0000000000000 000000O00000000 0000000000000 0000000
: :

ABSTRACT DATA TYPES/3

Similarity with OO-paradigm
» ADT = instance variables + procedures
» Class = instance variables + methods

Some popular examples
» Stacks & queues
» LIFO vs. FIFO principle

» Priority queues
» Another application of heaps
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ABSTRACT DATA TYPES/3

Similarity with OO-paradigm
» ADT = instance variables + procedures
» Class = instance variables + methods

Some popular examples

» Stacks & queues
> “I;___‘O vs. FIFO principle
» Priority queues
> Another épplication of heaps
» Ordered lists
» Linked lists where items are ordered according to a key
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» In a stack, insertion and deletion follow the last-in, Cop

tirst-out (LIFO) principle
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Properties of stacks

» In a stack, insertion and deletion follow the last-in,
tirst-out (LIFO) principle
» Hence, the item that has been in the stack for the shortest
time is deleted first
» Example: elimination of recursion
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Properties of stacks

» In a stack, insertion and deletion follow the last-in,
tirst-out (LIFO) principle
» Hence, the item that has been in the stack for the shortest
time is deleted first
» Example: elimination of recursion
» Implemented by a data structure where items are
> inserted at tho 6hd /beginning (push) at P ga~n
» removed from ’?ﬂ__ﬂ’e end /beginning (pop) g A { e dadx
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STACKS/1

Properties of stacks

» In a stack, insertion and deletion follow the last-in,
tirst-out (LIFO) principle
» Hence, the item that has been in the stack for the shortest
time is deleted first
» Example: elimination of recursion
» Implemented by a data structure where items are

» inserted at the end/beginning (push)
> removed from the end/beginning (pop)

» Appropriate data structures for their implementation
» arrays (end) or singly linked lists (beginning)
femm———ss

We design a solution for a single stack (i.e., stack is implicit; not
a parameter in operations) a
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Array implementation
e ——

» Inserting and removing items from a stack
Algo: push(x)

— S!t| =X;
| t=t+];
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Array implementation

» Inserting and removing items from a stack

Algo: push(x) Algo: pop()

S[t] =x; t=1t-1;
t=t+1; return S[t];
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STACKS/2

Array implementation

» Inserting and removing items from a stack

» The stack is implemented by an array S[1..n] of length n
((}J" S[O-‘H_.‘j )C

Algo: push(x) Algo: pop()

S[t] =x; t=t1;

t=1t+1; return S[t]; ?pe_-/{n o,
/
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STACKS/2

Array implementation

» Inserting and removing items from a stack

Algo: push(x)

Algo: pop()

S[t] =x;
{ t=t+1;

t=t1;
return S[t];

» The stack is implemented by an array S[1..n] of length n

» The variable ¢ functions as pointer to top of the stack?

» Sand t are global variables.

(+

@!{" Q/‘-‘-L et(\-l-:\‘
Qe &I‘; v
piile e last
s A dady)
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STACKS/2

Array implementation

» Inserting and removing items from a stack

Algo: push(x) Algo: pop()
S[t] =x; t=1t1;
t=t+1; return S[t];

» The stack is implemented by an array S[1..n] of length n

» The variable ¢ functions as pointer to top of the stack

» Sand t are global variables.

» Notice that if ¢ = 1 then the stack is actually empty
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STACKS/2

Array implementation

» Inserting and removing items from a stack

Algo: push(x) Algo: pop()
S[t] =x; t=1t1;
t=t+1; return S[t];

» The stack is implemented by an array S[1..n] of length n

» The variable ¢ functions as pointer to top of the stack

» Sand t are global variables.

» Notice that if t = 1 then the stack is actually empty

» Error checking for under/overflow has been omitted

-
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A simple example

» Stack S containing 3 items (t = 4) S = ﬂ .
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STACKS/3

A simple example

» Stack S containing 3 items (¢ = 4) S = ﬂ e

» Stack S after 2 x pop () (t = 2) S =

1 4 ‘3
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STACKS/3

A simple example

» Stack S containing 3 items (¢ = 4) S = ﬂ e

» Stack S after 2 x pop () (t = 2) S =

?_
> Stack S after push (5) (t = 3) S =
-1 4
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STACKS/3

A simple example

» Stack S containing 3 items (¢ = 4) S = ﬂ e

» Stack S after 2 x pop () (t = 2)
» Stack S after push (5) (t = 3)

> Stack S after 2 x pop () (t = 1)
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Properties of queues

» In a queue, insertion and deletion follow the first-in,
tirst-out (FIFO) principle
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Properties of queues

» In a queue, insertion and deletion follow the first-in,
tirst-out (FIFO) principle
» Hence, the item that has been in the queue for the longest
time is deleted first
» Example: managing jobs of a printer
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Properties of queues

» In a queue, insertion and deletion follow the first-in,
tirst-out (FIFO) principle
» Hence, the item that has been in the queue for the longest
time is deleted first
» Example: managing jobs of a printer
» Implemented by a data structure where items are

> inserted at the end/beginning (enqueue)
> removed from the beginning/end (dequeue)
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Properties of queues + O

» In a queue, insertion and deletion foﬁv the first-in,
first-out (FIFO) principle o
» Hence, the item that has been in the queue for the longest
time is deleted first
» Example: managing jobs of a printer
» Implemented by a data structure where items are

> inserted at the /beginning (enqueue) ab A Jl"’i
» removed from t eginning/end (dequeue) s\ ch e

> Appropriate data structures for their implementation  guacg
P arrays or singly linked lists with an explicit tail
— < =

— ———m .

We design a solution for a single queue (i.e., queue is implicit;
not a parameter in operations)
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Array implementation

» Inserting and removing items from a queue

Algo: enqueue(x)
Qltl =x;

t=t+1 mod n;
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Array implementation el elecads

» Inserting and removing items from a queue

Algo: enqueue(x) Algo: dequeue()

Qlt] = x; i=h;

t=t+1 mod n; h =h+1 mod n;
return Q[i];
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Array implementation

» Inserting and removing items from a queue

Algo: enqueue(x) Algo: dequeue()

Qlt] = x; i=h;

t=t+1 mod n; h =h+1 mod n;
return Q[i];

» The queue is implemented by an array Q[0..n — 1] of length
n used in circular fashion
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QUEUES/2

Array implementation

» Inserting and removing items from a queue

Algo: enqueue(x) Algo: dequeue()

Qlt] = x; i=h;

t=t+1 mod n; h =h+1 mod n;
return Q[i];

» The queue is implemented by an array Q[0..n — 1] of length

n used in circular fashion MM

» Variables h and t function as pointers to head and tail of
the queue

Wz loh e awajt + = sk fre elet-
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Array implementation

» Inserting and removing items from a queue

Algo: enqueue(x) Algo: dequeue()

Qlt] = x; i=h;

t=t+1 mod n; h =h+1 mod n;
return Q[i];

» The queue is implemented by an array Q[0..n — 1] of length
n used in circular fashion

» Variables h and t function as pointers to head and tail of
the queue

» Notice that if A = ¢ then thlfi( queue is actually empty

et
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A simple example

Q=2]0] - [Z8]
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QUEUES/3

A simple example

» Queue () containing 3items (h =n —2,t = 1)
Q=[4]0]-[3]8]

» Queue Q after 2 x dequkeu@#() (h=0,t=1)
@- T3]3
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QUEUES/3

A simple example

» Queue () containing 3items (h =n —2,t = 1)
Q=[4]0]-[3]8]

» Queue Q after 2 x dequeue () (h=0,t=1)
@[] T3]5]

» Queue () after enqueus (5) (h+— 0,t= 2)

Q=[EBI1
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QUEUES/3

A simple example

» Queue () containing 3items (h =n —2,t = 1)
Q=[4]0]-[3]8]

» Queue Q after 2 x dequeue () (h=0,t=1)
@[] T3]5]

Pl quee
ot
ANz ZZA

- elb—--J-S
» Queue Q after 2 x dequeue () (h =t = 2) —

=[5 135

N

» Queue @ after enqueue (5) (h =0,t = 2)
Q=[4]5] [3]8
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St s el
- G“:‘\ ~=d 'S gul \.N'toL\'JY(.J\
» In an ordered list elemenstare ordered-aceordingto-a key.

» We design a solutlon for multlgle orde red q_eues (1 e.,

> Example functions on ordered list: N TY

» struct node** init () Q

g i Wl !
bool isEmpty (struct nofdexx* 1)) —L  easwss

int first(struct nodex* 1) L oo

void print (struct nodexx 1)

| 4

| 4

» int last (struct nodexx 1)
S .

| 2

void insert (struct nodex* 1, int x)
E———

lauy_,..h\'; L T-muzJuCJ/ gkwq\itﬁ; e le\:cq Y
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ORDERED LISTS/2

Definition of data structure in library (we do not define a global
instance variable root):

struct node {
int val;
struct nodex next;

bi
I e Y

L 45—
Tlis Muﬁﬁ~r\7(
Definition of instances of ordered lists ir}@tion programs:

[struct nodex+ rootl; @}3@ I

struct nodewx root2;

2 18
Ld_IUQ.r C-L(VG‘? \
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rl = “\___“} -
Initialization of an ordered list: © 0 )
g

struct node*+ init() { pls ' —
struct node =xx1; Q'Egéng*
1 = malloc(sizeof (struct nodexx));
%1 = NULL; ) h
return 1;

}

\S

Retrieving the 1st element of an ordered list (-1 if list is empty):

int first (struct nodexx 1) { call - > = E5ﬂ(p4)
if (1 == NULL) return -1; =
else return (*l)—>val;

e e o b B
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;MQ.;\P Q‘Jl) f)

\\..'

Call -
Insertion into an ordered list:
-
void insert (struct nodex* 1, int x) {
struct nodex p; Noes et
struct nodex g;
c’w d{ es QL\V%
stk < ¢ \
if (*1 == NULL || (k1)—>vaX > x) { a5
?{er““”\ p = malloc (sizeof (strugt node)); C\""}’(
p->val = x; / e,lcx{%
p->next = x1; ——!—')El—’)ljt LE-E C'WVL
tee V] [ e ¢
} else { > 3 =
S
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CEnEy

L

§ l ;

Insertion into an ordered list (cnt’d):

p = *1; (00{/ q\A-!a‘/( cad s\wr Q"E‘“'\ [
while (p->next != NULL && ' (

p—>next—§§gi < X) p = p—>next;
q = malloc (sizeof (struct node));
g->val = x;

g->next = p—->next;
p—>next = qg;

S
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A first possibility to systematically deal with a changing root of
a dynamic data structure is to use a sentinel (dummy element).
Illustrate a sentinel for a list with zero, one and two elements.

=S N ﬂ
¢ E”@" ( 4 G‘@—s@h—? &
R e T N

.—Mi&&l Q}C\A SQJL\,\__Q\ émhwk ‘?f(("c-h!,'t r':50‘!‘
Q{C&L&EE C‘Oc;‘ (;h._a,gg

e R Junw},{ Y
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EXERCISE SL05-7/2

A second possibility to systematically deal with a changing
root of a dynamic data structure is to use a a_pointer to a
_pointer at the beginning of the list. llustrate a Tst with a
pomter to a pointer for zero, one and two elements.

Lo f‘“’t'\kf ‘)(-Q. | T)“r:.\—-'\r‘l&‘ 4\\0 a PM\«\U
= 0 =T

2 E\—x@—( {ETH>s @‘1
g’&@_ﬁ@yﬂ Q_ =0 @—-3@"'1

ﬁ—/yL
- 0 ceoes Sages | Sooils —ode )e,
g\/ut\l vmciﬂ-’h e_\ T
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EXERCISE SL05-7/3

A third possibility to systematically deal with a changing root
of a dynamic data structure is to convert all procedures that
possibly modify the root into functions that return the
modified object. Illustrate the Changes (signature and call of
" insert operation).

1. LMO"Qxe'(’-'l Qrft\'\ C’H—{ QGP?’) N wsh N:L—J*«EcA @,

CPeca—se C.\«. we  losd
v b sk s ) (g D
_?—:,\:@écd VQQQL :9 ‘“Q%N--QA &-4\? :Y,‘_Q;S_I\:_Qlo& (o&&\ﬁ._”
Ryt

C_‘il_'- = NP S o Cp) Q;-‘--}‘ -...re‘rwv\{-J

SLuch woele % ?xs‘fv}\@bw* w«h\%{’.? 2\ s) {
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EXERCISE SL05-8/1

Write a C procedure that can be used to incre
value that is passed as a parameter.

Sota\o— -, Tms& a ?«QN Lo
> lo +l ’[DNQJM'Q._

Uo“:‘l/\ :“Q (11\} ¢ ) i’ﬂ = ¢ +1 7}

- ><'/ Qtz x

>«Z?}
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SUMMARY

» Dynamic data structures are essential since they allow
application to increase and decrease the memory space
they use.

» The basic mechanism to implement dynamic data
structures are pointers and the allocation and deallocation
of memory. '

v

Memory allocation and deallocation is expensive.

» The mo;ir_nportant dynamic data structures are lists,
trees, stacks, and queues.
quenes

> Abstract data types encapsulate data structures and
algorithms that operate on these data structures.

» They are the foundation of classes with methods.



